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NPEANCNOBUVE

KHuura npegcrapiseT coboil XpaTKuil MHOTONpodUIBHEIR CHpaBoOd-
HHK 478 HHXEHepoB M CTYAeHTOB. OHa COCTOMT M3 HeTHIPEX YacTeil:
1) BHICINaA MaTeMaTHKa, 2) ¢uauka, 3) TeopeTnueckas mMexa-
HMKA, 4) CONPOTHBICHNUE MATEPHAIOB, H COLEPXHT OCHOGHLIE NO-
HATMUR, 3AKONb, fOpMYabl, mEOpEeMbl U Memodul, H3YIAEMEIE B COOTBET-
CTBYIOWINX KYpcax B BHICIIMX y4eOHBIX 3aBeJeHUAX (NONMTEXHHYeCKNX,
aBHALMOHHEIX, TPAaHCHOPTHEIX, HHEPreTHUYECKUX, 3IEKTPOTEXHUYECKUX,
MAIIHHOCTPOUTENLHEIX, XMMHUKO-TEXHOJIOIHIECKHUX, METallypPruiecKux,
CTPOUTENLHBIX, TOPHEIX, HEQTEraldoBEX, BOEHHEIX, JKOHOMUYECKIX, MH-
WEBLIX, TeKCTUALHEIX M Ap.).

Pacnonoxenne MaTepHata B KaX/J0M 9acTM XHWIH COOTBETCTBYET
oBENPUHEATHIM NPOrpaMMaM, HCNOAEIYEMEIM B S0ABLINHCTEE BY20B.

llpescabHO CKATOe ¥ ACHOE NIIOMEHNE NOZBONAET YUTATEN0 OHCTPO
NONYHNTh (H/IH BOCCTAHOBUTE B IAMATH) Heobxoanmy o nHGopmauuio, Bo
BCeX pajfefax pasoSpaHb! IPpUMEPH, MOACHAIOIIHE CYIIECTEO PaccMaTpH-
BacMEIX [TOHATHH U MeTof0B petienns 3afad. Qcoboe BHAMAHHE YIeNeHO
BOMPOCaM, BRIABIBAIOIIMM HanGoJbIINe TPYAHOCTH ¥ CTYAEHTOB.

KHura He npeTeHAYyeT Ha poib y4eOGHHKE, MOITOMY A0KAIATEILCTRA,
KakK NpaButo, He npueoaaTca. Ee ygoOHo ucHoas3oBaTh g8 NoaydYeHRs
dhakTHIECKON CIpaBKH ((OPMYJE], 32KOHA) H YCKOPEHHOTO TOBTOPEHHA
NpoHAeRHOTO MaTepHaaa NP NOATOTOBKE K JK3aMeHaM § 3adeTaM.

CrnparoyHnk GyaeT Takxe N0e3eH LIHPOKOMY KPYTY Hay49HEIX paGoT-
HHKOB U NIpenojapaTedell BY30B (He ABAAICUIUXCA ClieUMaIncTaMy huanxo-
MaTeMaTR4ecKoro npoduaa).

Jaa yao6cTba Beex KaTeropMil YWTaTenell B MPHIOKEHHH KHUIM
DpHBefieHE TabJHUB TPHTOHOMETPHYECKMX (OPMYN, HeONpefeAeHHBIX
WHTETPAJOB, pelleHNH 06EIKHOBEHHEIX AnGdepeHIMaIEHEX YPABHEHRA 1
APYTHe TIONe3Hble CIIPaBOYHEIE MATEPHAIE.

CreuvaibHble WpHGTOBLE BEIJEJIEHNA B TEKCTe M NoApoGHoOe oria-
BIEHHE MOMOTYT YHTATENO HaXOAUTE HY)XXHYIO MHGOPMAIHIO.

B koHNe KakAON YACTH KHHCHM TIPHBEJeH CIIHCOK DEKOMEHAYEMELX
CIPaBOYHHKOB H Y4eSHUKOB, K KOTOPHM NOJCIHO OOPAIATRCA NPH He-
O6XOANMOCTH UMeTE 60/iee NOAPOGHEIE CBEJeHHA NG HHTEPECYIOLMM BO-
npocaM.

Asmoput
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1. AnanuTu4eckas reomeTpua
Ha NNOCKOCTH

1.1. [lexapToBbl U NONAPHLIE KOOPAUHATSI.
PaccTtosaHne Mexgay ToUKamu

» JdexapToBa NPpAMOYrOJBHAA CHCTEMA KCOPAUHAT COCTOAT M3
ABYX B3aUMHO NEPIEHANKYAAPHEIX TPAMBIX, KaX4afd H3 KOTOPHIX paccMa-
TpUBaeTCA KaK 4ncaoBad ock (cM. pa3f. 4.1}, 3Tn npaAMrle HaskIBaIOTCA
ocamu koopanHaT. Touka O KX nepecedeHMA CIYKHT HA4aIOM OTCHETA
Ang 06enx ocell M Ha3bIBaeTCA HavaloM KOOpANHAT. EAunNuL MacwTaba
oceil KoopAMHAT coBnagalT. Kak npasuio, ogHy 43 KOOPAHHATHEIX OCel
PACOOJaralT COPH3OHTARLHO U CYHTAOT NOAOKUTEILHEIM HAIPABICHHE
y BRpPaBo. JTY OCh HAILIBAIOT OChIC afcyucc
1 oGosnaqator Gyksoil £ nau Oz. Ha pepTa-
KaJBLHON OCH, HA3LIBACMOH 0CbIo opouNam i
i oBoanadaemon y win Oy, MONOKUTENBHBIM
t OGBIMHO CYMTAIOT HANpPaBJSHNE BBEDX.
I
i

Yo = M{Zputfn)
T

Kaxgon Touke M mnaockoctn B3a-
HMHO OJHO3HAYHO COOTBETCTBYET Mapa
(%o, Yp) AEMCTBHTEALHEIX HHCEN — KOOPOU-
Kam mouxu M. DTH 4McIa ABAAIOTCH KO-
OpAMHATAMH TpoeKUHid Touku M Ha ocm

Puc. 1. z n y coorsercreendo. Ileppas koopguma-
Ta T, HAIHBaeTcA GOcyuccoti, a BTOPaA KOODAMHATA Y, — Opoungmotl
To4kH M. KoopanHaTHbIE OCH JefAT IICCKOCTh HA YeTHIpE YaCTH, Ha-
anIBaeMble K6adpanmast (MIN YETBEPTAMH), KOTOPHE HYMEPYIOTCA, KaK
[OKa3aHo Ha puc. 1.

» HonapHad cucTeMa KOOPAMHAT COCTONT W3 TOYKY O, HA3LIBAEMON
noawcos, u 1yda Or, HAIHIBAEMOT o noaspHott ocwiw, floJckeHne KaX0H
TOYKH M Ha IIOCKOCTH 3ajaeTcd ABYMA NOIAPHBIMH XOOPAUHATAMY:
noaspusta paduycos p = {OM| 1 nosspusis yeaom p = LeOM (puc. 1),
3HadeHns Yraa ¢ OmpeleneHEl C TOYHOCTHIO AO caaraemoro 2mn (n —
Lenoe Yucio).

JexapToBH DPAMOYTOABHEIE W IONAPHBIE KOOPAWHATHI TOYKM M
CBA3AHBI COOTHOLIEHUAMH Ty = pCOS P, Yy = psin .

Ecnu 36 aHE! JeKapTOBBl KOOPANHATHL & U f TOYKH M, TO NOIAPHHN
pagnyc p = /22 4+ 4%, a noAApHBIE Yrof ¢ HaXoAAT M3 COOTHOIIEHUA
bgp = y/r ¢ y4eToM Toro, B KaKOM KBaJPaHTe MeXHT Toyka M,

Mpumep 1. Halimu nonaprele koop guHaTh Toukn M(-3; —3).

Pemenne, Hueem p= /(—3)2 4 (-3)*2 =32, tgp= -__':'i‘- =1; Tak Kak Toyka M

HaXOAHTCA B TPETLEM KBAAPAHTE, To ¢ = arctgl + T = %fr.



1.2, JAEJEHHE OTPE3KA B DAHHOM OTHOWEHKK. [INCWA Sb TPEYTOABLHUKA 11

» Paccrosnme Mexay AByMA Toukamu A(z,,y) ¥ B(z,,y,) (T€.
amuHa orpeska AB) o6osHavaerca uepes |AB| nam p(A, B} u Burumcas-
eTca no popmMyde

P(AB) =2y —20)2 + (3 — 11)%

» YpabHerue auaun. HMes cucTeMmy KoOpIHHAT, MHOXKECTBO BCEX TO-
4eK Ha MIOCKOCTH MOXHO PACCMaTpPHBATh KaK MHOKECTBO BCEBO3MGXKHEIX
1nap 4ncea z, ¥y, COOTHOWEHHA, HAKA8 JHBAEMEIe Ha T, ¥, OLPeIeIRICT N0]-
MHOXeCTBAa NIOCKOCTH.

JluHuA Ha miaockocTH OOHMHO 3ajaeTcd NP IOMOLIH YpDABHEHHA,
CBAJHIBAIOLIETO KOODAMHATHI %, ¥. YpabHeHue f(zr,y) = ( HasniBaeTch
ypasxenuem aunuu £, ecnn ga4a moboit Toukn M(x,, yp) € £ BeidoaHgeTcA
paBeHcTBO f(2y, %) = 0, a Ana moboik Toukm M (z, y,) € £ cnpasepuso
HepaBeHCTBO f(Zg, Yy} # 0.

Hpumep 2. HanucaTs ypasHedne aunuy £, Boe TOYKH KOTOPON PapHOY JANEHE
oT Touex A{0,2) u B(4,-2).
Pemenne. Ilycrs M(z, y} — nponasoisHas Touka, fexamar Ha L. Nmeem

oAM=/t (y-22,  p(B.M)=/(z- 47+ (3 + 2)2.

Ws yonosna p(A, M) = p(B, M) nonyunm 22 4 (y — 2)2 = (z — 4)® + (y+ 2)?. Packpus
KO OKH, Hax0 JUM MCKOMOE YDARHEHHE: § = & — 2, KOTOPOe ONHCKBae T IPpAMYIO THHHIO,

YpaBHenns naufolee YacTO BCTPEHAWIUMXCA JWHHE HA MIOCKOCTH
IpHBeJeHE! Janee B pasa. 1.3, 1.5, 1.6,

1.2. [leneHune oTpeaka B JAHHOM OTHOWIEHUMN.
Nnowapbs MHOroyronbHuka

p Jenenne oTpeska B JAaHHOM OTHOIMeHHMN. KoOpIHHATE TOYKH
M(z,y), genanvielt oTpesok AB B oTHowenun |[AM| : |M B| = k, onpefe-
natoTca o GopMyraMm

2otk o Bithy
14k 7 1+k

Ipuwmep. Haiitu koopaunaT cepegunu oTpeska AB.

Petitenue, Cepeanee oTpeska coorsercrayer k& = L. [Togcrapaas sto aunavenne

Tt wty
7 YT T

B NocnegHne GopMyas, NOIYYHM HCKOMBLIE KOCPAWHATH I =

» Ilmomaam mwrockux duryp.
1. OpuenTnpoBaHRas Nomajib S3 TPeYTOAbHUKA C BepUIHHAMH B

TO4Kax (1‘1, yl)r (52,92); (“—'3} yG):

1 (' R 1
53=3 Ty Yy 1
Ty ys 1



12 AHAJHUTHYECKAA TECMETPHA HA IIJIOCKOCTH

Ecan S3 = 0, To Tpu TOYKH JEXKAT Ha ofHOH mpAMoi (HeoBxoguMoe U
ACCTATOMHOE YCJIOBHE).
2. OpuenTHpoBaHHAR MICIAJL S, MHOMOYTrOAbHMKA C BEPIIMHAME B

Toukax (£,,¥), (T2, ), ---» (23, ¥a):
S, = S[(2 —25)(y +3) {2~ 23) (W2 +43) + (20— 21) (¥ +1)]-

Tlpr BHMHCIEHME IO 3THM GOPMYJIaM ILOWAL MOy YaeTCA ON0XKH-
TeALHOH, ec1d 06X0] BEPIUHH B MOpPAJKe HYMePallUi MPOHCXOANT NPOTHB
YacoBoll ¢TPeAKH, M OTpULaTeALHON — B MPOTHERHOM CIy4dae,

1.3. Pasnanunbie BuAbI ypaBHEHNA NPSAMON

» O6mee ypasueune npamon. Kaxjas mpaMad Ha IMOCKOCTH 3313~
eTCA B JeKapTOBOH CHCTEME KOOPAHHAT JHHEHHEIM YpaBHeHHeM

Az + By +C =0, (1)

KOTOPOE HadkiBaeTcA o5muM ypaBHeHHeM NpAMON Ha naockocTu. O6par-
Ho, ecan A% + B? # 0, To ypasHerue (1) 3agaeT npamyio.
YacTHole ciydan ypabHeHus (1):
1) A=0, y = —C/B — npaMana mapaiieibHa oCH Z;
2) B=0, z = ~C/A— npaMas napaleisHa oCH Y;
3) € =0, Az + By = '— npaAMas NpoXOAUT 4Yepea Havalo KOOpAUHAT,
Jlna nocTpoeHUA NpAMOll AOCTATOYHO OTMETHTE ABE €€ TOYKH, KOOp-
IUHATHL KOTOPBIX HAXOJATCA U3 YPABHEHUA TPAMOI.
Mpumep 1. [locTpouTe npamyw

¥y r-2y—2=0.
2 1k Peuwesue, Ionoxus y = 0, nal
N 2..0 AeM T = 2 ® TOuKy Rnepecedenus P(2,0)
e y APAMOI ¢ OCBI0 T. AHalOIWYHO, IOMO-
. z \ HMB r = (), NOAYHUM TOHUKY TIEpECEeMEeHMuA
7] 1 A 3z @0,-1) npamoit ¢ oce y. Yepes Toy-
kn P u @ npomogmm HCKOMYIO APRMYIO
-1 {puc. 2},
/Q Ipumep 2. TlocTpouTs npaMywn
20+ 3y=0.
2 F Pemenne. [lonaraa nocneaosaTensio
—“r 2 =08z = 3, naifgem Touxu C{0,0} u

F(3,-2) n npopefem depes HUX MpAMYIo
Puc, 2. (pme. 2).

> YpaBHeHHe NPAMON B OTDPE3KAX UMEET BH/]

z .y _
a+b~—1.

3xecs (a,0}, (0,b) — To4ku nepeceyeHnA NPAMOH ¢ OCAMH KOODJUHAT.



1.4. ¥Toa MEXXAY NPAMEIMA. PACCTOAHNE OT TCUYKMW IO NPAMON 13

» YpaBEeHMe NpAMOM ¢ yriaoswM xoaddunuenrom. Ecau npaman

He HapalielbHa OCH Y, TO ee obliee ypab- ¥
HeHHe MOXHO PaspellTh OTHOCHTEALHO 2\ 7
nepeMeHHOH Y. B peaynpTaTe moaydnm ?
YpaBHEHUEe NpPAMOH ¢ YTAOBHIM Koaddu-
LUEHTOM:
y=kc+b (2) g
IlapameTp k, HASLIBAEGMEIN Y2406LIK KO- 7/(.6:’ ‘\"
spuyuenmon, papeH TaHIeHCY YIIA &,
KOTOPHIH NpAMad ofpalyeT ¢ TIOJCKH- Puc. 3.

TeJbHEIM HANDABICHHeM OCH T. Ha.pa—
MeTp b — opIUHATa TOYKH ItepecedeHus MPAMOI ¢ ockio ¥ {puc. 3, 1pA-
mas 1},

1.4. Yron mexay npameimu.
PaccTosune 0T To4KM fo Npamolt

» Yroa MexAy HPAMEMH. YTol ¢ MeXIY NPAMEIMH ¥ = k& + b
uy=kyxr+b, (Te yroa, oTCHHTAHHEII NPOTHB YacOBON CTDEIKH OT
nepBoil NpAMOH A0 BTOpoil — cM. puc. 3) mpn ki k, # —1 onpeaenserca
dbopmytoit

ky —ky

8= T ok

Ecma kyky = -1, To p = 90°.

Yeaosue napasigabrocmu npasur: k, = k.

Yeaosue nepnexdurkyaspnocmu npambiz: ky = —1/k,.

Yron mexgy ABYMA NPAMBIMH, 3aJaHHHIMH OOUHMY YpPABHEHUAMU
Az + Biy+C, =0u Ayz + Byy + C, = 0, BeruucadeTcA ¢ NOMOIIBIO
BhIpaKeHUd

_ 4B, — 4,8

tgp = A4, T BB, (npm A A, + BB, #0).

Yeaosue napasseaswocmu npaswz: A, /A, = B,/B,.
Yeaosue nepnenduxysapuocmu npasns: A1 A, + B, B, = 0.

» Ily4oK npAMBX — 9TO COBOKYINHOCTE NMPAMEIX, IPOXOAAIINX Yepes
JaHHYI0 TOUKY M,(zy, yo). YpaBHeHre NpAMOM ¢ YrIoBEIM Ko3hduIueH-
TOM k 3 JAHHOTO TYy4YKa HMEeT BUJ

¥—yp = k{z —zy). (3)

YpaBHeHue mMc6oll MPAMOM #3 JaHHOTOC My4YKa 3alMCHIBAETCA Tak:
Az — zg) + Bly — ) = 0.
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Touka nNepeceyeHua aBYX uUpAMHX Ly : Ajz + Bjy+ C, =0 n
Ly : Agx + Byy + €, = ( onmpefesseT Iy¥OK, KOTOPLIM ONMCHBaeTCs
ypaBrenueM p(A,x + By + C)) + g{Ayz + Boy + Cy) = 0, rae p, ¢ —
HEKOTOpBIE MHCIA.

YUrobm HaliTH KOOPAHHATH TOYKH MepecedeHud mpamelx L, u L,
neolxoAUMO PEWINTE CHCTEMY, COCTOALLYIO U3 ABYX YpaBHeHHH DTHX
NpAMEIX. AHAOrHYHO HAX0 JATCH TOUKH flepecedeHun JoOKX ABYX ANHUH,
38 4aHHREIX YPABHEHHAMH .

» YpaBHeHHE NMPAMOH, NPOXOLAILEN Yepes ABe JaHHLHe TOYKH
M(zy,y) u N(2g,¥,) (2] # T2y 9 # U2), HMeeT BHS

y—%n _ o
Y= Ly — 2y

Ilpumep. Jan TpeyroasHuk ¢ sepmunamn D(~2,0), £(2,4], ¥(4,0). Hanucats
ypaBHeHne cToponu EF u pucoru DH.

-4 T~ 2
Pemenue. Ypapsenue cTopoHu EF: %-»-—;— = <y W y = =2z + 8, Orcioaa
HaxoAuM YrnoBoH KoodubuumesT 3Toi npamon kpp = —2. Ha ycnosur nepnesauky-

1
kg

1 1
ypaeHeHne sucoret DH: y—-0= —2-—(:.': +2)namy = 7% +1.

1
NAPHOCTH KMeeM kp = — = Bocrnoanaosastiick ypasienuem (3), nonyuum

» PaccTosHme oT TOYKHM g0 NpAMOM. PaccTofHue § OT TOYKH ¢
KOOPAMHATAMH Iy, ¥, Lo npasocll Az + By + C = 0 onpegensercsa no
dopmye
5 = 1A% £ By + O]

VA? + B?

1.5. OxpyxHocTs, anaunc, runepbona
u napabona

» YpaBHeHME OKPYXKHOCTHM C UEHTPOM B TOUKe (Ty, ¥;) ¥ paguycoM R
MMeeT BUJ
(z-20)’ + (y— )% = R%

B sacTHOCTH, YpaBHeHHe OKDYXHOCTH C DEHTPOM B HaYaje KOODIMHAT:
2+ = R,

P DAAMNCOM HadLBaeTCA MHOXECTBO TOYeK INMOCKOCTH, CYMMa pac-
CTOAHHH OT KaXJOH M3 KOTODPHIX JO ABYX JaHHHIX To4dek F) u F, ecTh
MOCTORHHAA BeAM4NHa, pagHad 2a. Touku F| u F, HasrbawTea doxycanu
aaaunca, a paccToanue p(Fy, Fy) = 2¢ — doryensia paccmoanuen.
HauSonee upocToil BiJ ypaBHEHHe SMAHMCA MMeeT B CHCTEMe KOOP-
AUWHAT, B KOTOpOH OCBIO T CAYXKUT NpAMadA, IPOXOHAIIAL Yeped OKYCHL,



1.5. QKPYXXHOCTb, 3JJUNC, TUOEPEOIA W NAPABOJIA 15

Havalno koopjuHaT (0 coBnajgaeT ¢ cepesuHoll orpeaka FyF,, a ock y
npoxouT deped Touky O nepneHAUKyIApHO ocH z (puc. 4). YpaBHeHHe
3IMICa B ITON CHCTEME MMEEeT BUA Y

2 2

T y_l

ZteE T
¥ HA3BIBAGTCA KAHOHUNECKUM YPAGKENUCH. ?-‘/
ITapameTp a HasHBaeTcA Soavttod no-
ayocvio, b = v/a? — ¢2 — masoti noayocew
saaunca. Oruontenue cfa = e < 1 HasuiBa-
ETCA IKCUEHMPUCUMEMOM 344UNCa. Puc. 4.
MapaMeTpuyeckHe ypaBHeHHA daaHnca: « = acost, ¥ = bsint (mapa-

MeTp t IpuHEMaeT A100bie JeficTBUTeAbHEIe 3Ha4eHudA oT 0 o 27).
P

1+ ecosyp’ rae
p = b*/a — doxarpHEN mapaMeTp (MOAOBMHA XOPALl, POBeAeHHON Yeped
$oKyC MaparTeSEHO MAIOH OCH).

Mnows b 3AMMnCa BEMHCIAETCA TI0 opmyte S = mab.

Jlna npHOJAMKEeHHOro OpefeleHusA HepDHMEeTpa JJAMNCAR MOKHO HC-
noar3oBaTk Gopmyay L & 1r[1,5 {a+b) - \/CE]

YP&BHEHHE JNMIHUNOCA B ODOAAPHBIX KOOpANHATAX: g =

» TunepGomaon HazkIBaeTCA MHOXKECTBO TOYEK ILAOCKOCTH, MOZY/b pa3-
HOCTH PACCTOAHMM OT KaXJOH M3 KOTOPHIX JO UBYX AAHHEIX Todek F)|
H F, ecTB NOCTOAHHAA BeIHYHHA, Y
papHag 2a. Toukn F, n F, Ha-

3BIBAIOTCA POKYCaMN THiIepOOAbI, i
paccroanue p(Fy, Fy) = 2¢ — ¢o- b
KYCHEIM pacCcTOAHHEM. !

Kanonuueckoe ypasuenue 2u- £ Fa

nep6oabt HMEET BHA = (7 al ¢ x

2 2

L
s

rge b = v¢2 — a2. OHo onuceiBa- Puc. 5
eT runepboay B cHCTeMe KOOpIU- o
HAT, 0Ch ¥ KOTOPOH MPOXOJNT Hepe3 GoKyckl Fy H Fy, a Havalo HaXOo/AHTCA
B cepefuHe oTpe3ka Fy F, (puc. 5).

TlapameTp @¢ HaselBaeTcs deticmeumeasnoti (WIH sewecmaennot)
AoAYOCLID, HapaMeTp b — wnumott noayocvio. OTHOmMEHME cfa = e > 1
Ha3BIBASTCA 3:ccueumpucumegnou aunep Goabt,

=1, y:-gz Yy=—zz

[paMele y = —2 ¥ Y= — — T HAIKIBAIOTCA ACUMNMOMAMY 2unep fo.abl.
a a

IIpu HeorpaHn4YeHHOM TPOABHXEHHM B SeCKOHEYHOCTL DACCTOAHHE OT
KayK 10l U3 HHX J0 rUnepOoAbl CTPEeMHTCA K HYIIO.
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yh ¥

o &

Puc. 6.

Ecan a = b, runep6ona naspipaeTca pasHobounot. B ciicTeMe koopau-
HAT, OCH KOTOPOH COBMAaJaloT ¢ aCHMIITOTAMA paBHoO04HOH runepbokt,

k
OHa HMeeT ypaBHeHHe BT J = — (k #0).

» IlapaGosol HazbIBaeTCA MHOXECTBO TOYEK MAOCKOCTH, paBHOYZa-
JeHHBIX OT JaHHOH To4kd F u gannon mpamoti ¢ (puc. 6).

Touka F' HasmBaeTca doxycos, a npamaa | — Jdupexmpucotd napa-
Goavt.

Yepea $okyc GpoBefeM MPAMYIO, MEPNEHANKY TAPHYI0 IUPeKTPHCe, H
0603Ha4AM TOYKY Nlepece¥eHUA 3Toll BpAMoill ¢ gupexTpucoll Gyxpoit C.
Jauny orpeaka FC oGosHadnM p. IIpameM mocTpoeHHYO NpAMYIO 3a
OChb &, a cepefUHY orpeska FC —3a Hadaao koop HHAT. B Takol cacTeMe
napafoia UMeeT ypaBHeHHe

y? = 2pz,

HaskIBaeMOe KaHOHW4ecknM (puc. 6, a).

Ecau mpaMyto, TepTeH JAKYTAPHY e AMPEKTPHCe, NPUHATE 33 OCh ¥,
8 HaYalo KOOpAMHAT TaKke B3ATh B cepeguHe oTpeaka FC, To B
TIOIY4HBIIEHCA CHACTEMe KOOPJHHAT YpaBHeHHe Hapabolbl HMeeT BH/

y=ar? raea= g (puc. 6, 6).

1.6. Npusegenne obwero ypasuenus Kpuson
BTOPOro Nopsifka K KaHOHNYECKOMY BUAY

» IlpecGpadopanue koopgunaT. Ogna NpAMOYrodbHAA CHCTEMA, KO-
op,uiaT =y MokeT MpeoBpaloBBIBATECA B APYTYIO NPAMOYTOJBHYIO Cl-
cTeMy KoOpAHHAT Z,(,y, NMPH NOMOIM TaPalIeIbHOre NepeHoca W no-
nopora. Koopaunatl (z,y) Toukn M B cucteMe zOy M KOODIMHATHI
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(%, ;) Tol xe TO4UKM M B cucTeme z,0, Y, CBA3AHEI CELYIOIMMHA COOT-
HOLFEHUAMH :
1) npm napansefbHOM CABHTE ocell W MepeHoce Hadana koopinHat O
B Touky O, (a,b)}
r=o ta, Y=y +b

2) ppu noBopoTe ocell Ha YTOJ { BOKPYT HaYala KOOPAHHAT
T=2,c05p— Y, sing, y==z sing+y cosp.
» Ofmee ypanHeHHe KPMBOR BTOPOT0 NOPALKa
At? + Bey+ Cy¥¥ + D+ Ey+ F =0

OpH mepexofe K NOAXOJAMENl HOBOM cHCTeMe KOOPAMHAT YIPOLIAeTCA U
UPHBOAHTCA K OHOMY H3 ABYX CIEIYIOUIMX BUJOB:

A+ C ¥+ F=0 nm Cpp + Dyzy + F, = 0.

B sasucHMocTH oT NoAy4eHHHX 3Ha4eHull A,, C, F|, C,, D,, F, neppomy
U3 9THX YpPaBHeHHH COOTBETCTBYeT JHO0 iMNc, anbo runepbota, aubo
Mapa MepecexkalomHXcA NPAMBX, Ju6o TO4UK:a, JHGO NycTOe MHOXECTBO,
a sropomy — aMbo napaboaa, 160 napa mapanJelbHEX NPAMEIX, JHOO
ofHa npAMad, TH50 NYCTOe MHOXECTBO.

Hcrkomoe npeofipasoBalne UPOM3BOAMTCA B JBa srama. Ha nepsom
aTane ¢ MOMOUIBK MOBOPOTA OCBOSOXKAAEMcA OT 4AeHa, COAEPKAINEro
nponsBefeHHe KOOPAMHAT. YI'OI NOBOPOTA {@ oupefeldeTca (hopMyloi

tgp = T??’ ecin A # C; opu A = C umeem ¢ = 45°. Ha sropom

JTaille TP NOMOLIN TaPaliefbHOIC MepeHaca TPUXOAHM K 0 JHOMY U3 ABYX
YOOMAHYTHX YpaBHeHHI.

2. AnanuTHyeckas reoMeTpua
B MPOCTpPAHCTEBES

2.1. CucTemnl KOOPAUHAT B NPOCTPAHCTBE

» [JexapToBa NpAMOYFOJbHAA CHCTEMA KOODAHHAT B IPOCTPaH-
CTBE COCTOHT M3 TPeX BIAUMHO fePheHJUKYTAPHEIX YACIOBHIX ocell (Ha-
3bIBAEMBIX OCAMM KOOPAHHAT) ¢ oGUMM Hadalom oTcdeTa O u obuei
eqUHNLed MacurTaba. 3TA ocH ofosHavalorcs depex Oz, Oy, Oz (wau
fpocTo GykBaMH £, ¥, z) M Ha3HBAIOTCA OCAMM abcllice, OPAMHAT H an-
naukat. KcopauHars (r, y, z) Toukn M onpefelaioTcA KaK KOOP IHHATEL
NPOEKIHA 3TO TOYKH Ha OCH &, ¥ B z cooTBeTcTBeHHO. [l1ockocTh ¥
(wmd z0y), cofepxallag ocH & M ¥, U AHAIOTMYHO ONpefeideMule MAOC-
kocTH 2z (20z) 1 yz (yOz) HAIBIBAKTCA KOOPAUHATHEIME TAOCKOCTAMH.
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PaccToaHue Mex gy Toukamu A(z,, ¥, 2, ) u By, ¥, 2,) BHHHCALLT-
cA Ao GopMyTIe

p(A,B) = lzy — 2)2 + (g — 1) + (22 — 2,)°.

KoopauuaTer Touku M(z,y, z), geadwei oTpesck AB B oTHomenun
|AM| : |M B} = k, onpegennioTes ¢ooTHOUICHHAMH

ozt kg _ kY z=zl+kzz‘

14k T4k 7 14k

» IDmwrunapuueckue xoopaunathl. onoxenne Toukn M(x,y,z) 8
NPOCTPAHCTBE MOXHO ONPENeNUTD €€ ANILMKATON 2 H NOAAPHBIMH KOOD-
ruHaTamu p= |OP|u ¢ = L20O P npoexunu P 3Toll TOYKH HA KOODAHHAT-
HYI0 miockocTs £0y. BeanuuHbl p, ¢, z HA3BIBAIOTCA UMAMHAPAYECKMMA
KOOpAMHATAMH TOYKH M. JexapToBH MpAMOYroibHbe M UHTHHZpHYE-
CKHEe KOOPJUHATE TOUKH CBA3AHAI COOTHOIECHUAMMU & == pCOS {2, Y = psin
(anmAMKaTH B 0GeMX CHCTEMAX OJMHAKOBH),

» Cdepudeckas cUCTEMA KOOPAMHAT ONPeJeIAeT NOIOKEHHE TOY-
kn M(z,y,z) caegyioluMMu TpeMs BelHYHHAMH: paccTosgHueM p = OM,
yraom & = £20M u yraom p Mexay miockoetamu z0z u 20M. Be-
JAHYUHE p, @, § HasksaloTeA cdepUdecKHMH KOOpIMHATAMM TovkH M.
IIpaMoyroasHele 4 chepuveckie KOOpAHHATE CBAIAHEl COOTHOMEHUAMMN

z = psinf cos @, y = psinfsin g, z = pceosé.

2.2. BekTopsl

BexmopoM Ha3bIBaeTCA HalpasideHHEIHM oTpezok AB, y koToporo
ToYKa A PACCMATPUBAETCH KAK Hayalo, a Touka B — xax xoHen, BexTop
oboangdaeTca Anbo YKazaHMeM ero Havada M KOHLA CO CTPenxoll Hasep-
Xy AB, m6o ogHo#t 8ykBoit co cTpeaxolt Hasepxy . Jauna oTpeska AB
HaspisaeTca Modyaes sekTopa AB m 0603Ha%aeTcR [/ﬁi (Mogy1b Bek-
Topa d 060sHaMaeTcd |d|). BexTopel, JeXaltme Ha OAHOM TPAMOH WA Ha
NapalielbHEIX TPAMBIX, Ha3HBAIOTCA KOLAUHEGPHBLMUL,

BekTophl Ha3bIBAIOTCA PAGHBIMY, ECAH OHH XOJIHHEADHEl, HMEIOT OU-
HAKOBEIE MOAYJIH M HanpasieHua. Ha sToro onpegefieHnd clejyeT, 4To
Kakoskl 6B HM OBUIN BekTop & M Touka P, CYLIECTBYeT €JMHCTBEHHEI
BekTop P} c Hauanom P, pasini BexTopy 4. [ooTomy B TeoMeTpUy Bex-
TOPH PACCMATPHBAIOT ¢ TOYHOCTBIO 40 HX TIOJOXKEHHA (T.e. He pasau4ad
BEKTOPOB, NOYYAIOUMXCA APYT H3 APYra MapalielbHBIM NepeHocoM). B
3TOM CMbIC/Ie BEKTOPH HA3LIBAIOT C6050dubLAL,

Ecnu moMecTuTh Hadano BeKTOpa d B HAYANO KOODUMHAT, T.e. Upei-
CTABUTb €ro HANpaBleHHBIM oTpedkoM (OA, To koopaunath (z,y,z)
To4YKH A HasmIBalOTcA KoopgMHaTamu BeKTopa 4. IIpm sTom mmmyT
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{z,y,2z}. (OrmerTum, drO OA masmpatoT PAOUYCOM-BERTOPOM
Touku A).

Ecam pekTop @ umeeT Havato Bz, y,,7;), a KoHel, Clegypz)s T
i=BC= {z,—2,, y2 Yy, %y— 2y} OBo3IHAYHM depes 7,7 1 k eqnHuunELe
BEeKTODPHL (opmil) KoOPZUHATHBIX ocelf &, § U 2 COOTBETCTBEHHO (T.e.
Q=O_f{, j= O?, ??: O , Tie O — navano koopaunar, A(1,0,0), B(0,1,0),
(0,0, 1)}. Torga kaxgmi sextop & = {2,¥, 2} eZUHCTBEHHEM 06padoM
fIpeJCTABAAETCA B BUje d = :|:§+ yf+ 2k,

Ecin @ = {z,y,2}, 1o |&] = /2% + y? + 2%

2.3. DeltcTenn Hap BekTopamm.
CkanapHoe npownasefienne

» IIpomamegenme pexTOpa Ha Yneno. CyMMa M PAIHOCTL BEK-
TopoB. IIpousaedenuesn sexmopa d@ Ha wucao k HasEIBaeTCa BeXTOp kd,
KOAAEHeapHBIH BeKTOPY &, UMEoWUi MoZy s |k||Z] u HanpasaeHHBIH ogu-
HaKoBO ¢ @, ecau k > 0, ¥ npoTHBononmkHO & npH k < 0. Ecn d = {z, y, 2},
T0 kd = {kz, ky, kz}.

Cymaoti 6exmopos 3 U b HasEIBaeTCA BeKTOp a+b, KOTOPBIH CTPOUTCH
crexgyiomuyM obpasoM. Chayasa ¢ MOMOLIBIO NapalieibHOTo MEPEHOCa
BEKTOPa b COBMEINAIOT ero Hadano ¢ koHUoM sexTopa d. CyMMa BeKTOPOB
@+ b — wambikaiommily BeKTOpP, HAYANO KOTOPOr'O COBNAZAET ¢ HATAIOM
BeKTOpa &, & KOHel — C KOHLOM BekTopa & (npasuso

mpeyeoabruxa, puc. 7). i+ A
Pasrocmb eexmopos @ — b onpeaenteTca KaK cyMMa b

BeiTopos & U —b. Ecmu @ = {2,,y,, 7}, b = {23, ¥, 25}, 7

To G b= {z; £ 75,9 L 2,2, £ 2} Puc. 7

BexTop, Ha¥alo KOTOPOTO COBNajaeT C €T0 KOHIOM, HadkBaeTcd
Hysessla U obosmaaeTca 0. OuesugHo, 0 = {0,0,0} n @+ 0 = @ gan
noforo BekTopa d.

» CkandpHM nNpoMsBeaeHmeM BekTopor & = {z,,¥,%,} H
b = {z,,y,, 2} HasbiBaeTCA YMCIO, PaBHOe NIPOH3BEJEHMIO HX Moaynen
Ha KOCHHYC Yrila ¢ Mex gy Hamu: @ -b = |a})é| cos .

B gexkapTosbix xoopguHaTax: &b = z,¢, + ¥y + 2125

Ceoﬁcmsa CKGARPHOZO NPOUIGETENUR:

L.d@-b=ba

2.d- (b+t‘:')—'a bF+d-¢c

3. (k@) b= (kb)_ka b, k— uncso.

4. @.-d= ]c:]2 (3Ty BeanMMHY 0603HAYAIOT TakXe d-).

CkanApHEEe TPOUaBEJeHUA OPTOB:

- - = -

ii=j =k k=1 {.j=jk=ki=0
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» Yroan mexjy BexTOpaMu. YroJa MeX Iy BEKTOPOM M ocAMH
KOODAMHAT. YTOI ¢ MeXAy BeKTopaMil & i b onpefenseTcA U3 COOTHO-
LIeHHA

2]
oy

cos =

&

I

Yeavsue nepnenduxyasprocmu deyr eexmopos. Bextopht & u b nep-
el MUKYAAPHEL TOTJA H TOAbKO Torfa, korja d-b = (.
" Yeaosue napasqesvHocmu (Rosaunespuocmu) dayz sexmopod. Bek-
Toptt @ = {Z,¥;,%,} U b = {24, ¥,, 75} NAPALICALHE TOTAA M TOIBKO
. 7 z z
Torga, korja @ = kb wm =L = B_A g (zy # 0,4y, # 0,2, # 0).
z Y 2
v I 2 2
Ilpoexnusa BexTopa & Ha HampabieHHe BekTOpPa &, pasHai |b]cose,
- d-b
BEmcaReTcA no popumyae Ilp; b= @l
a

Hpumep. Onpefeaurs yroa A Tpeyroashnka ABC ¢ sepuuuasm A(l,1,1),
B{zr"lua}l C(G,G, 5)'

Peweune. Hneenm AB = {1,-2,2}, AT = {-1,-1,4}. Toraa

=N

cosd = ABAC 1(=1) +(=2) (-1)+12:4 _ 1
1ABliac] VI (C2P 2 (CrP £ (12 V2

LA = 45°,

KocuHycH yriace o, f, v MeXJy BeKTOpoM & M OCAMH KOOp-
JHHAT &, I, £ COOTBETCTBEHHC HA3BIBAKTCA HARPAGARGUMU KO-

o i
cunycamu BekTopa d. OTmMeTUM, 4To ﬁ = {cosa,cosf, cosv},
a
cos? o + cos? @ + cos?y = 1.

2.4. BekTopHOe W CMEUaHHOE NPON3BEAEHNR

» BexkTOPHLIM NpPON3BEJCHUEM BEKTOPOS & ¥ b Ha3HIBAETCA BEKTOP
&z & x b, onpegenseMblll yCIOBHAMM:

1) BekTop E'nepnen,uﬂxy.rmpeu sexTopam @ u b;

2) 181= |a||bf sin @, Cfe i — Yrol MexJy BeKTo-

paMH & u b

3) 4, 5', ¢ 06pa’yloT NpaBy TPOUKY BEKTOPOBR,
T.€. eCIH Ha4¥ala BeKTOPOB 4, b M & nomecTuTL B
OJHY TOYKY, T¢ KpaT4allMil NOBOPOT BeKTOpa &
K b HABITI0 JaE TCA ¢ KOHLA BeKTOPA & HPOUCKO JALMM
IPOTHB Y4COBOH cTpenxi (pnc 8).

- =

BeKTopHbIE IPOM3BEAEHUA OPTOB: 1 X J = k, ixk=1 kxi=].
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Beau @ = {z,, yl’zl}: b= {xz:b‘g;zz}s To

o ioj ok -y, z 2z, z e, oy
axb=|z, ¥y z|= yl 21 -3 xl zl +k.1:1 y1=
2 23 2 22 2 Y2
Ta U Iy
" ={y12 — 21¥a, —Zy23 + 2Ty, 31'9’2"‘9132}-
Ceoﬁcmea EEXMOPHOZO NPOUIEEGEHUA’
dxb=—(bxa).

ix(E+d=axb+axe

(k@) x b =& x (kb) = k(F x B) (k— umco).

BexToph! @ u 5 KOJAJNHHEAPHE! TOT A2 H TOMABKO TOT'Aa, KOT'Aa d X b=10.
Ilnoimags S napanienorpaMma, NOCTPOEHHOrC Ha BexTOpax 4 du E,
paBHa MOJYJIO UX BeKTopKoro npoussefenua: S = |d x b.

Ilpumep. Haittu naowmass Tpeyroreuuka ¢ mepmuusHamu A(7,3,4), 5(1,0,6),

S.J'!rhtﬂh:l—l

C(4,5,-2).
Pemenue. Uveem AB = {-86,-3,2}, AC = {~3,2, -6}. Buraucaum
- - -
: 1 k
E X A_CE =|~-6 -3 2=
-3 2 -6

=7(18~4)~7(36+6) + & (-12 —8) = 147 = 427 — 21k = {14, ~42,-21}.
Mostomy § = L 1AB x AC| = ++/147 + (—42)? + (-21)2 = % - 49 = 245.

» CMeImaHHEM POU3BeJeHUeM BeKTOPOB J, bué HA3KBAETCA YHUCIO
g, paBHDe CKaAAPHOMY IPOU3BEACHHIO BEKTOpPa & Ha BEKTOp b X &, T.e.
&= (b x ¢}.
Ceoﬁcmsa CHEWAHHO20 ﬂpousﬁeaeuu.s:
1) Mpu nepecTaHoBKe ABYX COMHOXHTeJeH CMEIIaBHOe NPOHIBEfEHHE
MEHAeT 3HaK.

gbé=-bac

_.—U
ab
ab

Cl"'l
oy
o]
Cug
%
oy
o

2) BekTtopm 4, B, ¢ KoMIAaKapHLl (T.€. NapaileJbBbl 0fHOH IIOCKOCTH)
TOT2 W TOALKO TOT A2, KOTaa &b ¢ = 0.
3) Ecau mexTopH &, 5, ¢ He KOMIII3HAPHH, TO HA HHX MOXHO IIOCTPOHTH
'napa.rmenenﬂrle,q; ero obpem V = |&7§€| O6reM nTHpaMA gL, NOCTPOEHEOH
Ha BeKTOpax &, b U 7, COCTa.BJmeT OJHY UIECTYIO HacThb oébema yKa3aH-
HOr'C MapalljelenHnesa: Vn =L|gbal.

Bcmn &= {ay,ay, a3}, b = {b;, b5, 85}, €= {c;, ¢5, €3}, TO Mx cvemanmoe
Npou3BefeHNe BHYHCIAETCA KakK ONPejelNTelb TPEThero MOPAIKa:
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2.5. MnockocTs B NpocTpaHcTBe

» O6mmM ypapHeHHEM ILIOCKOCTM HalElBaeTcH JWHeliHOe ypaPHe-

HHe
Az 4+ By+Cz+ D=0, (1)
rae A4+ B+ C?#£0.

Jobasg mIOCKOCTH B NPOCTPaHCTBE ONpedelfeTcA ypaBHeHUeM BH-
ga (1). Eciu D = 0, To NI0CKOCTE DPOXOSHUT Yepe3 Havano KOOpJHHAT,
ecau C = 0 (coorBercTBerno A = 0 uan B = (), To niockocTs mapar-
JeabHa OCH z (COOTBETCTBEHHO OCH T MM OCH y). Ypasrerne Az + D=0
onpedeideT MIOCKOCTh, RapalieibHy0 MIOCKoCTH YOz,

[Tonoxenie NAOCKOCTH P B IPOCTPAHCTBE NOJHOCTHIO ONpe/elAeTCA
Toukoit My(Zg, Yg, 2y), MEKAIMEH Ha 3TOH NMIOCKOCTH, M NEPNeH IUKyAAp-
HEIM eli BekTopoM N = {4, B,C} (KOTOpHI!i HA3LIBAETCA HOPMAALHBLM
eexmopos naocxocmu). Ilpy 3ToM ypaBHeHHe IIOCKOCTH MMeeT BHA

Alz —xo) + Bly —yo) + Cl2 - 2) = 0. (2)

YpaBHEHUE NAOCKOCTH, BpOXogAlled dveped Touky M,(zo, Y, 25) #
NapalielbHOH /BYM HEKONIMHEADHEIM BEKTOPaM 1\-"'1 = {4,,B,,C,} n
N2 = {4, B,,C,}, MoxeT 6uiTh 3anucano B Buge (2), rae 4, B, C —
KOOpJUHATHI BekTOpa N = Nl x N2

YpaBHeHNe TNIOCKOCTH, NpOXOoAAmeH Yepes TPH [JAHHBIE TOYKHR
Ml( T, Y1, 21), My(Ta, 99, 22), M3(23, 13, 23), e fexalune Ba ogHOH nps-
Moit, umeeT Bug A(z —2,) + Bly~y) +C(z—2)=0,rae A, B, C—

oL e )
KOOPAMHATH BekTopa N = M, M, x M, M;. OTo ypaBEeHHe MOXKO 2a-
OUCATE C NIOMOWIBIO OIPEAedUTeIA;

T;-% Y—W n-zn|=0
L3788 W—¥ H-—5H
I[Tpumep. CocrabuTe ypaBHeHHe NaOCcKocTHM P, NpoXogaled wyepes TOYKY
My{2, ~1,1) 1 nepneHAMKYNAPHON ABYM MuockocTaM Py : 3z + dy~2+4=0w
Poizty+2-3=0

Pemwenne. Hopmansuue sextopa N, = {3,2, -1} u N, = {1,1, 1} k nrocxocram
P, u P, napannessuu naockocrd P, Buancanm

{7k '
N:Nl xﬁ =|3 2 -1 23:-—4_',7-%15.
1 1 1
TlrockocTs P ONUCKBBETCA YPABHEHHEM 3z - 2)—4(y+ 1} +(z—1) = 0 uan
3z —4dy+z=-11=10.
Paccroanue d ot Touku My(zq, ¥, 2p) A0 MiockocTd Ar + By +
+ Cz + D = 0 selunciseTca no opmyae

|Azq + By, + Czo + D)
VAT BE+CE

d=
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p» Biaumuoe pacnoxoxkennme ABYX IJIOCKOCTEH. YTOX  Mexay
ABYMA MIOCKOCTAMH

Ajig+Biy+Ciz+ D=0 (naockocTs Py),
Az +Byy+Coz+ Dy, =0 (naockocte Py)
paBeH YIJy MeXy HX HOpMaJlbEbIMH BEKTOPaMU ﬁl " 1\?2 H onpefefAeTCA
COQTHOMIEHHEM
INIINy| /AT + Bf + CTVAT + B + CF
Yeaosue napassesvrocmy nasckocmed: P, || P, Torga m Toakko
TOr AR, KOrga KOAIMHeapHsl HOpMalbHEEE BeKTOPR N, 0 Ny, T.e.
A /Ay = B/B, = C,/C, (ecmu A3 #0, B, £0, C, #0).
Yeaosue nepnendunyasprocmu naocxkocmet: Py L Py Torja u ToAbKo
Torga, korga N, L Ny, Te.

A1A2 + B],BE + 0102 = 0.

cosp =

YpasHenue NyYKa IOCKOCTeH, IPOXOAAUMX Yepe3 MHHUIO nepeceye-
Hug naockocTell Py u Py, uMeeT BUJ

plAjz+ Biy+Ciz+ D))+ ¢(Az + Boy+Coz+ Dy) =0

{Opn Mio6HX KOHKpPeTHEIX 3Ha4eHUAX MapaMeTPOB P H § 3TO YpaBHeHHe
ONpeAeafieT MIOCKOCTh, EPOXOIAILYIo Yeped JHHUIO Nepecede A IIOCKo-
creit P, u B,).

2.6. Mpamaa 8 npocTpaHcTsee

Kaxas npaMad B IPOCTPAHCTBE MOXKeT SBITH 33 ]aHa CHCTEMOH ABYX
AMHENHEIX ypaBHEeHHN

{A1m+Bly+Clz+D1=0,

3
Az + By + Coz+ Dy =0 )

(2Tn ypaBHeHUA ONpPEACAHIOT ABE IIOCKOCTH, NEPECEYEHHEM KOTODHIX H
CAYXHT /1aHHaA [pAMaR).

O6parno: aobas cOBMeCTHas CHcTeMa ypaBHeHuil suga (3), Jepble
4aCTH KOTOPEIX He IIPONOPHMOHAIBHEL, 3303eT HEKOTOPYIO NPAMYID.

lloaoxenue mpAmod L MOIROCTbIO OmpejeiAeTcha Kakoil-mubyib ee
Toukoli My(2g, ¥y, 2,) ¥ Hanpasagomum sexktopom { = {m,n, p}, napal-
JelbHLIM IpAMoi. [Ipr sTOM npaMas 38JaeTcA CAeayIoIMME DapaMeTpH-
4eCKHMH ypABHEHUAMU:

r=zxg4+tm, y=wy+in, z=12z;,+1tp,
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Cfie napaMeTp ¢ NpuHUMaeT Jiobule fellcTBHTEARHEE JHAYEHA,
Ecau Bce KOOpMHATHI HANPABIAIOLIETC BEKTOPA He paBHEI HYIo, NpA-
Mad MOXeT GBITE Takxe 3a/aHa CAeyIOLUMY KGHOHKReCKUMY YPasHEHY-

Rt
r—1Iy _ Y-y _ z2= 12

m n P

Yraul w«w, 8, ¥, oSpazyemule npAmoli L cOOTPETCTBEHHO € OCAMH
koopaunatT Oz, Oy, Oz, naxoaaTes mo dhopMyiam

i os i cos L4
COB (X IF —F—=———==, C = T ————
/mZyni+p? ;7m2+n2+p2’ 7 /m?+n?4p?

MipsMadq, npoxojAwmas <epe3 JBe ganHHe Touknm M {(z,,¥%,,%,) H
M, (x4, Yy, 2,), npeacTaBIAeTCA YPaBHEHHAMU

r -2,

¥4 z=2 (
= = Ty FE T Y FE W2 F 7).
Ty — I Y2— 4 Z3— 4 2 Ve 1 :

Ecau npavas L 3a1ana ypasHeHHAMH (3), T.e. Kak JHHHA NepeceveHns
maockocTedt Py, u P, ¢ HOpMalbHEIMH BEKTODAMH Nl = {A,B,,C,} n
N, = {A,, B,,C,}, To ee Hanpapasiowmit BekTOp | MOXeT SKITL Haigen
KaK BEKTOPHOE.IpOH3BefieHHe BeKTOpoB N; m Ny: I = N| x N,. Touka
M,y € L HaxoAuTcA Kak ofHO U3 peweHnid cucTemsl (3).

Mpumep. HanucaTs xaHoHHYECKHe YpaBHeHHS NPAMOL, 38 TaHHOH YPABHEHHAMY
z+2y+32-13=0, 3z +y+42~14=0.

Peweune. Hmeem N, = {1,2,3}, N, = (3,1,4}, T = N, x N, = {5,5,-5}.
IMogcTasus B ypaBHEHHA IPAMON 3HaYeHHe 2 = 0, MOAYYHM CHCTeMY: T + 2y - 13 =0,
3z + y — 14 = 0, u3 koTopol Haiigem z = 3, ¥y = 5§, My(3,5, 0) Taxum obpazoM,

z—-3 -5 -0

KaHOHHYECKHe YpaBHeHHA HPJIMOH NpUMYT BMI 5 = 5 = 5 HIH

r=3=y=-5=—=x

Yroa ¢ mMexxy TIpAMBIME LynL, [paBeH Yray MexJAY UX HANpapJAio-
mumn BexTopamn §; = {m;,ny,py} 1l = {my, 1y, py} u BAIMHICIAETCR MO
Popmye

-

ﬁ 1 = mmy Mty + 0Py
Ll Vmi+al+pd/mi+ni+pi

cosp =

2.7. Mpamas u nnockocTb B NpoCYpaHCTBe

Yroa ¢ Mex Ay npAMoit L ¢ HATpaBAAioluM BeKTOpoM | = {m,n,p}n
naockocTei P Ar+ By + Cz+ D = 0 pnpedenteTca U3 cOOTHOLIEHHA

|[Am + Bn + Cp|
VAT L BT 1 C%/m? 4 n? + p? '

Sintp =
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Yeacaue napassessnocmu npamod u naockocmu: L || P Torga u
TONLKO TOT 48, KOrga BeKTOpH { ¥ N nepneHIUKYAAPHEL, T.€.

Am+ Bn+Cp=0.

Yeaoeue nepneuawcympnocmu_‘npmcoﬁ u naockocmu: L L P Toraa
U TOABKO TOrAa, korja pektopsl N = {A, B, C} n | napansenbssl, T.e.
A B C
—_=—=— m m#zEQ, n#E D, 0).
== (o m#0, n#0 p#0)
KanoHnu4eckye ypaBueEHA UPAMON L, MepleH IUKYJIAPHON MAOCKOCTH
P: Az + By+ Cz + D = 0 u npoxogamen depes Touky Mo{x,, U, 20),
HMeIOT BHJ

T—Z _Y—W _ 2% -
+~ - B - ¢ (A#£0,B£0,0#£0).

Ypasuenue naockoctu P, npoxogawein Yepes Touky My(zy, Yo, 2) 1

-

IepreH MKy AApHOl npamoit L ¢ nanpapaawommm sektopoM | = {m,n,p},
38NHCHBAETCA TakK:

mz —ay)+nly—y) +p(z—2)=0

Jlag HaxoXJeuua KOODAMHAT TOYKM NepecedeHMA NPAMOH M IJAOCKO-
CTH HE0GX0AUMO PElUWTE CUCTEMY YPAaBHEHMMH, COCTOAUIYHO W3 YPaBHEHUN
OPAMOU B YPABHEHUA [IIOCKOCTH.

Mpuumep. Haitti npoextmio rouku My (3, 1, —1) Ha RaockocTs P, KoTopan 3agaHa
ypabHeHWeM T + 2y + 3z - 30=0,

Pewenne, Hexoman npoexuns @z, ¥, z) ecTh TOYKA Nepeceyenns MIockocT P u
npamei L, npoxoamued Hepes Toxwky My u nepnenauxyaspuon P. [lapameTpudeckne
ypaBHeuus nprmon L: r = 341, y = 14 2¢, 2 = =1 + 3t noscrapum B ypaBHeHHe
naockocTH P. [oayuymm 34+t 4+ 2+ 4t -3 +9 —-30=0,0orkypat=2,z =5,y =5,
z =5, Q{5,5,5).

2.8. MoeepxHocTH BTOPOro NOpAAKa

» IloBepxuHocTaMyu PTOPOro MOpAJKA Ha3LIBAIOTCA TAKHE MHOXe-
CTB2 TOYEK B NPOCTPAHCTBE, KOOPJHHATEL KOTOPHEIX YIOBASTBOPAIOT
YPaBHEHUIO BHAA

Az + By + C2* + Dzy+ Eyz+ Fzz +Gr+ Hy+ Kz+ L =0. (4)
Hanpumep, ypaeuenne
2’ +y*+2* = R?

onpefeaseT chepy paguyca R ¢ UeHTpoM B Havale koopiumaT. O6bem
ceprr: V = $xR3.
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TABJHIIA 1
Kanonuueckie ypanHeHHA MOBEPXHOCTEN BTOPOro NOPAIKA
N Kanonnueckoe ypanHeHue Ha3spanne NOBEpXHOCTH Pucynox
1 %’,- + -'5- + f:— =1 DAAMNCONT Puc. 9, a
2 3,2 O IHomonGCTHELH
2 ot {T —a et rHnep GonoH g Puc. 8, 6
2 3 3 JBY oo cTHEIH
¥ _ 2 i
3 e a =1 runepGonoma Puc. 9, s
7 2 2 Kohyc sToporo
4 ~;§-+‘§=-——cr—0 HopRAKA Puc. 8, =
z 3
PSR LA —
5 e+ % 2z Sﬂl;ﬂ:n;i;::fikﬂﬂ Puc. 9, 4
{p,q>0) p A
= _ 8
6 5 =2z Tunep 6oaugeckuit Puc. 9, ¢
(mg>0) napabonce s
z3 1 DaANnTHHECK it
7 St =t . Puc. 8,
El 1 TwnepGoauyeckust
B aZ ij =1 UHAKHAD Puc. 9, s
9 W = 2z [NapaSoaugeckmii Puc. 9, u
UMIHH AP
5 oyl [Tapa mepecexalowmxes Pue. 9. x
10 w0 naccKocTen '
1 2 _ [Tapa napatiessHEIX __
e? < nacckocTel
12 2 =0 [Mapa COBMA ARIOLIHX _
nrcckocTen

» Kanoumndeckmue ypaPHeHRUS NOBEPXHOCTEN BTOPOr0 MOPAAKA.
Mpu moMolM NOBOPOTOB M TapaiiesbHOTO NepeHoca ocell KOODAHHAT
BCAKoe YpabHeHue BUja (4) MoXeT S6HITH npeoSpa3oBaHO K MPOCTOMY
xanonunecxomy Buny. OCHOBHBLIE KAHOHMYECKHe YPaBHeHHT M Ha3BaHUA
COOTBeTCTBYIOMMX NOBepXHOcTel AaHEl B Tabi. 1, a ux cxeMaTHdeckue
H300paxeHyA MpHBefeHE! Ha puc. 9. Huxe omucadnl Hanbojee BaXXHble
CBOHCTBA HEKOTOPEIX MOBEPXHOCTEH BTOPOrO NOPAIKS.

Aaauncoud (puc. 9, a}. CedeHueM danuncouga moSoll MVOCKOCTHIO
ABAAETCA JAMUAC (B YACTHOM cryvae kpyr). KoopauHaTh Todex aaMmnco-
U3 YIOBIETBOPAIOT HEPABEHCTBAM —a S 2% ¢, —bLygh, —¢cg2 <€

O6nem snaunconga: V = Lmabe.

B uacTHOM cayuae ¢ = b uMeeM JHNCONS BpalLeH i, NOAY &iOLITNCA
npu Bpaiteluu suannca (r/a)? +(z/¢)? = 1, nexamero B nockocru 20z,
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BOKPYT OCH z (fIpH @ > ¢ DMUINNICONK BPAILECHHA Ha3bIBAETCA CHAIOCHYMBLM,
& IpH a < ¢ — GbUMARYMbLMY.

Tunep6oaoudm (puc. 9, 6, 6). Jxa o6oux rumepGosoufOB ceteHNHA,
napaJieibHEle ocn 2z, — PHAEPGOAL] (1A 0JHONOIOCTHOrO rufep5oI01 fa
MOXeT OBITh Mapa NePeceKaloulnkcA NPAMBIX); cedeHNA, NapaielbHEle
maockocTH r(y, — DAAMNCHE.

JBynofocTHRI runep6oaon s COCTONT U3 ABYX HMacTell, TOUKU KOTO
PLIX pacrodokeHbl COOTEETCTEEHHO IPH 2 § —CH 2 2 C.

Konye (puc. 9, 2) nMeeT BeplluHy B Hayale KoopIuKaT. [loBepXHOCTH
KOHYCa COCTOHT U3 NIPAMEIX JMHMA {3TH IHHAN Ha3KIBAIOTCA 06pasyIOIIH-
MH), TPOXOJAMKX ¥epe3 ero BEPUIHHY W TOMKH IUICA ¢ MOIYOCAME a4
U b, MIOCKOCTE KOTOPOTO NMePReHANKYIAPHA OCH z W HAXOJAWTCA Ha pacs
CTCAHHH ¢ OT Ha4aJa KoOpAHHAT.

KoHyc sABasieTcA acHMOTOTHYeCKHM 4id 000HX runep6orouion
(z/a)? + (y/b)* — (2/¢)? = £1, Te. xkaxgas 3 ero o6pasyIOWMX NpH
yZaleHun B 6eCKOHEYHOCThL HeOTpaHM4eHHO MpUGIMKaeTCH K 060UM TH-
nepboaongaM.

asunmuveckuldl napaboaoud (puc. 9, 4). Cevenur, napaiielbHule
ocH 2, — Napabo/bl; CedeHHA, Napalie]bHble II0CKocTH £y, — 3JLIHICHL.
Touxu M THYeCKOro Napabononga pacToNoXeHs B o6aacTy z 2 0.

B wacTHOM caydae p =g uMeeM napabosoud spauienua, ROPOX TaeMblil
BpailleHueM napalosl BOKPYT OCH 2.

Tunepboasunecxuti napabosoud (puc. 9, e). Cedenns, napaiielbHble
naockoeTAM yOz u Oz, —napabodsl; CEYeHNA, TApAMETBHEIe INIOCKOCTH
Oy, — runep6oarl (1 Napa nepecekalolNXCA MPAMBIX).

Huaundpwr (puc. 9, o, 3, u). [ToBEpXHOCTH UMAMALDOB COCTOAT U3
ApAMEIX AMHWH, napanielbHbIX ocH 2. CedeHuaMn (apalleIbHBIMI OCH 2)
SMAUATHYECKOT0, THESPSONHIECKOTO H Napaboinveckoro LHAHHELPOB COo-
OTBETCTBEHHO ABAAIOTCA JLIUNCH, CANEPGOIL! H napabosl.

3. Jiunennan anrebpa

3.1. OnpepenuTenn
» OnpegeryTeny BTOporo u TpeThero Nopagkos. Onpedeaume-
AeM 6MOPO20 ROPATKE C HNEMEHTAMH @y, G19, Ggq, Gyp HAILIBAETCH H-

a4, @
1 120 4 prMMCAAETCH MO

cae A, KoTopoe 0603HAYAeTCA CUMBOJOM
a3 Qyp

dopmyie

Qyy Gy
31 Qs

A= = 8y103; — @138
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Onpedeaumess mpembezo nopadxa — 3TO 1UCIO
a4y Q17 O3
A=lay Gy dap3|=
3y Q33 Oa3
= @y1853035 + @1389305; + @135 330 — 313032035 — 313091833 — 017893%;3-
Munopon M,-J- 3MEMEHTa ¢;; OnpefeTuTens A HasblBRETCA ONpeje-
JATeIL BTODOro NOPAAKA, KOTOPRIN NOAY4aeTCH, eciid B A BEINePKHYTH

CTpOKY H cToabel], cogepXailiue AaBHbI 3aeMeHT. Aszebpauveckun Jo-
NOSHERUEM JEMEHTA @;; Ha3bIBAETCA HHCIO Ay = (—1)'+3M‘-r

» ChpoitcTsa oNpejfeaUTeNell TpeThero nopajKa.

1. Pagaoxcenue onpedesument no cmpoxe {emoabyy). Onpegenurens
paBeH CyMMe MpOHIBEJEeHUH 3JMeMeHTOR JNioG0H ero cTPOKH HIH cTORGUa
Ha HX aAreGpanveckue JOMONHCHAS:

A=anAy +agAn+ais A=aAytag Ay +agiAgg

B wacTHocTHM, pasnarad onpejeiuTeaNb Na NepBoi cTpoke (i = 1),
TMOXY4HM

Q37 Qg3
33 Gaz

g1 G
a3y Q3

a a
_ 21 Go3
A=ay a e
a3 Q33

2. OnpegeanTedr He WIMEHUTCH, €CAH er0 CTPOKH 3aMeRNTB cTonb-
LJAMH, & CTOAGIBI ~— COOTBETCTBYIOIIUMH CTPOKAaMHU.

3. O6umit MHOXUTENE 3MEMEHTOB KaKoH-HUGYAL CTPOKY (KAH cTOAB-
Ia) MOXeT GLITE BEIHECEH 34 3HAK ONpeIeInTelA.

4. Ecau sneMeHTH 0fHOH cTpoku (cToafua) onpegennTeds COOTBET-
CTBEHHO PAaBHH JAEMEHTAM APY[of ¢TpoKH (cToafma), To onpeferuTedb
paBeH HYJIO.

5. Ilpu nepecTaHoBKe IBYX CTPOK (CTOAGUOB) oNpeAeanTedb MEHAET
3HAK,

6. OnpenenuTens He H3MEHHTCH, eCaM K JIEMEHTAM OJHOH CTpo-
K# {cToa6lla) MPpHGABUTE COOTBETCTBYIOUINE BEMEHTHl APYroll CTPOKH
(cToabua), yMHOXEHHEIE Ha OQHO U TO Xe YHCIO.

Briuncietine onpegeauTens YI06HO NPOBOAUTE, HCIOAL3IYA CBOMCTBA
1,3ué.

13 25 17
26 34 -26
36 ~33 24

Pemrenne. Bunecem sa aHax ofpefenuTens oSWMH MHOMUTENS 2 3IEMEHTOR
BTOpPOH CTPOKHM, Nocke “ero NpuSaBHM K MepBoit CTPOKE BTOPYID, 3 K TPeTbel —
BTOpY10, YMHOXEHHYK Ha ~2. B peayasTaTre umeem

IMpumep 1, Buyncants onpegenurens & =

-13 25 17 1} o 8 4
A=2{13 =17 ~I3|=2{13 -17 -13
3% -33 -24 1c 1 2
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IMpuGasass ko BropoMy cTonbiy MOCAeIHEro OMPERSTHTEAR TPETHA cToabel], yMHo-
MEHHEIH HA —2, M 3aNUCLIBAA IOCAE ITOND PAMIOKEHHE NO [lePhoil CTROKE, TOAY UM

0o 0 4 12 9
A=2{13 9 -~13 =3‘1o _3|::B(—39-90}:-1032.
10 -3 2

» Onpejfemurens MopsjKa i — 3TO YHCI0, KOTOPOE 3aJaeTCA KBa-
ApaTHON Tabiullell YHCel, HMelolel n CTPOK U N CTOABIOB:

@1 913 .- Gq
A=|% %2 - Gy
G, Gpg ... Oy,
rae a;; — daesenmet onpedeaumeanr (i,j=1,2,...,n).

Teopna onpefenuTenell n-ro NOPAAKa CTPOUTCA AHANOIHYHO TEOPHH
ompefiedTelell TpeTherc NOpAAKa. B YacTHOCTH, OnpefsanTelb papeH
CyMMe MPOM3BeAeHMH 3JIeMeRTOB KaKOro-Huby b cToA61a (CTPOKH) Ha 1X
aareSpandeckne JONC/AHEHHA:

A=ayAytadp+ - +apd, =
=ay; Ay +ag;Aq 0 a, AL (1)

AureBpandeckue JONONHEHHA ONPEAEAAIOTCA HOPMY.IOH 11'1“‘1':(—1)"‘*'j M;;,
rae M;; — mMuHOp sneMenTa a,; (ompeemntear (n — 1)-ro nopaika, no-
Ay4aeMBIi H3 A NyTeM BHIYEPKUBAHMA CTPOKH H CTOAONE, COJepKanX
AaHHBIA aaeMeHT). M3 dhopmya (1) cregyer, 4To BhIYHCICHHE OBpefet-
TeJAd HOpAJKa f CBOLMTCA K BEIMUCIEHHIO ONpeAeanTelel nopagka n — 1.
Bcee uasoncennvie bluie cooticnea onpedeaumeaeli mpempezo nopac-
K cnpasedaushl u 0aR onpedeaumenell NpOUIEOALHOEC ROPAOKA.
-2 5 ~1 3
Mpumep 2. Buruscauts onpefemurets A = :13 :? 153 _75
2 18 -7 ~10
Pemenne, Mpubapias k nepnoit cTpoKe YABOEHHYK BTOPYI0, K TpPeThel —

BTOPYI0, YMHOMEHHYK HAa -3, K YeTBEDTOH — BTOPYK, YMHOMEHHYIO HA ~2, o
JATMCHIBAA 3ATEM PAlJOKEHHe TIo NeppaMy cTOASLY, MOAYIHM

0 -13 25 17 13 25 17
1 -9 13 7

A= = ~|2 -3¢ -26.
D 26 -34 -26 36 33 _oa
0 36 -~33 -24

[locneamuit onpeferuTeas BEIYHACAEH Buille (cM. IPHMED 1}, NO3TOMY MCKOMEIN OMpe-
AeIUTENL HETBEPTOrS MOPRIKA pasen 1032,



3.2. MATPUUL k¥l

3.2. Marpunubi

» MaTpumen pasMepa m X n Ha3BIBRETCA NPAMOYTOJIbHAA Tabnuna
qHCeJ, COCTOALIAA M3 M CTPOK ¥ n cToAbIoB:

@y H2 - Gy
A=| %21 %22 Ton
Emi Cm2 Cynn

ucna a;; HasbIBAIOTCA daesenmany kampuyst. Ecin m = n, MaTpuna A
Ha3LIBAETCA KEaOpamHol, a YACIO 11— €€ NOPAOKOM.

Jaa xkax ol KBaApaTHOH MaTpHLE A MOXHO BHIMHCIHTE €¢ OOpefe-
AuTels, oboaHavaeMslil det A (uan |Al).

» Cyvmma marpun. IIpoussegenne MaTpunnl Ha 9ucno. Cymmot
deyzr Mampuy OJUHAKOBOT'0 PalMepa HAIbIBAeTCA MATPUIla, OnIpeleneMan
paBe¢HCTBOM

4y &z oo Wi by by o by
821 G2 .- Ban | bar by oo by |
Bl @mo Amn bml bm? te bmn
ay+byy apptby o Aty
_| @ tha aptbyny o ety
21 + bml Q2 + bmz s G + bmn

lIpousaedenuen mampuyst A Ha YUCAO ¢ HIIBIBAETCA MaTpHUIA

&gy, ady, ... Qd,

o oa . oa
ad = 21 22 In

aaml Ctam2 e aamn

» IIpomsmegenme marpun. IIpoussefeHue MaTpuubl A Ha MaTpHIY
B ompegeneHo B TOM clyuae, KOTJa HCAO CTOAGIOB MATPHIEI A PABHO
HHUCIY CTPOK MaTpHuibl B. B peayanTaTe yMHOXEHUA NONYHAeTCA MATDU-
na C = AB, v XOTOpOIl CTOJALKO Xe CTPOK, CKOILKO HX B MaTpuue A, n
CTOABKO Xe CTOAGLOB, CKOALKO HX B MaTpHUE B. DJeMEHT ¢;; MaTPHUbI-
NPOUIBEIEHNA, CTOAWIMH B i-ii CTPOKE H j-M CToable, paBeH CyMMe Ipo-
HIBEJEHNH COOTBETCTBEHHLIX JNEMEHTOB i-H CTPOKH MaTpHibl A H j-ro
cTonbua MaTpunn B:

a a P |
11 12 in
bll CRCEEY blj blk
' ) b b b
— . 21 2 2k —
AB = a‘-l a‘z [N a'-n - ”“?‘ - =
b b b
nl n Tk
Ay G2 Ann I
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c11 -k clj o clk
= C,l . C‘J e C‘k = C,
€mi1 cmj Conk

TAE €5 = @by, + aipby; + .+ a0,
BaxHO OTMeTHTB, 4TO B ofineMm ciydae AB # BA (r.e. maTpHust
HeJb3d NePECcTaBIATD). '
Onpedeaumens npoussedenus deyr xeadpamums smampty oduna-
KO8020 NOPACKA PpaBEeH NPONIBEJEHHID ONpeleJHTeNeH 3THX MaTpHL;
det(AB) = det A - det B.

» Munops n pasr MaTpuoul. BoigeauM s MaTpuue k© ApOH3BOMbL-
HHIX CTPOK M & MPOM3BOALHEIX cTOABUoB. ONpegenuTenat k-ro nopajxa,
COCTABJIEHHEI 3 JIeMEHTOB, PACTONOXEHHEIX Ha MEPECedeHUH BhACICH-
HEIX CTPOK H CTONAGLOB, HA3LIBATCA MUHOPOM k-0 NOPAJKA ITOH MAaTpPH-
LEBL

Panzom mampuybt A HaIHIBaeTCA HaMGOMBLIIHH NOPAJOK MHHODOB
9TOM MaTPHULI, OTMAHYHLIX OT HyAs. Pamr marpuust 4 oGosnauaercd
rang (A). Ecan Bce anemeHTh! MaTpUIUE paBHBI HYJTO, TO PaHr ITOH Ma-
TPULL TPUHAMAETCA PABHEIM HyJK0. PaHT MaTpPHLUEBI paBeH PaHTy CHCTE-
ME! BEKTOPOB-CTOAGLOB U PAHLY CHCTEMEI BEKTOPOB-CTPOK MaTpHUbL A
{cM. paag. 3.4).

PaHr MaTpHIILI He MEeHAETCA NPHU CAEAYIOLMX JIEMEHTAPHEIX Apeobpa-
30BaHUAX: 3aMeHe CTPOK CTOAOLAMH, a CTOASLOB ~— COOTBETCTBYOLIH-
MH CTPOKaMH; HEpPeCTAHOBKE CTPOK (CTOAGLOB) MATDHIb, YMHOXEHHH
KakKoH-1160 CTpOKA (CToa6Ua) Ha YMCIO, OTAMYIHOE OT HYJA; BHIYEPKHUBA-
HUHE CTpoKH (cToa6ua), Bce 2MeMEHTHl KOTOPON PaBHH HYJIO; NpuUfabie-
HUH K 2JleMeHTaM ojHolt cTpoky (cTonbua) coOTBETCTBYIOUMX J1eMEHTOR
ApyToi cTpokH (cToabua).

31 2 6
Pemeuue. Buyrem w3 4-ro croabua cyMMy NEpBHX Tpex cToa0ucs, a aaTem
BEIMEDKHEM [OXY YeHHEIH 4-1 CTONGEL, BCE MIEMEHTR KOTOPOI0 PABHL! HY 110, [Toayyum

i 2 3 6
Mpumep. OnpegeauTs panr MaTpuls 4 = (2 31 6) .

1 2 3

MaTpuny A, = (2 3 1) , HMEKLIYIC TOT e paHr, 4To ¥ MaTpula A. Tak wak
3 1 2

|4;] = -18 # 0, To rang (A, ) = 3. CaegoraTenkHo, u rang (4) = 3.

» Eaunmunas u oSpaTHas matpuukl. KpaapaTHas MaTpHUa BHAa

i 0o ... 0
E= 61 ... 0
0 0 ... 1

HasbBaeTca edunuunol. ChpaBeqnusrl papencTBa AE = A u EC = C
(ecau npousBeJeHHA MATPHI B JEBLIX YACTAX ONpPeeeHbl).
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KeagpaTHas MaTpHlia A HA3LIBAaeTCA Heattpodcdennot, ecin det A#£0,
¥ ofpamusoii, eCIM MOXHO DOZ0GpaTh Takylo MaTpuuny B, 9to AB =
= BA=FE. Matpuua B HaauiBaeTca o6pamuoti mampuyetl K MaTpuie A.
KpajgpaTHad MaTpHua o0paTHMa TOrja H TOIBKO TOTAa, KOrAA OHa
HeBLIpOX AeHHaA. O6paTHMan MaTpHla A AMeeT TOALKO OAHY O06paTHYIO
MaTpHLY, KoTopaa o6osnagaeTea A™! n BerumcageTcA no gopmye

All A21 e Anl
Al = L A Ap o Ay
det A O
Aln A‘j!n e Ann
rae A‘vj -_ a.nreﬁpan‘{eCKoe AOHOAHEHHEe HIEMEHTa C!‘-J- onpefeanTean

maTpunsl A (cM. pazg. 3,1).

3.3. Cuctembl nuHeHbIX ypaBHeHni
» Cucrema mMEeHHBIX ypa_nnenm‘i HMeeT BUJ

811F1 + 81285+ + 81,8, = by,
81Ty + Qg9Zy + -+ Qg T, = by,

(2)

AT+ QppTa+ -+ 0, T, = bmi

rae ey, @y, ..., 4, — KoadduuueHTsl; &y, by, ..., b, — cBoGogHbIe
WAeHHl; L1, Eq, ..., £, — HEU3BECTHbIE BeAUTHHEL.

Peutenuesm 3TOH CHCTEMbl HA3BIBAETCA COBOKYNHOCTE 0 4Hcen
(zy,29,...,2,), KOTOpHIE, 6YAy<4M NOACTABACHE BMECTO HEU3BECTHHIX B

ypabBHeHUA, cGpamiaoT 3TH ypaBHeHUA B ToxJAecTBa. CHCTeMa ypaBHe-
HHl HA3LIBAETCA coésecmuol, eCTH OHa EMeeT XOTA bl OJHO pellleHUe.
Ecan xe cucTeMa He MMeeT HU OZHOCO PEIUEHMA, TO OHA HA3LIBAETCHA He-
cosMECTRHOU.

CoBMecTHaA CHCTEMA HadBIBAETCA onpedeaennoll, ecIi OHa UMeeT
TOABKO OJHO PEHICHHE, U Heonpedesennot, ecan ona UMeeT GoJiee OAHOTO
PelIeHud.

MaTpuurr
41 Gz - B @11 %1y - Gn b
a a ...oa a a ... a b
A= 21 22 2w | A= 21 22 n U2
%rn1 Zm2 Tin qnr Cmy Cmn bm
HAJBIBAIOTCA COOTBETCTBEHHO Mampuyed M pacuiupennod sampuyet CH-
CTeMH (2).

Teopema Kponexepa — Kaneaau, JInA cOBMECTHOCTH cHcTeMBl {2)
Heo6X0aUMMO ¥ JOCTATOYHO, YTOGH paHI MATPHUHI 3TOH CHCTEMEl GBLA
PaBeH PaHry pacluMpenHoid MaTpuum: rang (A) = rang(A4,).

2 A. M1. Tlonaaan, B. [I. Toaanaa 1 ;;p.‘
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» Ilpasmno Kpamepa. Ecam pasr maTpHUbl COBMECTHOH CHCTEMbI
PaBeH YHCAY €€ HEH3BECTHRIX, TO CHCTEMa ABAAeTeA oupedelentol. Eciau
YHCAC HEHIBECTHBIX cHCTeMH (2) coBnafaeT ¢ 9UC/IOM ypaBHeHd# (m = n)
H MaTpHua cHCTeMEl HepmpoxJiennas (det A # 0), To cucTema ameet
eIMHCTECHHOE PelleliAe, KOTOPOe HAXOAMTCA 0 npasuay Kpamepa:

Al . A?, — An .

ZEA MER o T= R

B atux ¢popmyaax A = det A — onpefieanTent CACTEME!, a A, — onpege-
AMTeNh, MOJAYYEHRHEN H3 ONpedc/HTeNA CUCTEME 3aMeHoll k-ro cTonbna
cToabuoM croboaumx drenop (k=1,2, ..., n).

» Marpuunoe pemeHBe cucTeMmul. CHcrema JHHeHHBIX ypapHe-
Huit (2) moxer 6uTL 3anHCaBa B MaTpUuHON GopMe

AX = B, (3)

rae A — MaTpHila cHCTeMBl; X — MaTPHUA-CTOAOEl HEU3BECTHEIX; B —
Marprua-croatey cpobofnnix urenos. Ecay marpiua A xBagpaTHas U
HeBLIPOXJeHAaA, TO pellleAne CHCTEMBl (3) MoXeT 6BIThH 3amMCcaHO B
MaTpuuHoil popme: X = A~1B.

» PapHocmanHEIE cHcTeMH ypasHeHmA. /IBe cHCTeMbl AHHEHHBIX
¥PABHEHHHA HABHIBAIOTCH PAGHOCUALHBLKY, £CHH MHOXECTBA MX pelleHUR
coenagaoT. Haxox geane pemena#l cHCTEMEl AHHEHHEIX YPABHEHHN OCHO-
BAaHC Ha NEPEXOJE K PABHOCHABLHOH CHCTEME, KOTOPAs NPOLIE UCXOZHOM.
YKakeM NPOCTeHITHE OMepallH, KOTOPhie MPHBOAAT K paBHOCHILHOMN CH-
CTeME:

1) mepemera mecTamMm ABYX ypaBHEHHI B CHCTeMe;

2) yMHOXeHHe KaKOro-iMSo ypaBReHHA CHCTEMbI Ha AEHCTBHTEAbLHOE
yucho (OTAHYHOE OT HYNA);

3) npubaBaeHde K 0JHOMY YPaBHEHHIO JPYTOrO YDABHEHHA, YMHOXKEH~
HOT'O Ha OPOH3BOJABHOE YHCIA.

HemapecTHoe I; HasHBAeTCH paJpeuwieHHbis WIM OUIUCHBLK, €CIN
Kakoe-HEOyAL ypaBHeHAE CHCTEMEl COJCPXKHT €ro ¢ Ko3pPuIreHTOM 1,
a BO BCE OCTaJbHbIE YPABHEHHA Z; HE BXOJAHUT.

Ecam xax fijoe ypasHeHRe CHCTEMH COJEPXHT pa3pellieHHOe HeHapecT-
HO€, TO TaKad CHCTEMA Ha3KBaeTca poipewenHol. Ee HewaBecTHLIE, He
ABMAIOMHECA Ga3MCHBIME, HAZKIBAIOTCA CA0500HBIMY,

411 OTHICKAHEHA BCEX PENIeHAE COBMECTHOM CHCTeMbI AMHEHHEIX YPaB-
HEHHH [JOCTATOYHO HAUTH PaBHOCHALHYIO €i pa3peIleHHYI0 CHCTEMY.
Fcnm Bce Hem3BecTHHIE OKAXYTCH Ga’lMcHHIMHE, TO pajpeHieHHad CHCTE-
Ma JacT JHAYE€HHEA >THX HEH3IBCCTHHIX, COCTABIAIOUINE eFUHCTBEHHOE pe-
HIEHHe HCXOJHOM CHCTeMH. B NpOTHBHOM caydae BHDaXalwT GasucHBIE
HEN3BeCTHEHIE 4Yeped cBobogabIe.
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» Merog HKopaana — laycca. Janumem cHCTEMY JIMHEMHHX YPaB-
uennii (2) B e TabIHUBL

Zy t z, T Ty

a1 Ay, Tp by
@y e Qry T O br
A T Orns T Ban bm

sKopdanosnis npeofpaiosanues CHCTEMB € PAIPEHIAIIIHM HIEMEH-
ToM a,, # 0 HashIBaeTeA Clefyomad NOCAeJOBATEABHOCTD JeHCTBHE:

aT-S '
2) npufabaeHne K GepBOMl CTPOKe TabAWBE ee r-i CTPOKH (IOAydeH-

HOUl MOC/e HepBOre JEHCTBHA), YMHOXEHHOH HA —a,;
3) npubapaeHie KO BTOpPOH CTPOKE r-U CTPOKH, YMHOKCHAOH HA —a,,
HTA. .

1} yMHOXeHHe r-If CTPOKH TaOJIHLE HA YHCIO

Ilocne 3rux npeofpazoBaHmil HEMABECTHOE T, CTAHET PA3pPLIICHHEIM,
Bee koabdUaueHTs $-To ¢Toabna GyAyT paBHE HyAl0, KpoMe g, = 1.

[Iposoga mocieJOBATEALHO KOPAAHOBH Npec0pa3oBaHEA ¢ pa3pella-
WIMAME JeMEHTAMHE, B3ATHIMA B PAlHYIHHX CTPOKAX, [OJYYHM pajpe-
IIEHHYIO CHCTEMY, PABHOCHILHYIO HCXOJHOM.

Eciy B peayabraTe npeobpasopannil Bee KoxbphHRECHTH OpA HEM3-
BECTHEIX B KakOH-HEGY AL CTPOKE OKAXYTCA PABHBIME HYJIIO, a CBOOOZHBIH
qieH ¥ToH CTPOKY He SyfeT paBHEEM Hy A0, TO JAHAAA CACTEMa YpaBHCHAR
HecopMecTHa. Ecny e molyauTcs cTpoka, cocToaman W3 ofHAX HYJEH,
TC OHA BHI9ePKHBAcTCHA U3 TabAMiH.

Ipumep 1. PemuTk cucTeMy ypanseHHi

2z) — 3z, + 523 = 1,
{ )+ 2ey — 3y =T,
+ 5z = 4.

Pemenue. JannmeM 3Ty CHCTEMY B BHEe TaGAUL W IIPOBELEM ¢e NpeoSpa3ona-
HME K pa3pelleHHOMY BHAY B IECTEL LIATOB:

2z,

Ty | T2 | T Iy | T2 | %a Ti|#2)%s
2[-3| 5| 1 ol-7|m|15 — o]-7j11|15 _
| 2|-3|-7 1| 2z|-3|-7 1| 2)-3]-7
2| of s| 4 of-af 11|18 o] 3} o] 3
Ty | Xy |25 x, .1'.‘2|:|?3| Ty 22|3?3[
of oluj2 _— oo 2
1] o|-3]|-9 1| o|-3|-9
ol 1| ¢ 1 of 1| o} 1
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B mpupefseHnmx TaSanmax obsejeHH paspewmacmve 3femeHTH. Ha neppom mare
GHLIO TPON3BEAEHOC BAIATAHNE M3 NIEPBOH f TPEThLEH CTPOK ¥ ABOSHHOH BTOPOIH CTPOKH;
Ha BTOPOM WDare — PIHYMTAHNE HI TPETHeH CTPOKW NEpBOW; Ha TpeTheM Iare —
AefeHue TpeThel CTPOKH Ha 3; Ha MeTBEPTOM LIAre K MEPBoH CTpoKe Gkl4a npubanieHa
TPEThA, YMHOKEHHAR Ha 7, & KO BTOPOH — TPeThs, YMHOXEHHAL HA —2; Ha MATOM
HIare NepsBad ¢Tpoka Ghlla pa3jeficHa Ha 11; Ha mecToM mare ko BTOpOH CTpoKe GhlNa
npubasjeHa nepeas, yMHOXeHHAA Ha 3. B peaynpTaTe ucxoHas cHETeMa MpUHUMAET
CReAYIoWHit paspelicHHENT BU:

0.2, +0-25+1-253= 2
1-z)+0-25 40253 =-3,
0-2,+1-2,40-2; =

B utore umeem pemenne x, = —3, T, =1, 3 = 2.

|
-

I[Ipumep 2. PewnTe cncTemy ypanueHni

2z, +Txy, +3z3+ z4=06,
{3.'rl+52:2+2.‘r3+2z4=4,
9ry +4xy + z3 + Try = 2.

Pemenue. C noMonbk XopJaHoBEIX NpeoSpasoBaHHi 3Ta CHCTEMA IPHBOLATCA
K paipetieHHOn:
- 10,
B.

)+ 9x; 4 4x,
ChegoBaTebHO, COBOKYMHOCTE BCEX pelleHMHi HCXOAHOM CHCTeMET 3a48e TCR GOPMYTa-
Mu r; = 8 - Oz, — 4z5, T4 = —10+ 11z, + 523, rAe x; H r; TpUHUMAIOT NobHe
AeliCTBUTENEHEIE 3HAYEHMA,

{ — 11z, — 5z, + 2,

3.4. Cuctemnl n-mepHLIX BEKTOPOSB.
CobcTBeHHbBIE 3HAYEeHUR
u cobcTeenHble BeKTOPLI MaTpULlbI

» HexoTopue onpegeseuma m ¢gopMmynamr. [lociefoBaTeanLHOCTh
qUCeR &1, Xy, ..., £, HASEIBACTCH N-MepHbtu sexmopos X . OGo3Ha4eHne:
X ={z,,2,,...,2,}. Yucaa z,, z,, ..., &, HA3LIBAIOTCA KOOPIURAMAMU
sexmopa. UNcio KoOpAMHAT Ha3kIBAETCA padsepHocmeio BeKTopa. [lyeTs
Y = {y. v, -, ¥, }- Coegyomue dopmylin 3ajaioT ONEpanu CAOKEHUA
n-MEPHBIX BEKTOPOR M YMHOXKEHHA N-MEPHOIO BEKTOpa Ha 4HCJIO:

X+Y ={z,+y, s34y, -.-, 2, +y,}, kX ={kz, kz,, ..., k2,}.
Craaspsvis npoudeedenuest BexTopoB X 1 'Y HA3nIBaeTCA THCAC
X-Y=ziy +tz,55+ -+ 3,9,

JBa BekTOpa HA3KIBAIOTCA OPMOZTOHAAbHLIMU, €CIM MX CKANApHOe
npousBefeHte paBHO HyXo. Modyaes BekTOpa X Ha3LIBACTCA YHCAC

|X|=\/XAX=\/:C¥+:.-:§+---+-’~':,2,-

Capticmea smodyas eexmopa:

1) |X]| 20 (jX| =0 Toraa u Toanko Torga, koraa X = 0),
2) |kX]| = [k||X], k — 4mcio,

3) | X + Y| < |X|+ |¥|—uepaBencTro TpeyroaLEnka.
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» CucteMul n-MepHEIX BekTOpoR. CHcTeMa BEKTOPOB HAl3BIBAET-
CA OPMOHOPMUPOSARKOT, €CIIH BeKTOPE! 3TOM CUCTEMEI [IONIAPHO OPTOro-
HAJLHEL U HMEIOT MORYJH, PaBHBIE €XHHAIE.

Bektop kA +k Ay +: - +k A, HasmiBaeTcA aunetinoll kombunayued

BeKTOpOB A, 4,, ..., A, ¢ koodpduunenramn k, ky, ..., k.

BexTop B pasaczacmea no cucmesme sexmopos A, Ay, ..., A,
ecIM BEINOJHAETCA paBeHcTBo B = kA, + kA, + -+, A,,. Hucna
ki, ky, ..., k,, HadHBaOTCA KOIPPuUyUERMAMY PAZAOHENUA.

Bexropias dopMa 3anucH cucTeMbl JHHEHHHX yYpaBHeHHH (2) mMeeT
BH/

A+ A, + -+ Az, =B,

rae Ay={ay,,48y, ..., 06, } — M-MepHEI BEKTODP, KOOP JHHATH KOTOPOI'0
paBHH KOX(UIMEHTaM [P HEHIBECTHOM 21; Ay = {@19,899, ..., 8,0} —
BEeKTOp KOXpPHUNEHTOB NMpH T, 1 T.4.; B = {b;,4,,...,b, } — BexTOp

CBOOOAHEIX 9IEHOB.

Yro6el HalTH padiokeHue BekTopa B 10 CHCTEMe BeKTOPOB
A, A, ..., A, BOCTATOYHO HMeThL Kakee-HHOYAb pellleHNe CHCTEeMBI
ypaBHeHMH (2).

Cucrema BekTopoB A, A,, ..., A, Ha3LIBACTCA AuHElHO Jasucumol,
€CJIH CYIIECTBYIOT TakHe WHcha ky, k,, ..., k,, He Bce paBHble HYIIO, 9TQ
kiAy+h Ayt + kA =0, {4)

rae 0= {0,0,...,0} — HyneBoit BekTOp.
Ecam pasencrBo (4) BOSMOXKHO JHWb, KOTAa BCe KO3(PHLMEHTH

ki, ky, ..., k, pAaBHBI HYJIO, TO CHCTEMA BEKTODOB HA3BIBALTCA AUNEIUHO
Ne3asucuMot.

JluneilHo HesaBucuMad <acTk B, By, ..., B, cHCTeMHl BeKTOpOB
Ay, Ay, ..., A, Ha3bIBaeTCA 64JUCOM DTOH CHCTEMBI, €CIH KaX[hId
BeKTOp cHcTemHl A, A,, ..., A, pasnaraeTca mo eexkTopam B, B,,

. B,.

Kaxayio nTHHeHO He3aBMCHMYIO 9acTh CHCTEMEI BEKTOPOB MOXHO
AOTMONHUTE 10 6aIUca 3TOM cHcTeMbl. Bce 6a3nchl JaHHON CHCTEMEI
COCTOAT H3 OAHOrOC H TOTO Xe INACIa BEKTOpPOB.

Panzom cucmembt aexmopoe HASBIBAETCE THCAOQ BEKTOPOB B JIOGOM
ee DazHce.

» CoGCTBCHHEIEC 3HAYEHHA U COOCTBEeHHBIC BEKTODH MATPMIEL.
Yncao A HasmiBaeTCA cobcmaernbla 3HaUERUEH KBAJPATHON MATPHIE A
TOPRAKA 7, €CJH MOXKHO HAaWTH TAKOH T-MEPHEI HEHYJAEBOM BekTOp X,
are AX = AX. Bexkrop X HajbIBaeTCA COHCMAEHNLIM GEKMOPOM MAMPU-
Yy A, 0TBETAIONINM COBCTBEHHOMY 3HAMEHIIO A.
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CobeTBeHHEIE 3HAMEHNA ABIRAIOTCA KOpHAMH YpaBHCHHA

G —A gy I %1n
det{A — AE) = a1 Gyp— A ... L TR
2, a, R

=a, A o, (A"t 4 e, =0,

HAJLIBAEMOT'0 TAPGRIMEPUCTIUMNECKUM YPAEHERUEM MATPHIE A,

MuoxecTBO Beex cOGCTBeHHBIX BeKTOPOB MaTpHilel A, oTBedalomnX
ee COSCTBEHHOMY 3HAYEHUIO A, COBAAALT C MHOKECTBOM BCeX HEHYJ/EBBIX
pelueHu CHCTeMBL AMHeHHBIX ypaBHeHul (A — AEYVX = 0.

4. OcHOBHbIE NOHATHUA
MaTeMaTUYecKoro aHanusa

4.1. YucnoBbie mHoxecTsa. MNouaTue pynkuun

» HIncaosasa ock. HHTEepRATH. Tuciosod ocvi HasHBaeTCa NpaMad,
HA XOTOPOM BLIGpaHO HAIlpaBJcHHUe, YKAIAHO Havado oTcieTa () 0 eqnHu-
ua macmTaba. CymecTByeT BaanMHO OZHOIHATHOE COOTBETCTBHE MEXK Y
MHOKECTBOM BCeX JeHCTBUTEABLHBIX THCEX R M MHOXEGCTBOM BCeX TOYEK
4HCAOBOH OCH, [IpU KOTOPOM KaX/0€ JeHCTBHTEeNLHOe YHCAO T Haobpa-
HaeTcd TO4KOH, oTcrodAmer or O Ha paccToAHue |z| Bpago, ecaun z > 0,
H BleBo, ecau = < 0.

Cpeau 9HCAOBLIX MHOMECTB, T.6. MHOXKECTB JeHCTBUTENLHBIX IHCEN
(HIH MHOXeCTB TO4EK YHCAOBOH OCH), BEIIENAIOT CAeYIOLINAe,

1} Muoxecrpa Buga (a, b}, (—o0,b), (a, +00), (—00, +00), cocToamue
U3 BCeX TaKHX IHCEN T € K, ANl KOTOPEIX COOTBETCTREHHO a < < b, < §,
T > g, * — moboe 4ncio. Takue MHOXKECTBA HASHIBAIOTCA (OTKPHLITHIMA)
uumepeaaauuu,

2) MuoxecTra BHAa [a, b], cocToamue ua Tex ¢ € R, A1A KOTOPHIX
a € ¢ € b— zamxnymble unmepsasst UIH ompeIRY.

3) Muoxecrsa puga (a,b], [a,8), (—00,8], [a, +0), cocToamme w3
TakUX dMcen z,aroa < £ £ b a< x < b, 2 < b, r 2 a— noayomxpuimute
UHTREPEAALL.

Oxpecmrocmpio mousy z, € R HasblBaeTcA MOBOU OTKPHITHIH HH-
Tepsan (a,b), cogepxamuil Touky z,. OKpeCTHOCTBIO ¢TOUCK) +00, —00
M ©O Ha3bIBAIOTCA COOTBETCTBEHHO MHOXeCTBa BHAa (b, +00), (—oo,¢)
u (—oo,—a) U {a,+0c0) (3gecw a 2 0).

» CroocoOl 3agauns Gyukumun. [Iycte D — HekoTopoe MHOKeCTBO
ACHCTBHUTENLHEIX 9ucen. Ecin kaxgomy gucay £ € ) nocTaBlIeHo B COOT-
BeTCTBHE HEKOTOpOE 4HCIO ¥ = f(Z), TO FOBOPAT, YTO Ha MHOXecTBe [}
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onpegencta diynwyus f. MHoxecrso [ HasmiBaerca obaacmbio onpede-
AeHUA, a MHOKeCTBO £ BCeX 3MeMeHTOB BHAa f{2) — MHodcecmeom 3na-
uenutt dyHkuun f. s GpyHKUMOHAIEHOTO COOTBETCTBUA NPUHATH 060-
sHavenna y = f(z), f- Do E, f:z—y

DYHKINIO MOKHO 33 83BaTh MHOTUMHE CNOcOGaMi (TalamIHBIM, Ipa-
uqecknm U gp.). Haubosee pacnpocTpaneHHEIM U yROo6HBIM ABIAETCA
angaumuveckuti cnocob, T.e. dagaHHe PYHEUNH NpU NOMOWH Gopmy-
Al (Man HeCKONBKUX ¢OpMyi), 3aBHCALIEH OT apryMeHTa z, HalpuMep,
y=sinz -+ 1. Heasxnoe 3adanue GYHKUHA COCTONT B 33 aHAH ypaBHeHHR
F(z,y) =0, u3a koToporo npu NpoK3IBOILHOM PHUKCHPOBAHHOM 3HAYEHUH
apryMeHTa T BHIYMCIRETCA 3HadeHWe PyHKUMK y. [Japasmempueckoe 3a-
danue GHYHKUHM COCTOMT B 3ajaHUM ADLYMEHTa T W JHa49eHHA ¥ B BHJE
bopMy.1, 3ABHCALINX OT BCIOMOTATEIbHON NepemenHol ! (napaMeTpa):
z = p(t), y = q(t).
» MonoTonnre hyurxnun. byaxuua f{z) HaswiBaeTca eospacmaw-
wetl (neybhisaiouel) Ha MHOKecTBe D C R, ecau AAA MOGBIX z, oy €D
npu z, > T, ameeM f(z,) > f(z,) (f(z,) = f(z,)). Pyukmusa f(z) na-
3BBaeTCH ybusawwed (Hesoszpacmaloweti) Ha MHOXecTBe D, ecau gna
MOBHIX X, 2, € D npu x; > T, cupaBefanBo HepaBeHeTBo f(z;) < f(2,)
{f(z,) € f(z,)). Y6upaoume n pospacTaiouue GbYHKIMN Ha3HIBAIOTCA
MOHOMOHHBIMU.

» Caoxuad u o6paTHaa dysaxman. [lycrs 3agann dyHkuua v = u(z),
x € D, c MHOXecTBOM 3HadeHHHA £ n dyHkuua y = f{u), u € £. Torga
dyHKUNR Yy = f(u[a:)), z € [), HaspiBaeTcA caomcHod dyrwyued nan
cynepnosuyuett GyHKIHI f H u.

Ilycte Ha mMHOMecTBe £ € D) onpegeneHa dyHkuma y = f(z), rae
y€ F. Ofpamnoti dynryuett no oTHoUIEHNIO K y = f(2) HaskIBaeTca Takan
dyukiua ¢ = g{y), koTopad onpegeleHa Ha MHOXecTBe £ M Kax oMy
Y € E cTaBHT B COOTBeTCTBHe Takoe ¢ € D, uro f(z) = y. ObpaTHylo
YHKUHIO 9acTo 0603Haqaior ¢ = fo L.

J14 MOHOTOHHBIX (hYHKIME ofparTHas DYHKIHS BCerja ONpefeleHa
H crpaBegauso Toxgectso: g{f(z)) = z. [dra Toro ITO6H MONYHHTH
obpaTHyio dyHKURIO ¢(y), cieayeT Ha paBeHcTBa ¥ = f(z) BHIpasuth 2
qepes y.

4.2. 3nemenTaphbie pyHKyUUM U ux rpapuxu

Ocnosxble aseMenmaptble PyHKYuu: CTeneHHAs, NOKA3aTelbHan, Jo-
rapudmudeckad, TpUroHOMeETpPUYeCKUe M OODATHLIE TPHTOHOMETpHYe-
ckHe ¢yHkunn. HuXe nepednmcieHbl OCHOBHBIE CBONCTBa W TpHBEZEHBI
rpadUKi OCHOBHBIX JJeMeHTapHEIX (hYHKUMH,

» Crenennas pyHxkuua: y = %, o -— gwoboe.
Cayuvoti 1 o = 2n, rge n — HarypaisHoe Iucioc (n = 1,2, ...}
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1 YA

Puc. 10.

Q6aacTs onpegefedua: z — dwoboe. O6nacTh usmenennd: y 2 0. Pynkuma
4eTHad, HenepuoguIecKai, neorpannsennad. [lepecekaer ock Oy 1 kaca-
erca ocd Oz B navane koopgunaT: ¢ = 0, y = 0. Ha unrepBane (—oo;0})
ybeIBaeT, Ha nHTepBale (0; +oc) BoapacTaeT. Hmeer MuammyM y = 0 mpn
z = 0. Ipaduk pynxunn y = z2 (napabona) npencrapaen na puc. 10 cresa.

Cayuatt 2: o = 2n + 1, rge n — HaTypannuoe wucio. O6aacTeb
onpegenenua: & — moboe. O6nacTe H3MeHeHnA: y — Jwboe. PyHKUNA
HedeTHad, HellepuoandecKan, neorpanndennad. [lepecekaer ocu Oz u Oy
B Hadade koopauHaT: z =0, y = 0. BospacTaeT Ha BCell THCIOBOU NPAMOI.
AxcTpemyMoB He umeeT. [paduk bynkuun y = 2% (kybudeckas napaosa)
npejcrabieHd Ha pic. 10 crepa.

Cayuatd 3: o= —2n, rge n — warypaibnoe aucno. ObracTe onpe-
aerenna: € # 0. O6nacte usmenenna: y > 0. PyHxuna 9eTHad, HenepH-
oguaeckad, HeorpauudenHad. epeceyenuil ¢ ocAMU KOOpAUHAT He HMe-
er. Ha nnrepnane (—oo;0) poapactaer, na uaTepnate (0;-40o) y6HBaeT.
DxcTpeMyMOB He umeeT. [pabduk GYHKUME ¥ = £~ % npuseged Ha puc. 10
CpaBa.

Cayuaii 4: o = —=2n + 1, rge n — HaTypanbHoe 9Hcjdo. (6aacTh
onpegenenus: € # 0. OGnacTe uamenenna: y — moboe. OYHKINR HeYeTHAA,
HellepHOAMYeCcKad, HeoPpaHudeHHad. He HMeeT MepecedeHMH ¢ OCAMH
KOODAMHAT. YGbpiBaeT Ha BCeH YHCIOBOH OCH. JKCTPEMYMOB He HMEET.
Ipagpmk dbysxuum y = z ! npusegen na puc. 10 copasa.

Cayuat §: o — Henenoe aucno. I'paukn HEKOTOPHIX GYHKUMEA 3TOrO
BHAA MCKa2aHbl Ha pHC. 11,

» DHokasareaenan ¢yrxkmaas: y = a® (a > 0,a # 1). ObaacTs
onpegesenusn: z — moboe. O6nacTs uamenenna: y > 0. PyHxoHs He
ABIAACTCA HH UETHOW, HA HEUIETHOH, HeNepHOAHYEeCKan, HEOT PARMYCHHAA.
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y 44

Y=VE y=3ET yIVEE
7 VT

=L
L v F
]
[ 7 I [ 7 x
y- vz
Puc. 11.

HepecexaeT oce Oy npu ¥ = 1, ock Ox He nepecekaer. BoapacTaeT Ha
BCell YUCAQBOH NpAMol TIpu @ > | u yBuiraeT npH 0 < @ < 1; akcTpeMyMoB
He umeeT (puc. 12 cnesa).

_'Pm:. 12,

p Jlorapudmudeckan byaxkmus: y =log, « (2 >0, a#1). O6aacts
onpegenedud: ¢ > (. OfracTe HsMeHeHHA: y — moboe. DyHkumua He
ABJIAETCA HU MeTHOH, HE HeYeTHOH; HelepHOANHECKas, HEOTPAHNIEHHASA.
IepecexkaeT ock Oz npu z = 1, ock Qy He nepecekaeT. BoapacTaeT Ha
Bcell uncaeBoil npaMoll npH a > 1 u yoeiBaeT npu 0 < a < 1; skCTpeMyMoB
He umeeT (puc. 12 cnpasa).

» Tpuronomerpuieckue GyHKLIIH.

Cunye y = sinz. O6racTs onpefefeHua: ¢ — moboe. ObracTs H3-
Menerua: y € [—1;1]. Pyrxkuua HeveTHad, fepuogudeckad C NEpPHO-
JAoM 2r, orpanndenHan. Ilepecekaet ock Oy B Touke y = (), ocx Oz —
B Tovkax & = 7in, n = +0,+1,42,... BospacTaeT Ha KaxioM H3 OT-
peaxon [~5 + 2mn; 5 + 2rn] u y6GuibaeT Ha KaXAOM M3 OTPE3KOB
[5+2mn; £7+2mn]. B Toukax 2 = Z +2mn uMeeT MakcuMyMmsl (y=1), B
TOYKax £ = — 2+ 27n — MuruMyms (y = —1). Tpaduk byukuun y =sin z
Ha3LIBaeTCA Cunycoudoil u n3obpaxeH Ha puc. 13 ciepa.
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3 y;}

Puc. 13.

Kocunye y = cosz. Obnacts onpefenenun: & — awboe. Obnactn
namenenns: y € [—1;1]. Dynxuua 4eTHad, NepHOJIIecKad ¢ IEPHOLOM 27,
orpannvennas. [lepecekaer ock Oy B Touke ¥ = 1, oce O — B Todkax
x =T +7n. PyRKIUA BO3PACTAET Ha Kax/IOM M3 OTPe3KoB [—7+27n; 27n]
U Y6LIBAET Ha KaX/JAOM M3 OTpe3koB [2mn;m + 27n], n = £0,41,42,..
B TOYKaX T = 271 MMeeT MakcHMYME (y = 1), B Todkax £ = 7 + 2mn —
muHEMyMbl {y = —1). Fpaduk dyHkuun ¥ = cos & NpeACTABIAET cobOi
CHHYCOWAY, CABHHYTYIO OTHOCHTEABRO Ipadika y — sinz BIEBO BJoAb

m

ocn Or na penwdnny - (puc. 13 cnpasa).

7h Tanzenc y — tgz. Obnacts onpege-
} genus: T # L +wn, no= £0,%1,42,. ..
[ Q6aacTs n3MeHeRna: y — moboe. PyHk-
I A4 HedeTHad, NepHoAMHYecKad C IepH-
Jl ofloM 1, HeorpaHH4eHHad. [lepecekaeT
i ock Oy & Touke y=0, ock Oz — B TOYKAX
f
|
|
|
|
|
|
i

Z g = 7n. PYHKIUA BO3IPACTAET HA Kak-
JIOM H3 MHTEPBAIOB (—% +7n; 5+ 7n),
3KCTpeMyMOB He uMeeT. Ipadmk dynk-
unn y = tg r uaobpaxen Ha puc. 14.

Komanzene y=ctg 2. Obnacts onpe-
aeftenua: ® # rn, n = 0,x1,42, ...
Puc. 14. O6nacTb MaMeHenus: y — moboe. DyHK-

UMA HedeTRadA, MepHoAMYecKas ¢ NepHOLOM 7, HeorpaHndeHRad. [lepece-

kaeT ock Oz B ToUKax £ = 4 + mn, ocb Oy He nepecekaeT. Dynkuua

yOBIBAET HA KAXKA0M M3 MHTEPBAIOR (77 T+ A1), IKCTPEMYMOB HE UMeeT.

iy

» OOpaTHHe TpUroHOMeTpHYecKUe (YHKIIHN.

Aprcunye y = arcsin 2. Obaacts onpegeneuua: ¢ € [—1;1]. Obaacts
HaMeReHnA: y € [~ 3| Pysxuua HeveTHadA, HellepHOAMYLCKad, OrPa-
HUMeHHad, nepecekaeT ocl Ox n Oy B Havane koopaunat: z =0, y = 0.
<PyHKuMA BO3PACTAET Ha BCeH oONACTHM ONpEJeNeHHA, 3KCTPEMYMOB He
uMeeT (XOTA B TOWKe £ = — 1 NpUHMMaeT HaMeHbIee aHadenne y = — I,

-7 = I
aB Toqge z=1 HanGolbmiee 3HadeHHe § = 3 ). I'padbuk PyEKOMN
y = arcsin  HpefgcTabBled Ha puc. 15. [Ipn Beex = B3 ofaacTu ornpegene-

HHA UMeeT MECTO PaBEHCTBO arccos & = 4 — arcsin z.
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g4 -y1t
ﬂ b
-Oretosa
° 7z
ZIN/ e Zl
y=uretgx
) . 2 -
-7 a 7 z x
¢=arGsing
et Ehniete
- 3_" 2 Z
Pnc. 15.

Apxrocunyc y = arccos . Qbnacth onpegetenus: ¢ € [—~1; 1]. O6aacTh
uametenusn: y € [0; n]. PyHKUMA He ABAAETCA HH YeTHOM, HH HEYETHON,
HeNepHOAMYecKad, OrPaHNYeHHad, nepecekaeT och Oy B Touke y = &,
a ock Or — B Touke z = 1. PyHkuua yOuisaeT Ha Bcell 06aacTH
ONpeJeNeHNA, IKCTPEMYMOB He HMeeT (XOTA B TO4Ke ¢ = —1 OpHHAMAET
HanGoablIee 3HANEHHE Y == ¥, a4 B TOUKe £ = | -~ HaHMeHbLIEe 3HAYEHHE
y = 0). lpadux ynxumn ¢ = arccos r uaolpaxeH Ha puc. 15.

Apxmanzenc y = arctg . Obnacthb onpegenenna: © — moboe. O6racTs
HameHeHHA: ¥ € (—%; Z-)}. PyHKIMA HedeTHaA, HeMEPHOAUYeCKad, orpa-
HU4YeHHAd, repecekaeT OcH B Hadade KoopAuHaT: ¢ = 0, ¥ = 0, PyHKUA
BO3PACTaeT Ha BCEH HUCAOBON NpAMOH, dKcTpeMyMoB He umeeT. [padmk
¢yHKIuE ¥ = arctg x uaobpaxen Ha puc. 15.

Apkxomanzenc y = arcctg z. OB1acTe ompegencHHA: z -— awboe.
O6nacte usmeHeHun: y € (0; 7). dyHkuua He ABAAETCA HH YETHOM, HH
He4yeTHOM; OHA HENepHOJANYEecKas, OrPAHHYEHHAR, lepecekaeT ock Oy B
TOUKe Y= &, och Oz He NepeceKaeT. PyHKIMA yOLIBACT Ha BCEH HUCAOBON
NPAMOM, JKCTPEMYMOB He MMeeT, IIpM Bcex T HMeeT MecTO PaBeHCTBO
arcctgz = & — arctg z.

DYAKUNA HASBIBAETCA FAEMEHMAPHOL, ECTH OHA MOXKET OBITh MOAYe-
Ha ¢ MOMOIBI0 KOHeYHOTO YHcla apUdMeTudeckix geficTuil U cynepno-

IMLUHM HajJ OCHOBHBIMH 2MEMEHTADHEIME QYHKLIHAMHU.

4.3. MNpegen nocnegoBaTenbLHOCTH

» HexoToprie onpegeneana. Ecnu kax oMy HATYpalbHOMY THCIY 12
COMOCTABACHO HEKOTOPOE YHCHO Z,, TO TEeM CaMbIM OlUpegeteHa (4ucio-
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BasA) NOCAEO0BATREALHOCMD Ty, Eg, - . ., Ty, - - ., KOTOPYIO KPATKO 0603Ha-
qaioT {z, }; £, HAIBIBAETCA O6UUM VAEHOM TIOCAEA0BATEALHOCTH.
Mpumep 1. Haa nocaegopareasnoctn {4n + 1} umeem z; = 5, 2, =9, £y = 13,
Ty =17uT.8.
TlocnejoBaTeLHOCTD HA3bIBAETCH Ozpanuuennoty (OrpaHHYEHHOH
CBEpXY, OrPaHMYEeHHON CHH3Y), €CIH cylLIeCcTByeT Takoe ducio M, 9To
[z,}) < M (cooTBeTcTBeHHO T, < M, T, > M) pnapcex n=1,2, ...

» Ipejgen NMocAeROBATENILHOCTH. Hucio b HashiBaeTcA npedeaom

noCAe006aMEAHOCIU T, Ty, ..., &y, - .., CCIH 414 Hio6Oro ducHa £ > 0

cylmecTByeT Takoe qucao N = N{g), 4ro |z, — b| < ¢ npn Bcex n > N.
FEcnu b ABNAeTCA NpejeioM MOCAeZOBATEILHOCTH {T,}, TO NHINYT

lim 2, =bwmm z, - bnopn n - co.
11— O

[Ipesen MOCTOAHHOW MOCAEZOBATEARHOCTH {£, = ¢} CYIIECTBYET H
paseH ¢, T.e. lim =c. B 3ToM crydae HepaBeHCTBO [, —¢| < £ IPUHAMAaET
L Loa]
B 0 < £ W BHIIOJHAETCA NPH BCEX 7.

Mpumep 2. [lokasats, 4wTe lim = 1
n—ma n+ 1
n 1
Pewenne. CocTaBHM pajHOCTE -1| = . HepaBsencTay <E
+1 n+41 n+1

1

¥ {OBIETBOPAIOT HATYpaNLHile Uncaa n > — — 1 = N (). Takum oGpasoM, 114 Kam L0ro
¢ 1

MOACKNTEABHOTO YHCAA £ HaHdeTca yncao N = — — 1 Tawae, wTo npu n > N Byjger

-1

HMeTE MECTC HEPABEHCTBO < E.

n+1

HocregopaTessHocth {,} MOXeT H He HMeThL Npejela, HalpHMeD,
nocregosateasBocts {z,} = {(~1)"}. lMocregopaTenbHOCTE, Mpeaen Ko-
TOPOW CYIIECTBYET, HAJBIBACTCA CToORUetica.

» Cpo#fcTBa cXOAALIHXCA NOCISZOBATEILHOCTEN.

1. Ecay mocrefoBaTelbHOCTL CXOAUTCH, TO OHAa MMeeT TOALKC OANH
npene.

2. Jobaa cxofamafci MOCAeloBaTeILHOCTL orpanudeda. Ma awobon
OTPAHAYEHHON TOCHEJOBATEARHOCTH MOXHO BBLIEINTE CXOJALIYIOCA TIoJ-
NOCHEA0BATENLHOCTS.

3. Ecin noclefoBaTedbHOCTL CXOAMTCA K 4Mcay b, To mobad ee
NOANOCAEAOBATEALHOCTD TAKXKe CXOJUTCA K THCIy b.

4. Fenn nocnegosatennnoctu {zr_ .}, {y.} cxoaatca, To nocaegoBa-
TeNbHOCTA {2, + Yo }, {2, - ¥ } v {2/, } Takxe cxogarcs, npudem

A+ 3n) =l 2o+ i, v,
nll’rgo(:rﬂ Ya) = nll;r{;lo z, -ﬂll}rrgo Y, (B 1acTHOCTH, nll’rgo(cxn)zcnll’n;o z,),
lim z,
1‘ on — 12—+ 00 - .
im 220 (3gech Yo 70, nll{rc}o Y, £ 0)

e =
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5. Ecam nocreaoparensHoctn {z,.}, {y,} cxozATca M upH Bcex n
BBILIOJIHAETCA HepaBeHCTBO I, K Y., To lm &, £ lim y, .
=00 =00

6. Ecii npy Bcex n BHINONHAIOTCA HEPAaBEHCTBA &, K Y, < 2z, U
ﬂlﬁi_’rgo z, = ﬂan;o z, =b,Ton nli’nolo y, = b.
» MOHOTOHHBIE NOCAEAOBATEALHOCTH. [locegoBaTeabHoOCTs {2, }
Ha3LIBAeTCH so3pacmarwwed (Heyfuieawueti}, ecaM g4 moGoro n BHION-
HAECTCA HEPABEHCTBO T,y > T, (T,4 2 2,). llocaegoraTeasrocts {z, }
HA3bIBAETCA yobieawuell (Resospacmainueti), eCu fia MoS0ro n BRI
HAETCA HEPABEHCTBO £, < T, (£,4) € T,). Bee yKasanHEIe NOCIC0BA-
TEABHOCTH HA3BIBAIOTCH MOHOM OHHBLML,

Teopesa. Heybripaioman (Hepoapacratollan) M orpaHu™eHHas CBEPXY
(COOTBETCTBEHHO CHH2Y) MOCHEJOBATEABHOCTE HMEET KOHEYHBIN NpeJel.

1
n
CTAET U OrPAHMYMEHA CBEPXY, CACHOBATENLHO, OHa cxoguTca. Ee npegen oBoanavaercs
GyxBO# £

™
pumep 3. MNocaegopareasnocTs { (1 + ) }. KakK MOWHAO I0KA3aTh, BO3Pa-

1 L)
e = lim (1 + ‘—-—) {E =3 2,72).
T

T2 O

JlorapudMbl HHCE MO OCHOBAHHIO € HA3HIBAIOTCA HGTRYPAAbHLLMY, A
log, z o6oaHavaeTca Inz.

Ecau «eHp! TOCIEIOBATENLHOCTH £, HEOTPAHNEHHO BO3PACTAIOT 110
abconoTHOH BeAMHHHE ¢ POCTOM 7, MOCAeAOBATENLHOCTh HasbIBaeTCA
Geckoneuno Ooabutott HIH scmpesamelics k¥ Gecxoneunocmur. O6o3Ha-

Jenue: lim T, = 0. Ecan NpH 5TOM JACHBE NOCACAORATSARHROCTH, Ha-
i — 00

YHHad C HEKOTOPOTO HOMEpa, TONOKUTEAbHE (OTPHUATENBHB), TO [O-
BODPAT, YTO &, CTPEMMTCA K ¢lmoc (MHHYC) 6eCKOHEMHOCTH», M IIH-

wyt lim z, = +oo { lim z, = —oco). Hanpumep, lim (—1)"n? = oo,
. =00 A 1=+ 00 =00
Mg, Vi = oo, lim (=) = ~co.

4.4. Npepen hynkymu

» Onpegercuue npegena qpyakuun. Yucio b HaskBaeTca npedeacs
dynryuu f(z) npu r, crpemameMca K a, ecan aad moboro £ > (
cymectByeT 8 = 8(¢) > 0 Takoe, uTo |f(2) — b| < € npu 0 < |z — a] < 4.

O6osHateHua: lm f(z) =bum f(z) > bupu z = a.

Yucno b HaswiBaeTcs npegenom dyakuun f{z) upn z, cTpeMAlliemca
K +00, eclH A4 goboro € > 0 cymecteyer N = N{g) > 0 Takoe, uTo
[flzg)~bl<empuz>N.

O6oanaveHns: x_l:rzlm f(z) =bnm f(z) - b upu z - +oo.

AHanornvubiM o6pazoM ONpefeadioTCA Npejelbl OpH £ — —00 U
T - 00,
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Odnocmopoxnue npedeant. Incao b nasnpaeTca npedeson caesa
(enpasa) dyuxkupu f(x) npu z, crpemamemca K a, ecau gas moboro € > 0
cymectyeT § = §{e) > 0 Takoe, ato |f(z) —bl<ecupna-d <z <a
(cooTBeTcTBeHHO MpH 2 < T < a +4). '

Ofcanadenns: :“léflnof(z) = b um f(a — 0) = b (cooTBeTCTBeHHO

lim f(z) = b wm f(a+0)=b).
2—3a40
» Cpolicrsa npeaenos. [lycTs @ — YHCIO UAK OfMH U3 CUMBOJOB 0O,
+00, —00.
1. Ecan ¢yuxnua umeeT npefien, TO 3TOT IPEAEA £IMHCTBEHHBIH.

2. EciH ¢ — KOHCTaHTa, To lim ¢ = ¢,
T+

3. Ecau cymecTByloT KoHedHsle npegeast lim f(z) n lim g(z}, To
i T—bil

a) lim[f(z) + g(x)] = lim f(x) + lim g(z);
6) lim f(z) -g(z) = lim f(z) - lim g(z),

& wacraocrn, lim cf(z) = ¢ lim f(z);
fz) _ Jim f(2)

B) lim o E;‘ﬁy(:‘?) (ecau g(z) £ 0, il_rgg(z) #0).

4. Mycrs f(z) £ g(z) B HexoTOpPOH OKkpecTHOCTH TOUYKM & (z # a).
Torga lim f(z) < lim g(x), ecan >TH TpeAeasl cylIecTBYIOT.
I—+4 T—a
5. Eam f(z) € g(x) € A(z) B HEKOTOPOH OKPECTHOCTH TOYKA G M
lim f(z) = lim A(x) = b, To lim g(z) = b.
r—ra =¥ I—+a

YiasaHHule CBOHCTEA BEPHH M A OJHOCTOPOHHMX MPEC/IOB.

» IIpepenn BekoTOpHX PyHKIHH,
sinz

=1

1-4 zameuamessuniii npedea: lim
z=01 X

. 1y*
2-1 zamevameabnnii npedes: lim (1 + -—) =e.
fA ae] I

HexoTopue apyrue npegefbl, HAXOAAIONE JACTOe MpUMeHeHNe:

) 1 n_1 1-—
fig LH =L Locose 1L 8
20 z r—0 z? 2 0 z
. i ; t
lig 2FSSI0E 1, lim arctg _ 1,
z—1 x =0 T
] T 1 : z -1
lim < =1, tim 2 =Ina,
=0 xr = X
. In{1 | 1
lim 12+ 2) 1, lim J08c(1+2) _ log, e.

z—0 r z—{ T
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4.5. BeckoHeyHo manwie n BeckonedHo
6onbumne yHkuum

» Onpegesenna. Pynkaua f(z) HasuBaeTcH GecKoneuRO Ma40ti TPH
z = a, ecam lim f(z) = 0.
T—+i

dyuxuus f(z) HaskBaeTca fecxoneuno Goapuiol IpH £ —> d, eCIH A4
moboro 1ncaa K > 0 nepapercTeo |f(z)| > K BhlmoaraeTca A4 BCeX £ # a
H3 HEKOTOPOM OKPECTHOCTH TOYKM a. B oToM caysae mamyT f{z) — oo
npu ¢ — ¢ mam lim f(z) = co. (B AaHHBIX onpejeicHHAX @ -~ TUCAO

Tr—+0

M OfMH U3 CMMBOJOB 00, 400, —c0.) Eciun f(2) — Geckoneno Gonbiman

dynxuua opu 2 — a u f(z) > 0 {f{z) < 0) B HekoTOPON OKpecTHOCTH

Touku ¢ (npM ¢ # a), To muuyT lim f(z}) = +oo (cooTBeTcTBEHHO
T—¥a

lim f(z) = ~o0).

p Cpoucrpa 6ecKoHedYHO MAXRX M GeckoHedHo Goabmmx PyH-
KITHH.

1) Cymma u npouaBefeHue KOHEMHOrO 4MCAa 6eCKOHEMHO MANEIX IPH
£ — a pyHKUMIA gBagioTCa 6eCKOHEHHO MAaIIMY YHKIMAMH.

- 2) Ipoussesenne 6eckoHedHO Mawoll MpH = — e ynkouu f{z) Ha
dynkimo g(z), orpaHuueHHYI0 B HEKOTOpPON okpecTHocTH U TOUKH a
(T.e. Takyto, 9To |g(z)| < M zua mekoToporo wucaa M > 0 u gas Beex
z € ), apagerca 6eckoHeYHO MaJIol (byHKIHEH.

3) }_1“1’1}] f(z) = b Toraa u Toavko Torga, keraa f(z) = b + g(z), rae
g{z) — 6eckoreHO Majad OIpH & — 4.
4) Pdynkuua f(z) aBraeTca GeckoHedHo GOJBUIOH TOrja ® TOALKO

TOr Ja, Korga dyHKina g{z) = -~ 6eCKOHeIHO Marad.

fiz)
» CpapHeHue GeckouedHO ManmiX. BeckonedHo Mauble npy £ — a

dyukuun f(z) u g(z) nadeBaioTea sxausGaeHmubiay, ecan lim fz) =1.
. r—a g(z)

O6oznaqenne: f(x) ~ g{z).
[IpnMeps! SKBUBANEHTHRIX 6eCKOHEYHO MAABIX:

(1+&)" =1~ ne, o —l~eglna, log, (1 +¢) ~elog, e,
sing~¢g, tger~eg, 1-—coser -;-—52, arcsine ~ g, arctge ~ g,
vfe £ = g(z) — GeckoHe4HO Maiad OpH T — 4.
TosopaT, uto dyHxkuun f(z) u g{x) — odunaxoeozo nopadxa MaNOCTH

npu ¢ — a, w manyT fz) = O(g(z)), ecam 11'1_?‘11 i(—’-:—)- =K, 0<|K|<o0.*

9(=)

* BorpenaeTcs Takke Spyroe onpenenenue cumpona (. A umenmo, (=)= O(g{r))

0P z — @, ¢cCAH B HEKOTOPOH OKDECTHOCTH Todku o (pu z # o) BHNOJHAETCH
ucpanexcreoe |f(z)| € Klg{z)|, K = const.
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Pyukuus f(z) HasbiBaeTcA GYHKIMEH fosece 6bCOKO20 nopadxa Ma-
. : x
A0CMY 110 CPaBHeHUIO ¢ yHKOMed g(z) npn z — a, ecan lim A=) =0.
I—a g(x)
O6osnasenue: f(z) = o(g(x)).

4.6. HenpepbiBHOoCTb

» Henpepubuue dyHxnwm. POyuxkuma f(r) HasnBaeTca Henpepbig-
Hotl B TOUKE £ = g, eCAM OHA ONpPejeleHA B 3TOH TOYKe (M ee OKPECTHO-
crn) 1 im f(z) = f{a).
Tr—+a

Y HenpepblBHHIX (PYHKIMI MalOMY M3MeHEeHHIO ApryYMeHTa Az =z —a
COOTBETCTBYeT Majdoe MIMeHeHue (ynkumn Ay = f(z) — f(e), Te.
Ay — 0 npu Az — 0. {(3To CBOHCTBO Hepefko MCIOAB3YIOT B KadeCTBe
ompejeneHNs HeTPEPLIBHOM (bYHKIIHH.)

Pynxima f(r) HasnBaeTCH HenpepsisHot CRPASA B TOTKE T = @, €CIH
OH3 OlpefeNeHa B 3TOM TOWKe (M CIpaBa OT Hee).H x—liﬂ-n f(z) = f(a).

Pyukuna f(z) HashIBaeTCA nenpepbisnod cae6a B TOUKE & = G, €CJH OHA
oNpegencHa B 9TOH TOYKe (M cieBa OT Hee) U lim of(::) = f(a).
. Ty —

» CBOHCTBA HeNpepHBRAX c]:u‘ymcnm'i:
1. Ecim ¢ysxkunn f{x) u g(z) HenpepuiBHEI B TOUKe @, TO (YyHKIUM

fz)xg(z), cf(z), f(z)g(z),
TOYKE.

2. Ecam f(z) nenpepuisHa B Tovke a ¥ f(a) > 0 (f{a) < 0), To
cylllecTBYeT Takoe wucdo § > 0, aro f(x) > 0 (coorBercTBenno f(z) <0
npu z € {a — §,a +4).

3. Pynknma f(z), venpepmBHad B KaXJoH Tovke oTpedka [a,f],
OrpaHmgeHa Ha 3TOM OTPe3Ke U AOCTHUraeT Ha HeM CBOETO HAaHOOMBIIENO
3Ha9eHHA M M HaMMEHbIleT O 3HASEHHA 11,

4. HenpepriBHan Ha oTpeske [a, 8] pyHknua f(z) npuHUMaeT Ha 3TOM
oTpedke Aw6oe aHadeHne ¢ € [m, M].

5. Ecan f(z) nenpepuipHa u Bo3pacTaeT {y6niBaeT) Ha oTpeske [a, f],
To Ha otpeske [f{a), f(B)] (cooTmercTBenno Ha oTpeske [f(B), f(@)])
oripejefieHa HempephBHaA ¥ BospacTaiowan (ybhiBaowaa) o6paTHad
dynxuua x = g(y).

6. Ecan ¢ynkuua u{x) menpephBHa B To9ke 4, a dyHKuua flu)
HellpepbiBHA B Touke b = u(a), To cioxnas dynkuua f(u(z)) nenpeprpaa
B TOYKE Q.

Jamevanue. Jobas ieMeHTapHaA GYHKIMA HeNpepblBHA B KA A0
TOYKe HHTEPBAla, BXOAAMWEre B €€ O6JaCTh ONpeeIeHIA.

;g; (g(a) # 0) Takxe HellpepbIBHLI B 3TOH

» Toukwu paspumpa ¢dpysxmun. Touka a HasupaeTca mouxotd paspei-
8a nepeozo poda bpyukumm f(z), eCAM CYymeCTBYIOT KOHETHHE OAHOCTO-
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pounne npegeist f{a +0) 1 f{a — 0), HO He BHIMOAHAIOTCA COOTHOWERUA
lim f(z)= lim E'_f(z) = f(a). Bemuuuna [f(a+0}— f{a—0)| HaspieaeTca
36—

r—=a+0
crauxoH Gyuxyuu B Touke a. B acTHOCTH, ecnn f{a+0) = f(a—~0) # f(a),

TO TOYKA @ HAILIBAETCA MOouKol YCMPAHUMG20 pO3pblad.
IpuMepsl GYHRKOHNA © TOUKOH pa’pbIPa NEPBONO POga.

1. Byuxuna flz) = {0 npkt z < 0,

MMeeT B ToUke pasphisa © = { ckauox
1 npuzx20 pasp ’

paBHE 1.

0 gpuzx F£0,
2. cbyHKL[H.ﬂf(z):{l H:;Hxil

Touyka a Ha3BEIBAETCA Mouxoll paipeiea smoepoeo pooe, ecln XoTA 6bl
ofHH 13 ogHocTopouHUX npefenoB f(a+ 0}, f{a—0) ue cymecTnyeT num
paBeH 6eCKOHEYHOCTH.

Ilpumepsl ¢hYHMKIAH C TOYKOH PA3PEIBA BTODOrO POAA.

HMEET YCTPAHUMEIN Pa3pHB B TouKe © = 0.

1. bynkuma f(r) = sin — HMeeT paspHls BTOPOro poja B Todke 7 = 0 (Tak kak
x

¥ 3Toi DYHKUNM He CYILECTBYET 0IHOCTOPOHHUX Mpegenos npd & — Q).
2. byHxuna f(z) = 1/ NumeeT GeckoHENHEIH pa3pHs B Todke T = 0.

4.7. AcumnToTbl rpaguka pyHkymum

Acumnmoma rpadmka dyrkuun y = f(z) ~~ 370 npaMan, paccTOAHNE
[0 KOTOPOU OT TO4KH (z,y) Ha rpadmke ¢pyHkuun y = f(z) crpemnres
K HYJIO, ecJiH XoTA 6Bl 0jHa U3 KOOPAHHAT (,¥) CTpeMNTCA K GecKoHed-
HOCTH.

HpaMaa £ = a ABnAeTCA sepmukdabioll acumnmomot rpaduka QyHK-
unn ¥ = f(x), ecan xoTA OBl OANH H3 OAHOCTOPOHHUX Opefeton GyHKIMM
f(z) opu z — @ paBeH +oo LI —00.

Ilpaman y = kx + & ABadeTca uexaowrod acusmnmomot rpaduka
byuxuun y = f(z), ecad BhIMOAHAETCA XOTA Gbl OJHO U3 HpejelbHBIX
cootnomenuit: lim [f(z) —kz -6 =0wmm lim [f(z) — kz—~bd] =0.

r—++400 T—+—00

Ecan CYIIeCTBYIOT KOHEYHEIE Mpejebl
. fl=x) ,
lim ——+ =k 1 —kz| =4 1
AT T TR AR k=t M

TO OpAMat ¢ = kx + b ABAAeTCA HAKAOHHOM AacCHMIOTOTOH rpadHKa IpH
z — 400 (aHANOTMTHO ONPEJEAeTCA ACUMIITOTA HPH T — —00).

Ipumep. Hawitu acumnToTH rpadwka GyHKUNH ¥ = 1 + .
-

Pemenue. ¥ rpaduka GyHKUHH €CTh BEpTHKAILHAA aCHMNITOTa & = [, TAK KaK

MMeeT MeCTO GeckoMedHEH npegen lim + ) =0vo.
s+l ~1
Kpome Toro, mpw # — Zoc cyllecTByer HakloHHas acumnroTa § = ki + b,

KO3DPUUHEHTH KOTOPOH onpeleldioTcl o dropmynam (1):

1]
e

k= lim

—_— = b= T -
x—iim[x(z—l) +1] L _:—I:rinoo(z:—l tE I)

B drore nonyaum ypabHeHne HAKAOHHOR ACHMINTOTH: ¥ = T.
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5. AnddepeHuymansHoe ucuucneHue
hyHKLUMU OAHOU NepemMeHHOK

5.1. lNpouasogHasa u gaucddepenunan,
MX FreoMeTpMYecKud M huanyeckui cmeicn

» IIpomspoguon f'(z) dbynkuuu y = f(z) B TO9Ke & Ha3EIBAETCHA
Opejen OTHOWIERMA mpupamennsa dyHkuun Ay = f(z + Az) — f(z)
OpUPAIIEHUIO 3PTYMeHTa Az Npn Az, cTpeMANEeMcA K HYTIO:

. Ay . flz 4+ Az) - f(x)
T — 8y _
file) = al;r—r»ln Axr Al;r—r:o Az )

HcnoassyroTea Takue oboaHadenua npowssogdoi: f'(z), vy ., v,
dy  df(a)
de' dz

MNpnmep 1. Buvucaurs nponasoguyio dynkunn f(z) = 2,

Peuienne. [lo onpeaenenmio nmeem

—-—-——-————[I + Az)? - 27 = lim {(2z+ Az) = 2z.
AT+ Ar Ar-0

[Ipupainenue Az HasbibaloT Takxe AuddepeHINaNoM HeIABUCHMOH
DepeMeHHON U 0603HAYaI0T Yeped di.

bynkuua, UMelonias NPOH3BOJHYI0 B TOYKE T, HA3RIBaeTcH Jufide-
penyupyesold B fauuoil Tovke. [uddepenuupyemocts f(z) B ToUKe 2z
PaBHOCHABHA TOMY, 9TO Dpupamedie dyukuun Ay = f(z + dz) — f{r) b
oTol Touke npeAcTaBnmMo b Bide Ay = f'(z)dz+o(dx) (BTOopoe claraemoe
o603HaYaeT HECKOHEHO Maayio 6oJee BEICOKOro MOPAAKA MO CPAaBHEHHIO
cdznpudz —0).

Ecin ¢yukuna gudppepeHunMpyeMa B TO4YKE I, TO OHA HENDEPHIBHA
B oToll Touke. (O6paTHOe YTBepXKJeHMEe HEBEPHO: NI HeNpPepPHBHOCTH
¢ YHKINH He clefyeT ee qudpepeHINPYEMOCT.

Dyukuua f(x) HaspiBaeTcA AuddepeHUUPYeMOR (HeNpepHBHO gud-
(depeHUNpYeMON) Ha HEKOTOpPOM MHOXecTBe I (MuTepBale, oTpeake M
T.IL), €ClIH B KaXAOH Touke z € D cylliecTByeT (HempepHIBHAA) [IPOH3-
BogHadA f’(xz).

Aufbepenyuan dy dynknun y = f{z} — 710 raaBuas vacto f'(z)de
npupatieHna Ay GyHKUMH B Todke T, Tak 4To Ay = dy + o(dzx).

TNpubamxennoe papeHcTBO Ay s dy wan f{x + Az) = f(z) + f'(2)Az
(npu mMarkx Az) HCOOAB3YETCA B NPUGIMKEHHBIX BHIMUCIEHHRX.

MNpumep 2. Buncante npubmixenno /25 5.

Pemeune. [ycte flz) = /7, £ = 25, Az = 0,5. Torpa f'(z) = #, f(25) =5,
T

f'(25) = 0,1. CaepomaTensno, /25,5 = 5+ 0,1 - 0,5 = 505.
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» Dusudeckuit CMEICK Opou3BogHou. IIycte ¢yskuusa y = f(x)
ONNCHBAET NYThH I, TPOHJEHHBIH TEAOM, B 3AaBHCUMOCTH OT BPeMeHH &,
Torga mpousBogHad f'(z) ecTh CKOPOCTh JBHXKEHHA Tela B MOMEHT
BpEMEHH X.

» leoMeTpudeckmMi CMHCH TpOU3BOJHOM., Kacameabnod K Tpa-

duky dynkuue y = f(z) B Touke M(x,,y), rae y, = flz,), na-

3HBAETCA NpejedsHOe HOM0KEHNe CeKy- gk

ueit M N opn cTpeMaenun toakn N k

Touke M mo rpaduxy ¢ynkuuu. Ecan

a — Yrol MEXAY OCbio T H KacaTelb-

Ho#, To f'(#;) = tga — yraoBoit koad-

¢uuMenT KacaTeasHol (puc. 16). y
Ypaenernue xacameavnot x 2paduxy &

gyrxyun y = f(x) B Touke M(zy,yp)

UMEET BUJ

¥Y—Y = k(:t: _-"'30))

Puc. 16,

rae yo = flzg), k = f'(zq).

5.2. Tabnuua NPpoOM3IBORHBIX U NpasBuna
AnddepenunposanHun

[IpousBoanas M0G0k eMeHTapHOH GYHKIHM MOoXeT GBITL BEIYHCICHA
Ha OCHOBE 3JHAHWA NpPOUIBCAHLIX OCHOBHLIX 3IEMEHTADHBIX GYHKIHN H
npabBua gudpepeHURpoBaHus.

» Tabauna Npou3BOAHKX OCHOBHHIX DAEMeHTAPHEX (OYyHKIINM!

(¢)) =0 (c= const), (%Y = az®"!,
(") =€, (@®) =a"Ina,

1 1
1 = — 1 =
(nz)' = —, (log, 2)' = —=—,
(sinz)’ = cosx, (cosz) = —-sinz,

1 1
t =
(tg <) = otz (ctgz)' = Tsin’z’
. 1

(arcsinz)’ = (arccos 2) = — !

V1= 22’

1
14227

V1= 22’

1
arctg r) = ——— arcctg ) = —
( g ) 1+x2’ ( g )
JacTo BCTpeYaloTCA TaKie NPOU3BOAHbBIE MUNEepBOINYeCKUX BYHKIMI:

1
sh?z

(shz)’ =chz, (chz)' =shz, (thz) = ch12 o (cthz) = -
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Npumep 1. BHYNcANTL npoM3BogHnie cTereHHEX GyHKUMMA:
a){x) =1.2""1 = 2% =1;
1

2112 1 g2 _ .
(\/— 23: 2\/;!

B) (%)’: (g7 ==-1.272 =—-:-—2~.

» Hpamma auddepeHIHpOBAHNA!

nponano,qﬂa.ﬂ coxuoi dymxuun [f{u(z)}]) = fi(u) - o' (z);

ecan ¢yHKouA f(z) ,zl.mp(pepeuunpyema H MOHOTOHHA Ha HHTEp-
sane (a,b}, z, € (a,b} u f'(zy) # 0, To obpaTHaa dyskuns r = g{y)
,qn@cpepeﬂunpyema B Touke ¥, = f(z,) M cIpaBeaIWBO paBEHCTBO

1) [u(z) £ v(z)]’ = () = v'(z);

2) [cu ]’— cu'(z), rge ¢ =const;

3) [‘H ) ]'—u)(x) (2)("‘)‘-*!([3))'9'(3);
0 (5] =

5)

6)

1
¢ — .
g (y(]) f’(lfg) ’
7) mpouspoAHAd TNapaMeTPHYECKM 3ajaHHOW ¢yHkumm z = p(t),
t i t
v = g(t) BoitucaaeTca no opmyae y, = -y—i = m;
z, (e
8) ecnm dyHKUMA 3anaHa HeABHO ypaBHeHneM F'(z,y} =0, To, audde-
peHuupya no x Tokgectso F(z, f(x)) =0, nna onpegeneHua npon3BogHON
+ 5o ' '
f'(z) nonywum euipaxenne y; = —F;/F,.
72
2z+1°
Peme“ He, MCHOJU)Z!}"H HeTBERTOE NEPABENIG, NOCASIOBATENBHO NONYITHM
( z? ) @2+ ) -2 +1) 22z +1)-207 202+ 20
2 +1/) {2z +1)2 - {2z +1)2 (2z+1)2°
TIpumep 3. Buducnure npousnoguee dynkumis a) sin2x u 6) Incosz.
Pemenue. Ucnoassys npaBH.FlO AHdpdepeHUHMPOBAHKA CACKHBIX by HKIHE, TMeeM
a) (sin2z)' = cos2r (22) = 2cos 2z;
6) {Incosz) =
I[Ipumep 4. Haitri npowseognyio, ecan dhyHkuna y = f(z) sagana pabeRcTBoM
e — e 4y =0
Pewenne. Juddepenunpys pasencreo, Haligem e¥ . y' + e~ * + y+ -y = 0.
e ¥ 4y
e¥ +x )

Npumep 2. BuynucanTs npoM3soduyio gyHKIUN

T (cosz)’ = —tgr.

MMosTomy ¥’ = —

5.3. Teopembl o gudpepeHunpyemobix
¢pyHkumuax. fpasuno flonutans
» OcHOBHEE TEOpPEMH 0 AupdepeHUMpyeMEX GYHKINAX.
Teopema Poaas. Ecnm dyuxuns y = f{z) HenpepbiBHa Ha OTpe3ke
[a,}], aucbdepenunpyema Ha HHTepBade (a, ) u f(a) = f(b), To HangeTCA
xorA Obl 0fHA To4Ka ¢ € (a,)) Takad, 1aTo f'(c) = 0. '
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Teopesa Jazpanaca Ecau dbyrkuua y = f(«) HempepHBHA Ha OTpeake
[a, b] u audbepenunpyema na nuTEpBate (g, §), To HalAeTCA XOTA 6Bl 0 JHA
Touka ¢ € (g, b} Takad, yTO

F(8) = f(a) = f(c}(b—a).
OTo paBeHCTBC HA3BIBAIOT QOPMYJION KOMEUHBLT npupaujenui.

Teopema Kowu. Ilyers dyRkumn f(x) u g(x) HenpephIBHEI Ha OTpe3Ke
[a,b], anddepenuppyemst Ha uuTepBate (a,b) u g'(z) # 0 npm Beex
z € (a,b). Torga naligerca xoT4 &bl 0fHa Touka ¢ € (a,b) Takas, 9To

f(4) = fla) _ f(c) |

g(6) —g(a) — g'(c)
» IIpaemiao Jlommrana packphITHs HeollpeAereHHocTen. {lycTh
dyuxuun f(x) u g(zr) anddeperunpyemul n ¢'(z) # 0 B HekoTopon
OKpecTHOCTH TOYKN ¢ (2 £ a). Ecan f(2) u g(x) — 6eckoHedHO Manble NN
flz)
9(2)

6eckoHeTHO Hoapiine (byHKIMY PH T — &, T.€. eCIN npeAcTaBaAdeT

0- o0
B TOUKE @ HEONpeleleHHOCTh BUAA r HIHE — TO
o0

tim 28 _ iy £12)
T-ra g(x) T—a g’(;r)
(MpH YCHOBHMH, ¥TO CYINeCTBYeT KOHEMHBEH NaM GecKOHEHBIH Npeger
QTHOINEHH A HpOHBBOAHbIX)‘
Jameuvarue. IIpabuio JonuTans NpHMERHMO H B TOM Clydae, KOTAa @

npeacTapigeT co60H OfNH H3 CHMBONOB 00, +00, —00.
sing

MNpumep 1. Bauyncanrs lim .
=0 1 —©e%
Pemenue. Yicnoanaya npasino JlondTald, NociedohaTelbid HMeeM

L , lim cosz
) sinz . (sinz)’ . cosT 240 cosD 1
Im ——— = lim ————— = |im = = = = —.
220 1= 27 zo0 (1 —e=2%) 20 272 lim 2e—2% 2e0 2
0

Heonpeaeaenroctu suja (0-00) n (00 — 00} NIPHBOJATCA K Heonpefe-
JEHHOCTAM BH/a % uau % ¢ MOMOLIBIO 3ArefpanvdecknX Npeobpasosa-
u(z)
1/v(z)

Heoupegeaennoctu puga (1°°), {o0?), (0°) npusoasTca k Heonpeae-
0

Huli, HanpuMep u(z) - v(z) =

00

JEHHOCTAM BHAA 0 WIH — ¢ NOMOUIBI) NPEeABAPHTENBHOTO HorapudMu-
o

Inu

/v’

Ilpamep 2. Buyncaurs lim (cos z)
x =30

posaHua: lnu’ = vlnu =
1fx?

Pemenne. 3aeck UMeeT MeCTO HeoRPeALNeHKOCTE BUIa 177, NOSTOMY CHavaka
. 2 . 7 . Ilncosz i —tgx 1
Haxogum In lim {l:cusd.":]‘“'r:r = Iim In{cos z)'/*" = lim = lim ( ) =—-—
T—+0 0 =0z =0 2z 2
1 .

. z -
Cregopatensuo, lim (cosg)!/™ = e 12 = —.
z~+0

ve
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5.4. MpounssopgHbie n gudeperHymansl BbICILIAX
nopagkos. ®opmyna Telnopa

» IipouzBOgRON BTOPOrO OOPA KA Wi BTOPOH IPONU3BO/HON by HK-
uun f(z)} HaspiBaeTca NPOM3BOLHAA OT NPOH3BOLHON f/ (2}, KoTOpas obo-
2

LA f”(z). IlpoussoaHad oT npousBogHOH BTO-

i
JHavaeTch ¥ uam
4 dz?

poro nopagKa HaswpIBAeTCA MPOM3BOAHON TpeThero mopagka ¥ = (y”’).
IponapoaHatt n-ro nopajka oT GyHKINE y = f(z) onpeaeaseTcs Kak npo-
dy

H3BCAHAA OT NPOH3IBOAHOH nopajka (n—1) u o6oaHavaeTcA ¥ =
x

sumn f°)(z).

Huddepenyuaron smopoes noproxe HasuiBaercs gupdepeHuuan oT
aucpepennuana nepporo nopagka: d’y = d(dy). Ecau ¢ — ne2aBucuMas
NepeMeHHad, TO cnpabegauba dopmyaa d°y = y” - (de)?. Amamormuno
onpeaenaioTca AnddepeHINalsl TPETEEI0 H ADYTUX TIOPAAKCE.

» PDopmyaa Teanopa. Ecan ¢pysaxuus y = f(z) nMeeT npoussoaHbie A0

(n + 1)-ro nopAjka BKIIOYMTENLHO B HEKOTOPOH OKPECTHOCTH TOYKY 4,
TO ANA BCEX T M3 3TOH OKPECTHOCTH CIPABEAJINBO PABEHCTBO

f'{a) f"(a) f)a)

flo)=fa+ S -+ Lot e—ap e+ T @ a) 4 R, (2),
ntl) (g z—a
rie R, (z) = f En:’:g! ) (z—a)**! (0<k < 1) — ocmamownbii

uaer Gpopmyan Teitnopa (8 hopme Jlarpanxa).
IIpu a = 0 dopmyaa Teftaopa npuHEMaeT BUj,

+ # (n)
flzy = f(0) + fl(TO) r+ fz(![]) i+t 70 nI(O) "+ R,(z)

M HaawiBaeTcA Popayaoti Maxiopena.

Popmynst MaknopeHa Aaa e, s8inz, €OSZ H HEKOTOPHIX APYLHX
hyHKUEE MOTYT OLITE NOAYYEHB! U3 BHIPaXEeHNH 3TUX PYHKUHE, IpHBE-
JdeHHEIX B pa3f. 11.3, ecnin B ykasaHHBIX BLIDAXKEHHMAX 3aMeHUTbL MHOTO-
TOYHE B KOHIle OCTATOTHBIM YJeHOM.

5.5. IkcTpemymoi. Touku nepernba

» MuHHMYME B MAKCUMYMEL JKcTpemyMH. Ecau dynxuna f{z)
AuddepeHunpyema Ha nETepsarte (a,8) u f(z) > 0 (f'(z) < 0) Ha (a,b),
To f(x) s0apacmaem (COOTBETCTBEHHO yHvi6aem} Ha >TOM HHTepBaJe.*

Ecau cyliecTByeT Takad OKPECTHOCTD TOUKH Ty, YTO AJA BCEX TOUEK
¢ # ¢y, TPHHAANEXAIINX 3TOH OKPECTHOCTH, BLINONHAETCA HEPABEHCTRO
flg) > Flxg) (fiz) < f(zy)), To x, HasblBaeTcA TOUKOM MuMimyMa
(maxcunyuna) byakuun f(z).

* B OTAENBHHX TOYKaAX HHTe¢phada NPoH3IBOIHAA MOXKET oﬁpama.'rbca B H¥Jb.
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ToukH MHHUMYMa U MAKCHMYMa HA3BIBAIOTCA TOYKAMU IKCMPEMYMA.
Touxu, B KOTOPbIX NpousBoAHas f'(x) He cymiecTByeT maw obpaija-
eTcA B HYJb, HAIBIBAIOTCA KpumuueckuMy mouxasmy pyHxunn flz).

p VYCIOBHA CYIIECTBOBAHMR 3IKCTpemyMa. Heofzodusmeid npusnax
aKCmpeEMyME: Kaxad ToUKa JKCTpeMyMa ¢yukuuu f(z) sBasercs xpu-
THYECKOW TOYKON 3TOW PYHKIMH,

Aocmamounsie yeaosus sKkcmpesyMa.

1. Ilycte ¢yuxuua f(x) HenpepbiBHa B HEKOTOPOH OKPeCTHOCTH
(£g — 8, zp + J) XpHTHYeCKOR TOYKH Z4 M AuddepeHUNpYeMa BO BCeX
TOYKaX 3TONl OXpecTHOCTH, 3a HCKAIOY9eHNeM, OLITE MOXeT, caMol ToY-
ki 2,. Ecom f'{z) > 0 mpu z € (zy—4, 2y} u f/(z) <0 npn z € (2, £o+4),
TO &y — TOYKa MakcUMyMa ¢yHkuuy. Ecan f/(z)} < 0 npu z € (zy -6, )
u f'(z) > 0 npu ¢ € (x4, £y + 4d), TO £; — TOHKA MHHEMYMA.

Ecan f'(z) coxpaHseT cBoll 3HaK IpU BCeX T F# Zy, £ € (25— 6, 2,+4),
TO TOYKA £, He ABIAETCA TOYKOM DKCTPEMYMA.

2. Mycte dyukumsa f(z) n pas puddepeHunpyeMa B HEKOTOPOH
OKPECTHOCTH ToukM 2y U f'(xg) = f'(zg) = - = [ Nzy) = 0, a
F"*Hzp) # 0. Torga, ecan n — 4ernoe, To npu f")(z,) < 0 Touka z,
ABASCTCA TOYKOM MakCHMyMa, a npH f(“)(:r:o) > 0 — TOYKON MHHHMYMa.
Ecnn n — HeyeTHOE, TO I, He ABJIAETCA TOYKON JKCTPEMYMA.

» HanGouasmee n HEauMenpinee spadeAud pyxnuy. [lycTe pysk-
uua y = f(z) HenpepuiBHA Ha oTpeske [a, b] u AnGPepeHmHpyeMa BO Bcex
TOYKAX 3TOrO OTPe3Ka 38 MCKI4eHNeM, ObITh MOKET, KOHEHHOI'C HHC-
na Totex. Torga Hanboakimee u HanMeHbiuee sHaveHna GyHkuMna f(z) Ha
oTpeske [a,b] HaxoaaTca cpean sHauennin f(a), f(b) u sHavenuit f(z;) B
KPHTHYeCKHX TowKax I; € (a,b).

» Hanpaemesue smmykinocTu rpadbuxka dyuxknmu. [opopst, 4To
Tpadik AuddepeHIMpyemoll hYHKIMH ¥ = f(z) HANPABIEH GbLNYKA0CHILI
geepr (smnykiocmbile eHu3) Ha uMHTepBane (a,b), ecnm sToT rpaduk
B Npefelax yKasaHHOIO MHTepBajia AeXHT HuXe (Bbile) M0G0l CBoeH
KAacaTeABHOH.

Ecin dyukuua y = f(z) apaxas guddepenunpyema Ha MHTEpBaje
(a,b) 1 f"{2) < 0 (f'(2) > 0), To rpadmx >Toil GYHKIMH HAaNpaBieH Ha
PaCCMATPHBaeMOM HHTepBale BLIYKAOCThIO BBepx (BHU3). (B oTAeabHLIX
TOYKaX HHTepBaJa BTOpas MPOM3BOAHAT MOXKET 06palllaThCA B HYAb. )

Taxum obpazom, 4TOOB HAWTH WHTEPBAJBL, Ha KOTOpBIX Tpaduk
ABaxAbl AudibepeHIHpYeMOl HYHKIUUHE HanpasAeH BLINYKAOCTBIO BBEDX
{BHN3), HYKHO pewnTh Hepabenctso f'(z) < 0 (f”(x) > 0).

» Touxou neperuba rpaduxa $byHKIME ¥ = f(z) HasbiBaeTCA TOYKA
(zg, f(zy)), B XOTOPOIH rpaduK PYHKIHN NEPEXOIAT ¢ OFHOH CTOPOHBI
kKacaTedpHOH 1Ha Apyry:o. B rouke neperuba rpadk GOyHKIHH MeHAET
HANPABACHES BHIYKIAGCTH.
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IycTe Gyuxuns y — f(z) UMeeT HeNpephIBHYIO BTOPYI0 NPOH3BOIHYIO
f'(z) B HekoTOpoOl OKpecTHOCTH TOUKH Z,. Ecim f{z,) = 0 u f"(z)
MEeHAET CBOM 3Hak NpH Nepexoje Hepe3 TOYKY &y, TO Touka (zq, f(zy))
ABARETCA TOYKOH neperuba.

5.6. O6buwas cxema nccnepgoBaks SyHKUAKA U
nocTpoeHue rpacduka

(fwan cxeMa HccleqoBaHuA GYHKUHM H NIOCTPOeHHe MpaduKa:

1. Haxogum o6nacThk onpegencHus byHKIMH.

2. HaxoguM acHMNOTOTBI Mpaduka YHKIIH.

3. Heenegyem dbyHKIuIO Ha MOHOTOHHOCTE M DKCTPEMYMBI,

4. OupegenseM HalpaBlcHHEe BLIDYKAOCTH rpaduka U TOYKH ne-
pernfa.

5. Boiacuaem, apngercd au GyHKUMA 1€THOR AN HEYETHOM, ApaaeTCH
U OHa MepHOAUIECKON.

6. Haxogum ToYKH nepeceqeHHd rpadika ¢ OCEMH KOOpAHHAT.

7. Ctpoum rpaduk dyHKUHY.

Inz

IIpumep. Hecnegopars dynkunio y = H NOCTPOUTE €€ rpadK.

Pemenue. MconoaesayeMm o6myo cxeMy HCCHEROBAHUA PYHKUKNH,

1. Ofaacte onpegeneus pynkunu: 0 < r < foo,
Inz

2. [pamas z = 0 apndeTcd Bep TUKALLHON acUMNTOToi, Tak kak  lim
r—++0 r

= =00,

4 HaiifeM HaKNOHHEE ACHMOTOTH:
s y
e — k= lim ==0 b= lim {y—kz)=0.
-4 m r—+o0 I P
] 7 e e I
CregopaTeabHo, NpaMad ¥y = [ ABIAE€TCA TopH-
JOHTATBHON ACHMIFTOTOH rpaduxa.
1=Inz
i 3. Mponapoguar ' = ——5—— baBHa HyMO
I
npu lnz = 1, cregoparensHe, T = € ~— KPHTHYe-
P 17 ckan Touka. Ilpu = € (0,¢) umeem ' > 0, T.e.
uc. 17.

HA DTOM WHTepBale bYHKUHI Bo3pactaer. [Ipu

x € (e, +00) cnpaBegaupo HepapencTre ¥ < 0,

neaToMy 3aeck bhyaxius yousaer. Hpn r = & dyaxlna 40cTHMaeT MAKCUMBILEHOM O
1

IHAMEHUA, PARHOLO Y, = —

w 2lnz-3

4. Bropasa npoussogHany = - — paBHa nymo npu & = ¢*/2, Ha unrepsane
{0, eafz) wmeen y" < 0, nosToMy 3aech rpaHk GYHKIMM o6pallleH BENYKIOCTLIO
peepx. [lpu = € (e3f2,+oo) CrpaBeaMB0 HepaBeHCTBO ¥ > 0, U Ha 9TOM WHTepBane
rpadguk oBpames BHNYKAGCTHIC BHU3. 3HaveHmio © = /% cGoTRETCTRYET ToUKa
neperiba rpadhuKa c opAnHATON § — %3“31’2_

5. DyHKUNA He ABAAETCA HW METHOW, HH HEeYeTHOH, TaK xak JONYCTMMHE JWIE
aHayeHua ¢ > 0, u paneHcTra f{—2) = f(z) u f{—z) = — f{<) BunoAHATECA HE MOryT.
O4eBuANO, w0 DYHKUHA HENEPHOAHHUECKAR,

6. I'padmx He nepecexaeT och ¥, Tak KakK NpH & = 0 QYHKUMA HE ONpegelcHa.
Jlanee, ¥ = 0 aume npu £ = 1, T.e. rpadnx nepecekaeT ock T TOAbKO B To4ke {1,0).

7. Hcnoakays peayanTarsl nccaefeBaina, cTpouM rpadnk byHkuud (pue. 17).
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6. DYHKUNUKU HECKONBLKUX NEPEMEHHBIX

6.1. Toueunbie mHOXecTBa. PYyHKUUMK.
lNMpegen n HenpepsiBHOCTL

» MHoOXecTBa HA NAOCKOCTH U B IPpOCTpaHcThe, Oxpecmuocmyn
pagnyca € Todku M, (Ha MACCKOCTH HIM B MPOCTPaHCTBe) HalbiBaeTCH
MHOXeCTBO Touek M Taxux, aro p(My, M) <e, rae p(M,, M) — paccros-
Hue Mex gy Todkamu My 1 M (cooTBeTcTByIOUINE (DOPMYIBL AAA p UPHBE-
deHul B pasf. 1.1 u pasg. 2.1). Buympenneti mouxod MaoxecTsa I HasH-
BAeTCA Takad TOYKa, B HEKOTOPOH OKPECTHOCTH KOTOPCH AexaT TCABKO
To4kd 13 D). OmxpeimbiM HAIBIBAETCA MHOMXKECTBO, BCE TOYKH KOTODO-
rc BHyTpeHHUE. [panuunoli mouxkod MHoxecTBa [) HalkIBaeTCHA TOYKA, B
A06oH CKPECTHOCTH KOTOPOHR HaXOAATCA KaK TOYMKH MHOXKecTBa [), Tak
H TOYKH, He NpuHagaexamye [}, JamxHymbls HA3BIBAETCA MHOXECTBO,
COJEPXKALIEe BCE CBOH rpaHM4HBle TO4kU. (Jepanuuennbisu HasblBaeTcd
MHOXECTBO, KOTOPOE COAEPXUTCE B HEKOTOPOH OKPECTHOCTH Havala Ko-
OPAHHAT; €CIH TAKOH OKPECTHOCTH He CYLIECTBYET, MHOXKECTBO HalblBa-
ETCA HEOZPAHUUEHHDLM.

p DyHKUME ABYX M TPeX nepemMeHHEIX. [OBOPAT, 4TO Ha MHOMe-
crBe D 3agana (yncaoBas) Pynxyur, ecan kaxgoil Touke M € D nocra-
BAEHO B COOTBETCTBUE EAMHCTBEHHOE YMcao. Ecan MHoxkecTBO D npuHaj-
AEXHT MAOCKGCTH, To Todka M € D onpeaenserca ABYMA KOOpAHHATaMH
z, y, M byakuug z = f(M) = f(z,y) HasbiBaeTca dynxyued deyr nepe-
MEHNBIT; ecal [} JeXuT B mpPOCTpaHCTBE, TO FMOBOPAT 0 (fynxyuu mpezr
nepesennsiz. MuoxecTso D HaspiBaeTCH ofaacmenw onpedesenus QYHK-
vun. Hanpumep, dyuknua z = /1 — 2 — y? onpefeneHa B 3aMKHYTOM
kpyre z2 + 2 < 1.

Fpaguxon GyHKIH ABYX NePEMEHHBIX ABAAETCA NOBEPXHOCTE B TPeX-
MepHoM npoctpancTee. Hanpumep, rpaduxom dyHkumu z = ar + by + ¢
ABNAETCA IIOCKOCTD, a QYHKUMA z = 1/ 1 — 2% — y? — nonycdepa.

Jdunusa yposua yakunu z = f(z,y) — 3TO IAMHMA Ha IAOCKOCTH
£, ¥, BO BCeX TOYKaX KOTOpPOH (DYHKUMA NOPHHMMAaeT OFHO H TO Ke
3HAYeHMe z = ¢; ypaBHeHme JAMHMH ypoBHA: f(z,y) = c. Hoseprnocme
yposns ¢yHkuun u = f(r,y,z) — 3TO NOBEPXHOCThL, BO BCEX TOHKAX
KOTOPOR (DYHKUHA [IPUHAMACT GAHO H TO Xe 3HAYeHHe u = ¢, ypaBHeHHe
NoBepXHOCTH YpoBHA: f(z,¥,2) = ¢.

Pynknun f(M) HasbBaeTca czpanuueHHott Ha MHOXecTBe D), ecau
CYylecTBYeT Takada KoHcTaHTa C, uTo aaa scex M € D peinonHseTcA
nepaBencTeo |f{M)] < C.

» Ilpegen u uenpepmBHOCTE. [lycTh nepeMennan Touka M cTpe-
MHTCA K Touke My, T.e. paccTosnue p = p(My, M) — 0. Ilpn aToM 3Ha-
qeHuA pyHKoun f{M) MOTYT cTpeMHTBCR k HEKOTOPOH KoHcTaHTe b.
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Yucac b waswipaeTcn npedesos Pynxyuu f(M) B Touke M, ecim
aas awforo (ckoab yrogro Maforo} £ > ( waigerca dumcno § >
Takoe, 4To AA8 Bcex Todek M na obnacrn onpegenenua GyHKuuH,
yaonrteTsopsaommx yeropaw O < p(My, M) < 4§, 6ygeT BBIMONHATBCA
HepasencTBo |f(M) — b < €. SanuceiBaloT 2TO Tak: gi‘r)ltl) FiM) =6,

Dyuxnua (M) HasviBaeTcA Henpepblenoli B Touke M, eciam
lirréf(M) = f(M,). PyHKUUA HA3BIBAETCA HERPEPLIGHOU HG MHONCE-
oy

cmee ), eciu OHA HeTlpepbiBHA B kKax gou Touke D. Ecan dyukuua f(M)
HellPEphIBHA HA 3AMKHYTOM OCPAaHMYEHHOM MHOXeCTBe, TO OHA OTpaHH-
YeHa HA ITOM MHOXECTBe H JOCTHIAeT HA HEM CBOMX HAHOOJBIEro M
HAHMEHBILEro 3HAYEHUI.

6.2. inddepenunposanne dyHkyun
HECKONBKUX NIEPEMEHHbIX

A8 KpaTKOCTH OUpaHHYMHMCA CIy4aeM (PYHKUWM ABYX NepeMeHHHIX,
OlHAKO BCE yTBEDXAcHHA Nerko ofobualoTes Ha cnydal GyHKumi no6o-
I'o yucIa nepeMeHHBIX.

p Ilpupanienns m wacTHHe OpOoU3BoAHME. [IpupamedneM GbyHK-
mun z = f(z,y) B Toke (z,y) HAIBIBaETCA BENHYHHA

Az = f(:r:+A..~:,y+ Ay) - f(xry):

rde Ar, Ay — npupameHHs He3aBUCHMBLIX [EPeMEHHEIX. Hacmubimu
RPUPGUCHURMY TIO T W MO Y HA3BIBAIOTCA COOTBETCTBEHHO BEeIWYHHB

Az = flz+ Ar,yy— flz,y), Ayz= fle,y+ Ay) — flz, y).

Hacmuoisu npouzeodusismy GYHKUMA 2z MO Z U Mo y B ToUKe (2,¥)

. F4 F4
Ha3LIBAOTCA COOTBETCTBEHIO BeAHYHHB! lim 15 Y (HPH
Ar—0 Arx Ay—0 Ay

YCIOBHM, YTO 3TH Npegeibl CyI.IIECTBYIOT)‘ ,HJIB HHX NPHHATEH oOo3Hate-

2 z
mA S, z, fi(z,y)m B 2y, fy(z,y) (uHorpa mrpmxu omyckaior).

» Jduddepenunpyemue cdyaxonua. Juddbepennuan. Pyunxuna
z = f(z,y) nassiBacTea dufdepenyupyemod B Touke (2, ), ecau ee npm-
pallieHne B 3TOH TOYKe PEACTARMMO B BHAE

Az = A(c, y)Az + Bz, y)Ay + o(p), p = (Az)? + (Ay)?,

rfae o{p) — Benmn4uNHA G0Aee BHICOKOro NOPAAKA MAlIGCTH IO CPABHEHWIO C
pupn p— 0 (r.e. o(p}/p - 0 npn p — 0). B s3ToM cayyae B Touxe (z, y)
CYWIECTBYIOT YaCTHHE NPOM3BOANLIE, pHieM 2; = A(z, ), z, = B(x, ).
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O6paTHo, ecin QYHKIAA HMeeT B TO4Ke (&, i) HelmpepbIBHElE YacTHbIE
NPOM3BOAHHE, TO OHa AudipepeHUUpyeMa B 3TOH TOUKe,
AuBepenyuasom dymxyuu z = f(r,y) HasplBaeTCA BeINTHHA

dz= fl(z,y)Az + f;(ﬂf, y)Ay,

KoTopyto (monarad Anddepernuansl dr n dy HeIaBHCHMEIX NepeMeH-
HBIX DABHBIMH COOTBETCTBEHHC AZ B AY) 3anuchBAIOT TakKe B BHAE
dz = fo(z,y) de + f,(x,y) dy.

CooTHollenne Az = dz + op) npyu Maaslx Az 1 Ay LIMPOKO HCTIONE-
3yeTcA B NpHOIMXEHHBIX BRIMHCICHMAX, B YaCTHOCTH, [IPH NOJCTETE TIO-
PPELIHOCTH BHIMUCIEHUA 3HaYeHNH GyHKumA.

Mpumep 1. Iyers dHa4eHMR aprymenToB GyHKUMH z = z°y4° uapecTHH ©
norpewtocThio: ¢ = 2+ 0,01, y = 1+ 0,01. [NogcuuraeM ApnGANKEHHO 3HAYMEHIE
DY HRUHH.

Pewmenne. Umeem e Touker =2, y=1: Azasdz =2-2-15.00145.22.1%.0,01 =9,24
{npu Az = Ay = 0,01). [loaromy MoxHo cunTaTe 2 = 4 £ 0,24,

Ecmu dynkuuna z = f(r,y) suddepesuupyeMa B Touke (&g, ¥p), TO

flz,y) = flzo,v0) + Folzo, %0)(E — 26} + £ (20, Yl ¥ — ¥0) + ofp)-

OTcioga TpH Maabix T.¢. TIPH /=T 2 Hoay4qaeTca NpubinxeHHad
1 01 [V y p
(bOpM?.rIa.

flz,y) = Flzg,y0) + fal2, %) (® — @) + fil®o, o) (¥ — %),

dameHa QYHKUAN TAKAM AAHeAHBIM BHIpaXKeHWeM BOAM3N JaHHOU TOYKH
HA3BIBAETCA AuHedpuiayued,

» Caoxmuaax dyukuma. [ycte z = f(z,y), npuuem ¢ = z(u,v),
y = yiu, v). lycre pan (u,v) € D bynkuun z(u,v), y(u, v) IpHHIMAOT
3HAYEHMA, IPU KOTOPHIX (byHKIHA 2 = f(z, y) onpegeneHa. TeM caMuM Ha
muoxectBe D sagaerca dynkuua z(u,v) = flx(u,v), y(u,v)), koTopaa
HA3bIBAETCH CIOKHON (DYHKUMeH; npu oToM dyHkuua f{z,y) HasbBaeTCA
BHellHed, a x(u, ¥}, y(¢, v) — BHYTpeHHUMM GYHKIWAMY.

YacTHBIE TPOM3IBOAHEIE CICKHON QYHKIHM HAXOAATCA IO GopMylaM

9 _opor oroy  0r_070: 00y
Bu ~ Ox Bu @ By Ou’ Bv ~ 8 dv By v’

Oycre 2 = z{t, z, y), upudem & = z(t), y = y(t). Toraa z, B XoHeyHOM

Z
cdeTe, 3aBHCUT TOJBKO OT T, HPOHBBOAHHH E BEIMHCAACTCA TIC cbopmyﬂe

dz dz 8z dz _Qi_d_g_;_

@ " w Y e E ey a

. dz
JTa Npou3eo jHad (B OTAKYME OT YACTHOH 11POMIBOAHOM E) HalblBaeTcd

noaMott npouleodnod.
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» BTopele JacTHEE OpoUIBojgHEE M BTOpHE fuddepenunans.
Bmopuisu wacmuuiay npoussodnvisy QYHKUMA z = f(z,y) HassBawTCA
YacTHHE [MPOH3BOAHEE OT €€ NEPBHX MaCTHHIX MpouaBogHEX. Hx obo-
JHa4aloT Tak: '

2 2
az_nz(.-).- 9%z __H=(zr‘).‘
az‘g = Zpr = e axay "z:y— /Yy’
2 2
9%z — =(zr)r 6%z =" =(z’)'
Jydr v T Ve Gy? v T Vv
Ilponasofnble 2, U 2., HAIHIBAIOTCA cHewawnviyuy. Ecan B paccmaTp-

BaeMOl TO4YKe CMEIIAHHEIE TPOH3BOJHBIE HENPEPHIBHBI, TO OHH PABHE B
3TOH TOUKE.

AHAOTHYHO ONMpPEeNRioTCA 4acTHHE MPOH3IBOAHHE Golee BHICOKMX
NOPAAKOB.

Bmopus duffepenyuason dyHknuu z = f(x,y) AassiBaeTCA BEIpa-
XeHHe
4%z = d(dz) = (dz),Ax + (dz), Ay = 2l (Az)? + 22, AzAy + 2, (Ay)*.
AHaJOrHyHO onpeneadioTes doz, diz u T.4.

» <Popmyna Tenmopa. Ecam B Touke (z,y) dynkuna z = f(z,y)
HMeeT YacTHHE MPOHIBOAHEIE JO N-T'O NOPALKA BKINYHUTENBLHO, TG ee
TpupaieRre Az B JaHHOM TOYKE MOXHO 3alicaTh B BHJE
d?z d3z dtz
Az =de+ -+ 4+t o(e?) (p= V(az)? + (Ay)?).
» HeapHue dyHxuum B nux guddepeHuupobaHme. YpaBHeHUE
F(z,y) = 0, umeowee pewenne (z,y,), ONPeselieT B OKPECTHOCTH Ty
MEPEeMEHHYIO § KAK HElpephiBHYIO (PYHKUHIO T NPH YCIOBHH, YITO TpO-
mznonan Fy(z,y) # 0 n HenpeprIBHA B HEKOTOPOH OKPECTHOCTH TOYKH
(%q, %) Ecan, xpoMe Toro, B OKpecTHOCTH ITOH TOYKH CYIIECTBYeT He-
NpephiBHAA NPOHIBOAHAA F), TO HeABHad GYHKLMA ¥ = ¥(x) HMeeT npo-
hd /
Y
M3BOJHYIO, ONPEAENAeMyI0 10 dhopMyde —— = ———.
dz Fy

PaccMoTpnM Teneph ypabHeHue F(z,y,z) = 0, cBAssiBaloniee nepe-
MeHHBIE T, y, z. Ecan F(z,, ¥y, 25) = 0 ¥ B 0kpecTHOCTH TOUKH (X4, Yp, Zp)
CYeCTBYIOT HenlpepHIBHbIE 1aCTHHE NPOH3BOAHEE Fy, Fy, F,, npudeMm
F}(29, 40, %5) # 0, To ypabuenne F(z,y,z) = 0 B HeKOTODOH OKPeCTHO-
CTH TOYKH (T,, Yy) IMEET eAUHCTBEHHOE pelnenne z = (x,y) Takoe, 4TO
@y, Yo} = 2p; IpM 3TOM DYHKUHA z = (T, y) HeNPepLIBHA U UMeeT Helpe-
PHIBHAIE YACTHLIE IPOU3BOAHLIE, KOTOPHE ONpefeadloTca 10 GopMyaaMm

1 ;
o _ B 0z &y
= " = —l
Oz F! dy !
TIpumep 2. s ypasHeHna #2 4z sin y+2z+e% = 0 numeem F! =24e% £0. 3uaunt,
AaHHOE YDAaBHEHME DAajaeT BCOAY oOpegehennyio dyuxuwio ¢ = (r,y), vacTHRe
8z 2r+siny  Jz rcosy

NPOU3BOAHEE KOTOPOH PABHHE —— = — ——————, = .
P A ponp a 24 e* 3y 2+ ef
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6.3. MNMpouasopHas no HanpasneHnIo.
FeomeTpuueckme npunoxeHus

» Ilpouansopnas Mo HaOpasJesHIO. [0BOPAT, 4TO B HekoTopoil o6aa-
CTH UJOCKOCTH 33 JaH0 CKAARPHOE No.Ae, eclM Kax ol Touke M (z, y) sToll
06JaCTH COMOCTaBAeHO onpegenenaoe ynco z = f(M) = f(z, y). pume-
PAMH CKAJNAPHLIX MOJEH MOCYT CAYXHTDH II0Je TeMIEPATyp, Mole JaBie-
Hui U Ap. Junued yposHa 104 HA3LIBAIOT JHHHIO YPOBHA 3a4aloniel ero
$yukmun (cM. paag. 6.1). Takumu THHUAMK ABAAIOTCA H3OTEPMHE A No-
JA TEeMIEPATYP, U306aphl A4 MOAA AABJCHHN H T.II.

Aaa uaydenna nopejeHHA nona z = f(z,y) B Touke My{x,, y,) B
HalpaBleHUH BekTopa & = {a,, @, } crefyeT 4epe3 M, MpoBecTH MpAMYIo
¢ HANPABIAIOIHM BEKTOPOM & (€€ YpaBHEHHA £ = o+ a i, ¥ = ¥, + a5f)
0 ucciefosaTe dynkumio z{t) = f(r, + a;t, y, + a,t). [IpoussojHas
dyukunu z(f) B Touke M, (T.e. npn f = 0) XapakTepH3yeT CKOPOCTH
H3MEHEHHA TTOAA B DTOH To4YKe B HanpasieHun . Ecim seawunny 2/(0)-
pasfeduTh Ha |@|, To NoAyMHM npoussodnyl no wanpasaenulc @ OT
JAHHOr'O CKAJAPHOTO N0AA B JAHHOH TOYKe;

d 1
é:Emm%mwmmmL

rae || = v/a? + a}.
Tpaduenmom ckanaproro noia z = f(x,y) HasblBaeTCA BeKTOP-
GyHKIMA

grad f = fi(z, v)i + fi(z, ¥)3.

B kax ol Toyke HoAA CPajMEHT OPTOrOHANEH K JAMHUM YPOBHA, EPOXO-
JAIIEH Yepes 3TY TOYKY; OH NOKA3HIBAET HalpaBieHHe HaMOaLIIero po-
cta nond. Ilpn noMomn rpaJHeHTa MPOH3BOIHAA 0 HAPABICHIIO MOXKET
O6LITE 3anucaHa B BHJAE

of a

——= = ——grad f.
2z~ jaered/

Jameudadne. Bce nanokennoe gonyckaeT oveBHIHOe 06O0GIIEHHE HA cOy4Hal
NPOCTRAHCTBEHHOG CKAJAPHOTO TONA,

» leoMmeTpHYecKHe NPHAOKEHHR TeopHHM (PYHKOHHN HECKOIb-
KHX NepeMeHHRIX. Ypagnuenue xacameabnoll niockocmu K MOBEpPXHO-
ctd z = f{zr,y) B Toure My(zy, Uy, 2p), TAE 2o = fZ4, ¥p), MMeeT BUA

z = f(zg,yo) + fo (o, ¥oH& — 20) + fy (%o, %0) (¥ - %o)-
BekTop HOpMaJiu K MOBepPXHOCTH B 3TOH TOYKe:

i = {~fi (o, v0)s —F} (20, ), 1}
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Ecan nopepxHocTh 3ajaeTca HeaBHO ypaehenuem ®{z,y,2) = 0, To
ypaBHEHHE KAcATelbHON [I0CKOCTH B Touke My(2y, 4o, 25) MMeeT B

B (x4, Yo, 20) (2 — Tp) + By (20, Yo, 20 Y — ¥o) + ¥, (g, ¥gr 20z = 29) = 0,
a BEKTOP HODMAMH K MOBEPXHOCTM B 3TOM TOYKe
"= {‘I’;{xmyo:zo): ‘I’;(%;yas z), q’i(:’—'n:yn,zo)}-
IlycTh NOBEPXHOCTD 3aJaeTCA MapaMeTPH4ECKH YPABHEHNAMU
r=z(u,v), y=y(u,v), z=z(uv)

HAM, B BeKTOPHOH 3amucu, ¥ = 7(u,v), rae ¥ = {z,y,2}, # nycTb
My (2(ug, vy}, y{ug,v), 2({tg, vy)) — TOUKA NOBEPXHOCTH, OTBedaLIAN
JHAYEHUAM NApaMETPOB ¥ = u,, ¥ = v, Torja BeKTOp HOPMaJH K
TOBEPXHOCTH B ToUKe My MOXHO HaliTH no dhopmy.e

. . N

fi{u v)____(?r x_ﬁr = |z J* !
A I AR

I:J' F z}'

v yﬂ o

T je Bee YaCTHHIe NPOM3BOJHbIE BHIMHCAAIOTCA B ToUke M.

6.4. DkcTpemymss hyHKUMS HecKonbKUX
nepemMeHHbIX

» HeobGxoaumoe m gocraroummne YCIOBHA 3KCTpeMyMa YHK-
nuH ABYX nmepeMeRHHX. Touka (x,,Y,) HASHIBAETCH MONKOU MUNU-
Mysma (Maxcumyma) bdyakuun z = f(z,y), eciu B HEKOTOPOH OKpPECTHO-
CTH TOYKH (Zg, Yy} PYHKUMA ONpejeleHa H YAOBACTBOPAET HePABEHCTBY
flz,¥) > f(zg,¥,) (coorBeTcTBenno f(r,y) < f(zg,4,)). Toukn makcu-
MYMa H MHHHMYMAa HasLIBAIOTCH MOYKAMY FRCMpesyma QYHAKIUH.

Heobrodumoe ycaveue sxcmpemysa. Ecan B Touke sxcTpemyMa bpyHK-
UM UMEeET MepBbie YACTHLIE IDOHABOAHEE, TO OHH O6DAIlAOTCA B >TOH
Touke B Hynb. OTcloga clegyeT, YTo A48 OTHICKAHHH TOYEK SKCTPEMYy-
Ma Takoil QyHkunn z = f(&,y) cAeAyeT peUIMTL CHCTeMY ypaBHeHHH
falz,y) =0, fi(z,y) = 0. Toukn, kOOpANHATH KOTOPBIX YAOBIETBOPAIOT
STOH CHCTeMe, HA3LIBAIOTCA Kpumueckumu mouxamu Gynxkunn. Cpegn
HUX MOLYT BLITh TOYKN MaKCHMYMa, TOUKH MIHEMYMA, & TaKKe TOYKH,
He ABJIAKONIMECA TOMKAMM IKCTPeMyMa, '

Aocmamounbie YeA06UR IKCMPEMYMa HCIWBIYIOTCA AJIA BEIACICHHA
TOYEK IKCTPEMYMa N3 MHMKECTBA KPHTHYECKMX TOYeK M [epeqHCICHbE
HHXKeE.

Ilycre ¢byukuua z = f(z,y) UMeeT B KPUTHYECKON TOUKE HEMPEPLIB-
Hble BTOpPHIe YacTHHle npousBoganle. Ecan B aToll To4ke BBHIOJHAETCA



6.4. IKCTPEMYMBEL GYHKUMA HECKOMBKHUX NMEPEMEHHEIX 63

yeaosue & = f fo - 7y)? > 0, TO OHa ARIAETCA TOUKON MUHMMYMa
npu fI. > 0 1 Toukoit makcuMyMa npu fJ. < 0. Ecau B xpurnyeckoi
Touke A < (), TO oHA He ABAAECTCA TOYKOM 3KCTpeMyMa. B cayvae A =0
Tpefyerca Gonee TOHKOE HCCAEJOBAHHE XapaKTepa KPUTHYECKON TOYKH,
KOTOPad B 3TOM CIy4ae MOXeT OBITh TOYKOH DKCTPeMYMa, & MOXET U He

OLITh TaAKOBOI.

p IKcTpeMyME (PYHKIHMH Tpex nepeMeHHREIX. B cryvae dyHKUHM
Tpex NepeMeHHLIX olpefeJeHHA TOYeK DKCTPEMyMa JOCAOBHO HORTOPAKT
COOTBETCTBYIOIINE ONpeAeieHua A4 PYHKUMN ABYX nepemerasx. Orpa-
HMYHMCH HATIOKEHNeM TIOPAJKA uccaepoBaiud dynkuun « = ®(z, y, z) Ha
sxcrpemym. Pewtas cucremy ypapnennii @, =&, =@ =0, cregyer naiiTn
KPHTUYeCKHE TOYKM PYHKUHMH, & 32TeM B KaXJOH H3 KPUTHYECKHX TOYEK
BEIYUCANTE BeJTHYMHHBI

’r H H
" (pﬂ (pff (Dfr:c Qﬁy ‘I)ﬁz

= — T 4 -
Al - (bzz: AZ - | (puy 1 As - ‘I)xy ‘:Dyy q)yz
E4 I " i
v v (I)::z Qyz sz

Ec/m Bce TPH BeANIHHB OJAOXKHTEILHEL, TO PACCMATPHBaeMad KpUTHYe-
cKaf TOYKa HBJAeTCA TOYKOH MuHMMYMa, ecin A, < 0, A, > 0, A,y < 0,
TO JaHHAA KPHTHYECKAA TOYKA ABJACTCA TOUKON MaKCHMYMA.

» YcCROBHBIM 3KCTPeMyM GYHKUMH ABYX OepeMeHHEIX. Touka
(%4, Yp) HASHIBAETCA TONKOU YCA0EHO20 MuNumyMa (makcumyma) YHK-
u z = f(z,y) npu ycaosun @(z,y} = 0, eCiu CYILIECTBYET OKPeCTHOCTH
TOYKH (24, Yy}, B KoTopoill dyHkuna z = f(z,y) onpesencHa u B koTopoH
Hz,y) > flzg,yp) (cooTreTcTBentno f(z,y) < f(zg,yy)) A19 Beex Touek
(z,y), KOOPAMHATHI KOTOPBIX YAOBIETBOPAIOT YpagHeHH0 w(z,y) = 0.
J1A HaxoK AeHMA TOYEK YCIOBHOT'O JKCTPEMYMa MCIIOAL3YIOT FHynk-
yuw Jazpanyca

Dz, y, A} = flz,y) + dplz, p),

I'e YUCA0 A HAa3bIBAaeTCA Muoxncumeaen Jazpanxca. Pewaa cuctemy Tpex
YpaBHEHHN
ad P P
—_— =0, — =0, —=
Bz Oy A\

HaXoAAT KpUTH4ecKre To4kH ¢yHkuun Jlarpanxa (a Takke sHadeHue
BCIIOMOTATENBHOTO MHOKUTEIA A). B 5TuX KpHTHYeCKUX TOYKAX MOXKET
SbITH yeIoBHBIH DKkcTpemyM. JIpuBefeHHAR CHCTEMA AaeT JHUIL HeoOxo u-
Mble YCAOBUA JKCTPEMYMa, HO He ROCTATOYHBIE! el MOTYT YAOBACTBOPATH
KOOPAHHATEl TOYMeK, He ARIAIOUMXCA TOYKAMH YCJIOBHOIO IKCTDEMYMA.
OnHako, MCXOJA M3 CYIIECTBA 3ajadH, YacTO YAAETCA YCTAHOBUTDL XapaK-
TCp KPHTH4€CKOH TOYKH.

0,
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» YCAOBHBIM 3KeTpeMyM GYHKIHM MHOTHX NepeMeHnHuX. Pac-

CMOTPHM (YHKUMIO 1 NePeMeHHHX u = f(&,,%,,...,%,) NP yCAOBHH,
49TO £y, T4, ..., T, CBA3AHLI M YPAaBHEHHAMH (m < n):

(T, 2g, ., T,) =0,

(P2(.1.‘1,.?,'2, ,.1'.'“) =4,

...................... ,

(Pm(xlvz2! 1‘1"n) =0
YTo6Ll HAUTH 3HAYEHWA L, &4, ..., &,, [IPH KOTOPHX ¥ dyHkunu f

MOCYT OBITh YCIOBHLIE MAKCHMYMBI B MEHAMYMBI, COCTABIAKT (yHKIAIO
Jlarpaaxa

Qzy, T A AR = Ap F A+ A e,

H NPpHPABHHEAIDT HYJAK e MacTHRIC NPOMAIBOIHLBIC 10 BCCM MepeMEeHHBIM

Ty, ..., T, ¥ napameTpaM A, ..., A,,. M3 nonyueHHLIX n + m ypaBHeHUH
ONPefENAIOT Ty, Ty, ..., T, (& TAKKe 3HAIEHUA BCIIOMOTATENbHBIX HEH3-
BECTHHIX A, ..., A, — MHoxurelein Jlarpanxka). Kak u gna ¢pynxuui

ABYX IepeMeHHBIX, BOIPOC O TOM, GygeT AW IPH HaWACHHBIX 3HAYCHHAX
ApryMeHTOB 3a/aHHad GYHKIUA HMeTh YCJIOBHBIH DKCTPEMYM WJIM HET,
TpelyeT ZONOAHHTENLHOTO UCCHeOBAHMA.

7. HeonpepenenHsih unterpan

7.1. MepeooBpasnas. Heonpegenennniin
MHTErpan u ero CBOUCTBa

» IlepBoo6pasHom faa ¢pyakuwn f(z) Ha JaHHOM MHTEpBAJE Ha3bIBa-
erca Takad bynkiua F{c), npousaBoanad KoTopoli pasHa f(r) {14 Bcex =
H3 JaHHOTO NWTepBafta):

Fi(z} = f(z).
Ipamep 1. lyere f{z} = 2z. Torga dpyuwwmm F{z) = 2% u Fi{z}) = 22 - 3
ABAMIOTCA NeprooOpaanumu ANA dyukuun f(z), Tak xax (z2) = 2z u (22 — 3} = 2z.
Kasgaa HenpepblBHaA B HHTepBane (a, ) dynkuna f{z) umeeT Hecko-
HEYHOE MHOXECTBO NepBoobpasublx Ha (¢, b). Eciu F(z)— ogna n3 mux,
TO BeAKaa Apyrad umeeT Bug F(zr) + ', rge U — nocTosunan BelnqnHA.

» HeonpegeneHHEIM uHTErpaltoMm oT GyHKUMM f(z) HashiBaeTCH
coBokynHocTh F(z) + C Bcex ee neppoobpasHbIX:

/ flz)dz = F(g)+ C.
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3aeck f(x) dr nasmBaeTca nodmumezpasvrn supaxcenues, f(2) — no-
dunmezpaavriot Pynxyued. Brrancienue HeonpejeleAROro UHTErpana o1
AGHHOT O IO AHHTErPAIEHOTQ BHPAKeHTA HAILBACTCA HATET DHPOBAHHEM,
,E[ucpcbepenuua.ﬂ dr yxasniBaeT Ha TO, ITO nn'rerpnpoaa.mle BeAETCH OO
HePEMERHOH Z.

Mpawep 2. fGa:z dz = 20% 4 C, Tak xak (2::3}’ = 6z2.

> CpoHcTBA HeONIpeJaeICHHEON) HETEDALA:

1. d(ff(z)d:) = f(c) da, (/f(z)dz)‘zf(z].
2. [ dF(z) = F(z) +C, f F'(z)dz = F(z) + C.
3 f af(z)ds = a j f(z)dz (a=const).

1 [Ue) 2ede= [ 1(a)ds+ [ o(a)

7.2. Tabnuua OCHOBHBLIX MHTErPanos.
Mpumepss HTErpuposannn
» TaGmena ocropEHX ERTerpasop. Haxe npupegernl npocreimme

HETErpanb, 3HaHAE KOTOPHX HAeo6X0AMMO AAfA MHTEr pEpoBaHEA Gonee
CHOXKHLIX BBIPAXKEHMH: -

dr m 3m+1
f—;_ln|x|+C, jz dz = m+l+c (m# -
/e”dx:e’-{—c, /a’dm: i
: Ina
fsinxdz:—cosz+6‘, . /coszd:c:sinz+0,
jtgzdr:—ln|cosx|+(), jctgrd::ln|sin:|+(}‘,
de dz
= —c¢ct =
sin’ z ¢ gz-{—lC, _/coszz tgz+C,
dr 1 z dz 1
= Zarete = 8 -
]x"’-l-az aa.rcgla+C, sz—-az 2aln|z+a|+c
d . o
e == arcsin — +C dz =In|z+vzZ+ b+ C.

a2 — g2 a ’ J;;’_

Bonee mogpo6uan TabAANa HeoNpeJeNeEHHX HHTErpalioB NPHBE/CHES
B IpHAIOXeHHHA 2.
3 A X Tonpupn, B. . Horaumu u gp.
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» IIpumepm HenocpeaCcTBEHHOr0 MHTerpapopapmsa. B oTanune
OT BH9MCIEHAA NPOU3BOJHOA, HE CYIIeCTBYeT 06X paBn, [IO3BOJIAO-
1MX TPOAHETECpAPOBATEL MGy 3ajannylo dyukuno, MHorne unTerpa-
A6 BOOGIIE He BRIPAXAIOTCA Iepe3 dIeMeHTApHHE QYHKINH, Hanplmep,

sinzt
dz.
z

ITpaMenenne ceoficts 3 B 4 a3 pasg. 7.1 yacTo no3BOAAET CBecTM
AATErpHpoOBaHue K TaGIWIHEIM GopMyaaM.

1 1 & L —1/2 =3
IIpamep 1. /( 2\/_ - F + T) dr = E/.‘r dr — ™ dr +

BosMmoXHocTH npuMeHeHHA Taﬁnn'mux cbopmyir CBA3AaHBl TaKke C
TEM, YTO Mof 3HaxoM AuddEepeHUHANa MOXET CTOATH J0bad QYHKUMA
z(z). B 3ToM caydae NogpHTErpaNbHan GYHKIMA JOJAHA GBITh Tabamd-
HOH (byHKIHeH, 3aBHCAlEed oT 2(z).

Mpamep 2. /c‘[") dz(z) = %) 4 C.

.d _
Mpauep 3. / ,_3"": =Injsinz| 4 C.

SN x
IIpeocBpasoBanue WHTErpata K TabMHYHOMY YacTQ AOCTHIAETCA NPH
HOMOILIF BHECEHAA HEKOTOpOH ¢(yHKUNY noj 3uax Andpepernuaia.

. * _d
IIpumep 4. /tgxdx:/ sin ¢ de =/ ikl =~In|cosz|+ C.
cos¥ COS T

32
IMpamep 5. /\/2:.: + ldz = /[2x+ 1)1!2 %d(2x+ 1) = {2z +31) +C.

/ dz / dz
UnTerpann puga 5 , BBI1HCAATCA
ar?+br+c vari4bdr+c

MpA NOMOINK BELASNEHHA [IOJHOI'O KBagpaTa:

by2o b2
2 f— — — ——
az +bz+c_a(x+2a) 4a+

b
Iocne aToro, samenns dr Ha paBumlil emy andpepennyan d(x + 2—)

a
ACMOALIYIOT OJHY M3 JeTHpEX NOCISIHEX dopMy, anBe,qume BEILIIE B
TabAuIle OCHOBHBIX MHTETDAJIOB.

HMe dz—1) arcsin(z —
Hp ps'/m / 1_(3:_1)2 —. ( 1)+C‘

7.3. NuTerpuposanue no vyacram. MeTopq
3aMeHbl NepemMeHHOM

» MurerpeEpoBaHBe DO 9aCTAM — 3TO UHTErPUDORAHKE NI (POPMYJIE

/udv:uv—/vdu. (1)
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3TOT MeTOA O3BOAET BHTHCIATE WHTETPaJIbl CIEAYIOIMX BHIOB:
A) /P(x]e” de, /P(z) cos(az) dz, /P(z)sin(aa:) dz,
B) /P(;-:) Inzdz, fP(a:) arctg z dz, fP(n:) arcsin z dz,

rae P(x) — MHorodneH.

[last HHTerpanoB Tuna A) B Gopmyne (1) nonaraem P(z) = u, a aan
uHTerpasios Tuna B) nonaraem P(x)dz = dv.

Hpumep 1. Buyucours unrerpan f(3x + 1}e** dz.

Peumtenne. Nonaraza « = 3z + 1, dv = 62’ dz, naxogum du = 3dz, v = %eh
MoaTemy f(3x+ 1)e** dr = —[3:\: F1)e?* - 2 f &% du = l(3:!:-!- 1)e?s — —32’ +C=
= (%x— —)52‘: +

IIpumep 2. Bayucouth HuTerpan flnxdx.

dx
Pemenue. IMonaraa u = Inz, dv = dz, vaxoaum du = —, v = z. [losTomy

T
flnxd.r:x]n:c—fdx::r:lnx-:c+c.

C noMo1pio HHTET pUPOBAHNUA 10 1ACTAM MOXKHO BLIMHCAATE HHTErpa-
JABL BHIA

fP(:z:)eM sin{bz) dz, fP(r)e“” cos(bz) dz,
rae P(x) — MHOrowIeH, a Takke pA] JpYTHX HHTEIPAiOB.

» Meroj 3aMennl nepeMeRHOU. JaMeHa epeMeHHOl {HHOP 5@ HA3kI-
BaeMan Tak¥ke HOJCTAHOBKOH) COCTOHT B TOM, YTO BMECTO NEPeMeHHON T
B NOAHIHTErpaJbHOE BhipaxeHue f(z)dz sroguTca bynkuua = h(z). B
peayLTaTe NoayduM

[ f@aze= [ sne)a)as,

npu4eM B cay4ae ygavHo nogobpaHHON 3aMeHH MOCIETHHM HHTErpax
Ipolile HCXOJHOTO.

Tpumep 3. BuddcauTs unTerpan fa:\/l.— xdz.
Pemenne, Caenaem sameny /1 —z = z Torga ¢ = 1 — 22, dv = —2zdz

f 1l —-zdr = —f(l — 2 )z2zdz = _%23 + %zs 4+ C = —%1/(1—-3:)3 +
+ 2
g

Vil-zp +C.

3:d£
I[Tpamep 4. Beryncaurs unTerpan
ET +2
dz
Pemenne. Caenaem aameny e* = z, Torpaa z = lnz, dz = —. IooTomy

=
e dr 22dz 4 1
= = _ 2 —_—dz = —2%2 =2 41 2 C
/e‘+2 f3+2 f(z + z+2) z 2: z+ 4Injz + 2| +

%e?’ — 2% + 4ln{e” + 2) + C.

B pazg. 7.4 — 7.6 yka3aHb! THIMYHBIE 3aMeHH, O3BOJAKINONE BLITH-
CIAATE HekoTophie Ho/ee ClOXKHBIE MHTEr Palbi.
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7.4. Nurerpnposanne paumonansubix hyHkunin

» Omacamme meTofa. Payuonassuoti dyuryueid man payuonasbrot
Jdpo6bw HAALBAETCH OTHOMERHe MHOTOTLICHOB

b ™+ -+ bzt by,

R(z) = 0"t taztag

(2)

Ecim m < n, To ApoOb Ha3bBaeTCA npasuastoff, ecm m 2 n —
nenpasusbHot. S

Kaxayio NpaBRALEYID Apo6b MOXHO Da3A0OKHThL Ha CYMMY NpOCTel-
mex gpobel. Jlax >roro anaMeRaTent gpobH cieqyeT pasioKHETE HA IPO-
CThle MBOXWATENHA BAJS

(z— AP, k=12, ..., K,
(z*+8,2+v)", s=1,2...85,
rAe py, §, — HaTyparsHe THcaa, B2 —47, < 0. KaxaoMy TakoMy MHOXH-
Temo B PA3OKEHHA panAoHanEEON hyHkmul (2) Ha ntpocrednme gpobu

OTBRETAET CTOABKO CAAraeMBX, KAKOBA CTENIEHE COOTBETCTBYIOUWIEO MHO-
KATENA:

.A.k" .
m;. =12, .., p,
B”‘z-‘-D‘; y ! j=1)2?"'?Q'
@+ B+ 7,y ’

Azs onpefiecHEA HeH3BECTHHIX MOCTOSHHWX Ay, B,., D,; npupas-
HHUBAIOT HCXOJEYK PAOACHANLEYIO APO0E CyMMe YKAa3aAHHX NpOCTeHIIaX
Apobell B NpEBOAAT 0fe 9aCTH NONYIEHHOrC BHPaXeHHA k obleMy 3Ha-
MeHATemo. Brjgeass sateM koadbHAMERTH IpY OAUHAKOBEIX CTENEHAX T,
IPHXOAAT K CHCTeME AMHEHHHIX YpaBHEEA# OTHOCUTEbHO Ay, B, 0D, .
HATerpanu ot Haubosee TacTO BCTPETAOMMXCHA IPOCTEAIHX PO ﬁeu

HAXOAATCA 0o popMyaaM (HocToAHHAR HETErpHpoBaHun C ONyCKaeTCA):

A A
[x+A de=Alnjz — A|, _/(a: ,\)p - =TT
Bz+D B,@ 2248
_—_— l I ' n .
/r’*+ﬁ:+7 de = 5 In(a*+po+ )+ \/4 7 o8 iy - B2

And AETerpupOBAHAA HeNPaBRALHOH Jpo6GH CacqyeT OpH OOMOIUM fe-
AeHHR C OCTATKOM BHJENATEL UPaBAALHYIO JacTh. B ATOre HenpapRALHAA
Apo0b IpesCTABAAeTCA B BAJe CYMME MEOTOUICHA IIpa.BHJleOId Apobu,
KOTOpHE HATECPAPYIOTCH OTAEABHO.

» IIpuMepH HETErpUpOBAHEA PARMOHANLHLIX (DY HKIMR.
322 —z-12
Npmuep 1. BurucruTs unrerpax | ————— da.

o 4+ 8
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Pemeune. [pegcTapus smaMmenaTeln NoJRHTECPAILHOLO BLIDAXEHWA B BHIE
npouapegeHna &7 +8={z+2)(z? — 2214}, paancKuM (IPAaBUALHYIO) NG IHNTECPaILHYIC
ApeGE Ha CYMMY TPOCTEHIUHK:

32— 2 A Bz 4+ D

(z+2)(z2-2x+4) 242 2-2z+4

Mpusena cymmy apobieid B NPaBOH MACTH 3TOT O PAREHCTBA K 0S11EMY AHAMEHATEMO ¥
NPUPABHAB YHCAMTEAEb TOAYHEHHON APo6H K YHCANTENO HCXOIHOH Jpobu, HMeeM

32 —2— 2= A(2® - 22+ 4)+ (Boc+ D}z +2).

Pacxpbisar cko6ku U npupapHnBaf koadbduUMenTs npu 22, T u CBOGOZHHE “LACHH
ITOCD TOKAECTRA, TOAYHMM CUCTeMY YpasHenuit ana 4, B, D:

A+B=3 -24+42B+D=-1, 4A+2D=-2

Haxoaum ee pewnenue: A = 1, B = 2, D = -3, IloaTomy

2 _ . -
3z o 2dx= 1 dz + r—3 de =
348 x4 2 2 — 2z 4+ 4
2r -2 . 1
_]nlx+21+j x2—2x+4dx—j $2_2x+4da:_

_ d{z? — 2z 4 4) d(zr -1}
'lnlx+21'_"/ 222244 | {z-12+3

1 -1
=lInlz+ 2|+1n(::2 -2z 4 4) - ‘—-v—,_garl:tg x\/g +

b4.1:4 + 633:3 + 6'2:.:2 + 6,2+ by p
ERERE
Pewmenue. Pasnowum spo6s B NoJWHTerpalsHoM BRIPAKEHHH Ha CYMMY NMpo
creinnux gpobeit

MTpuMep 2. BaaucauTs HHTECpat /

bax? + byx? + byz? + bz 4 by _ A A, + A Bzx+ D
(zr - a)3{z? + 2} =7-a " (z~a) ' (z—~a)® 22 + 2

Mpupeaen oGe 4acTH Kk OGWEMY IHAMEHATENIO W NPHPaBHASM KO3DOUUHEHTH UpH
OJUMAKOBEIX CTEHEHAX T. B peayanTare moAYHuM CMCTEMY JMHEHHKIX . PABHEHUM,
OTKY A2 OTIPEARMNM MOCTOANNEE A, , Ay, A3, B, D. Butucrenue ncxo gHoro MHTErpana
CBOAMTCA K BEIMMCIEHHIO 4eTHPEX HITErDAlon OT NMpocTeiutrx gpobed, gan Mero
UCTIONBIYIOTCA GOPMY IH, YKA3aHHKE [epes TEPBLEIM IPHMEPOM.

2
T
dx.

ITpusmep 3. BuuucanTs uMrerpan ] N
-

2 1
Pemenne./ xld:r:=/.(:|:+1+ .l)d:.:=;—x2+x+ln|$—1|+c-
T — I —

HekoTopble MHTErpalbl, TPHBOJAIIMECA K HHTETPATaM OT PallMOHANL-
HBEIX (PYHKLHH, PACCMOTpEHEL B pa3f. 7.5, 7.6.
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7.5. UnTerpuposanue MppaunOHaNLHBIX
byHKUnH

» Hurerpagn, npUBOSAIIMECA K HHTErpaiaM OT PaLHOHATb-
HEX yHKIuA. WHTErpUpOBaHEe HEKOTODHIX MppalHoHaNsHLIX dYHK-
OHA CBOANTCA K MHTErPUPOBAHMIO PALHOHARBLHEBIX (GYHKUMH TpH DOMO-
iy nogxoaamel 3amensl. danee cantaercd, uyro R(z,y) — pauMoHaabHad
hYEKIHA CBOHX apryMeHTOB.

1. Hurerpan BHJAA /R(x, vaz + b)d: BLIYHCAAETCA € IOMOUILEO

noacTanoBky z = ax + b. (YacTHsll cay4ail Takoro npeoGpasoBaHus
NCHOAL3OBAH HPH PELIEHUN TPeThErc NpHMepa B pazd. 7.3.)

’ fax+b
2. Hurerpan Buga ]R(a:, v —+) dz BEIYHCAAETCA C NOMOIIELIO
ct + k
Jar+b
NOACTAHOBKH 2z = .
cx+ k

» IlpuMeneHue TPHrOHOMETPHYECKHX MNOgCTAHOBOK. PaccMo-
TpUM MHTErPaibi BUAA /R(a:, Var? + br +c)dz.

Dynkuua Vax? + bz + ¢ npu NOMOIIH BBLASASHHA TIOJAHOTO KBaApaTa
M3 NOJKODEHHOT'C BHIPAXEHWA NPUBOAUTCA K OJHOMY H3 CHeJYIOIHX

BHAOR {p = —+b/a):
1) vaviz-p?+¢,  a>0;
2) Va/(z-p?—¢%, a>0;
3) V-a/gi—(z-p)P, a<.

B kax oM H3 3THX TpexX Ciy4aes NPUMEHAIOT Pasiu4HbIE NOACTAHOBKU!

. ;
) sep=qigt, VE-pPre=— de= 22,

cost’ cos?t’

gsint dt

2 -—p=—, ~pYi—g? =gtgt, dr=-——;
Y rop=— VE-pY - =qtgt, dr= S—ae

3) ©-~p=gsint, +/¢?— (- p)? =qcost, dzr=qcostdi.

Hpumep, Brrascaxrs unrecpan [ V6 + 4z — 2274z

Pemenne. 3geck ¢ = —2 ¥ NOAKHTErPAIbHOE BRIPAXKEHME MOKHO NPEICTABUTE B

Buse: VB + 4z — 222 = V23 + 1 — z2do = V2 /4 — {x — 1)2. [loaTomy paccmarpu-

BAEMHIT UHTerpan cooTBETCTBYeT caAydar 3) mpu p = 1, ¢ = 2. Jenan nogcramorxy
z — 1= 2sint, dr = 2cosi dt, nocnegoraTeLHG UMeeM

/w"6+4:c-2..~:2d:n:=4\/5](:052tdi:2ﬁ/(1+c032t)dt=

= 22t + /2sin 21 + C = 2v/2 arcsin I;1 ++/2sin (Earcsin x; 1 ) +C=

= 2/2arcsin :-':;-l + —\-g_-z—{z— 1)4/d—{z-1)2+C.
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» Hurterpaa ot AnddepeHuuarsHoro GHHOMA f.?:m(a + bz™ )P dz

{rae a u b— nocToAHHEIE, a 1B, ™M, P — PANHOHAIBHbIE YHCAA) BHIPAKAETCA
B DJEMEHTAPHBIX QYHKIHUAX B TpeX CAyHadx:
1) p— tesoe \ucHo (MCMoAbL3yeTCA 3aMeHa £ = {7, Tde 7 — HaHMeHb-

mee o6llee KpaTHOE 3HAMeHaTelell Apobell m u n);
m+1

2} S, Hedoe Yrcao (MCIoAL3YeTCH 3aMeHa a+bx™ =1°, rae s —
3HAMEeHATeIb Apobu p);
m+1 n R
3) + p— nefoe WucIo (MemodpayeTca saMeHa axr” "+ b =17,
"

rfie s — 3HAMEHATENb ApobH p).

7.6. UnTerpupoBaHue nokasaTenbHbIX
W TpUuroHomeTpHUecknx yHKLMMN

» HuTerpupobanme nokKasaTeabHHX M runepOoIHYecKuX
dbynkmma,
1. HaTerpan Buaa /R(e'”, e™T}dz, rae R{z,y) — pauncHanbHad

(PYHKIHA CBOHX APTYMEHTOB, 1, M — Uelble YMCIa, BHYHCALETCA C ITO-
MOILBI NOACTAHOBKY z == &*. (YacTHHIE cay4vall Takoro npeoSpasoBaHuA
Hq'lo.rlbaoaa.ﬂ OpH PElIeHHN 4eTBEpTOrG NpUMepa B paag. 7.3.)

2. HuTerpan Buga / R{sh az, ch ar} dr BRMUCIAETCA MyTeM nepexo-
Aa oT THnepSoduiecKuX QYHKIHE K OOKa3aTelbHBIM Mo GopMyiaM

1 ar
shar = 5(e% —e¢

_a::)’ char = %(Ea.r,*_e—a;‘)
¢ NocAeAyouell 3aMeHol z = €%,

» Hurerpuporanme TpuroHomeTpHtiecknx QyHKIIHHA.
1. Huterpaau Buga

/sin azrcosbe dz, /cosazcosbzda:, /sina:r:sinb:: dz

BBIMUCAAIOTCA TPY IOMOLH dopmy.t
sin acos 8 = % [sin{a + B) + sin{a — B)],
cos e cos f = & [cos{a + B) + cos(a — A,
sinasin § = +[cos{a — B) — cos{a + B)].

2. Unrerpansl Buaa | sin™ zcos”™ z dzx (m, n — Heable Yucia) BbIMH-

CIATCA CAeAYIOmMM oOpaaoM.
Ipu HeweTHOM M MCNOILIYETCA 3AMEHA Cos T = z, sink dr = —dz.
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IIpn HedeTHOM nm — 3aMeHa sinT = z, coszdr = dz.
Eciu ofe cTeneHH m H n — 4eTHHE W HEOTPHUATENbHEIE, TO NMPHUMe-
HAIOTCA QPOPMYJIbI MOHHKEHHA CTENEHH!

sinz = F(1—cos2z), cos’z = +1{l+cos2z), sinzcosz = §sinla.

IIpumep 1. Buuveauts uaTerpan f sin® = dz.
Pemenne. Henoaraysa TpHroHoMeTpuyeckie GopMynsl, NoCIES0BATEABHO HMEEM:

/sinsrd:r: = f(sin2 ) sinzde = - /{1 - cos? x)? deosz =
5

= 1—222d,= 2 z"‘—lzs-z+c_3cos"‘a:—Lcos r—cosr+ L.
5 5

3;[EC]: Orlna HETIONL3GBAHA 3aMEHa Z = COST.

3. HeTerpannl BHAA f R{sinz,cosz)dz, rge R — paldoHanbHas
$yHKUHA CBOUX apTyMEHTOB, CBOANTCA K WHTErpalaM oT PallioHalIbHBIX
Apobell ¢ MTOMOLIBI0 YHUBEPCAIBHON TPHIOHOMETPHYECKOH MO CTAHOBKH:

z 2dt . 2t 112

t:tg?, dx:l-l-_t?’ st:::H_—t,z, coST =

Ipamep 2. Busucants uarerpan f e
24 sinx

Pewenne., Hcenoawsysa yHUBepcanbHYI0 TPHIOHGMETPHYECKYID TOACTAHOBKY

T
t=tg ?, HMEEM:

dr 24t _ di — 9 d{2t+1)
24sine (1_'_!2}( 2 +2)' 2+l (20+12+3

2 2 2 z 1
= arct +C'— arct (——t —+—)+C‘,
[ \/_ B AT T A

2

Ecau NOABHTEr padbHO€ BEIPaXeHHe 2aBHCHT OT Si.l'l2 &€, CO5° T HIH OT

tg z, yio6Hee NPHMEHATEL NoACTaHOBKY ¢ = tgz.

8. OnpegenenHbiM uHTerpan

8.1. OcHoeHbie onpegenenus. NeomeTpuueckum
CMBICN ONpeAeneHHOr o MHTerpana

» Ocnopnrie onpegeneHns. MHoXecTBo yNOpAZOUEHHBIX TGYEK
{zg,z,,.. ,z,} Takux, yTo a = ¢y < &, < --- < z,, = b, 3ajaeT pas-
Suenue oTpeska [a,b] Ha n oTpeaxos. Pas6uenne 6yaem obosnadath L,
a Hambopnlylo W3 AauH AZ; = r; — I, , OTPE3KOB [r,_,,&;] — 4epes
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A= XMZL,} (>Ty BeudMHY HadLIBAOT Juamemposm paabuenur). lycTh Ha
[z, ] 3anana orpanutenHas dyHkuua y = f(z). BospMeM Ha Kaxgom oT-
peske [z;_,,%;] NPOU3BOABHYIO $ONMOPHYIO» TOMKY ¢; M COCTABHM CyMMY

1]
5, = ):1 fle;)Ax;, KoTOopast HA3LIBAETCA URMEEPAALHOU CYMMOT.
=

Ecnu npu A{L,,) = 0 cymecTByeT koHedHBIH peel J MHTerpatbHBIX

CYMM §,, KOTOPBIH He 3aBWCAT HH OT BHAa pasbueHuit L., HH oT
b

BHI6CPA (ONOPHBIX® TOYEK, TO TAKOW Npedell oBojHadaeTcA f(z)dz

a
H HaSHLIBAETCA ONpededenubiM unmezpasos oT dyHkuuu y = f(z) no
oTpesky [a, b]:

b
fa f(z)dz = )l\l_r}r}]sn.

JTa 3aNHCh O3HAMAET, ¥TO Ad Mo6oro (CKolb yrofHo Maloro) £ > 0 Hall-

AeTcd quco 4 > 0 Takoe, 4To A4d Beex £,, ¢ AuaMeTpoM A< § ¢ i Ipou3a-

BOJBHOTO MHOXECTBA (ONOPHBIX® To-

yek GyfneT BHIMOAHATHLCA HEPABEHCTBO

15, = J| <. :
. b

Ecnn / f(z)dx cywectmyeT, TO

yHKLHA ya: f(2) HasnIBaeTCA unme-
epupyesoti Ha oTpeske [a,b}.. PyHk-
UHA, HenpepuBHasA Ha [a, b], uaTErpH-
pyema Ha 3TOM OTpe3Ke. 7

Ecau a > b u f(z) unrerpupyema Pne. 18.
Ha oTpeake [b,a), To N0 onpefeleHHo

& a a
fa flz)dz = —A f(z) dz. Kpome Toro, noaaraior /a f(z}dz = 0.

» [eoMeTpHMeCKHMH cMECI ONpejeJeHHOTO HHTerpaaa. Ecau
b

f(z}) = 0 Ha [e,d], To uHTerpan f(z)dz paBen miomagu obracTu

D={a<e<b 0gy< flz)} ({thI:BOJIHHef:IHOﬁ Tpaneluus, puc. 18}).

8.2. CsolicTBa onpefeneHHOro MHTErpana

1. Junetinocme. Ecin ynkuun f(z) u g(z) HHTerpupyeMs Ha oOT-
peske [a, b}, To

/:[Af(.?:) + Bg(z)]dz = A/: f(z)dz £ B/ﬂbg(x) dx

Ang mobeix yncen A n B.
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2. Addumusenocme. Ecan ¢ € [a, b] u dyskuus f(z) uaTErpUpyeMa Ha

[a, 8], To
‘/abf(a:)dz-:lcf(z)dx+£bf(x)dm

3. Teopema 06 oyenwe. Eciu Ha [g,b] UMeoT MecTo HepaBeHCTBA

mg fz) < M, 1o
b
-0 < [ fa)de < ME-a)

pumep 1. Uz nepanencre 2 € (z2 +4)}!1/? £ 5, cnpaseannpeix va oTpeake [2, 11],

1
BEITEKAET OlUeHKa 18 £ / (=% +4)1/3 dx  45.
2

4. Teopema o cpednen. Ecau f(z) venpepriBra Ha [g, b], To HaligeTca
(xoTa 6B 0aHa) ToOUKa ¢ € (@, ) Takad, 4To

/a f(z)dz = F(c)(b - )

{(vMcao f(c) HaspiBaeTcs cpeiHHM 3HaveHWeMm Qyukmuu f{x) Ha [a,b]}.
5. Teopema 06 unmeapuposanut nepasencms. Ecau ma [a, b] dyuxuuu
(z), f(z), g(z) yaoBreTBOpAIOT HepaBeHcTBAM ¢(z) < f(z) < g(x), To

f:so(w)drsf:f(w)dwsf:g(x)dz

(B wacTHOCTH, ecin f(z) > 0 Ha [a, ], To ¥ f; flz)dz =2 0).
6. Teopema o modyae unmeepara. Ecnu f{z) unTerpupyema na [a, b},
To yrkumna | f(z)] Takxe HHTErpHpYyeMa, IputieM

5 b
[ t@yaz < [ 1s@)de
a a
7. Humezpuposanue vemHbir U HevemHbir Pynryuti No oTpeaKy Buja
[—a,aq]:

+a a
ecnd f(z)} —deTHas QyYHKLUMA, TO fz)dz = 2/ f{z) de;
0

+a
ecad f(r)-—ueverHas (pYHKLHA, TO flz)de =0.
—a
8. Juddepenyupoaanue unmezpasa no nepemeHsomy seprueny npe-

deay. Ecin f{z) HenpepuiHa Ha [a,b], To dyHkuua &(z) = f f(t)
au@gepennupyema na [a,b], npudem ®'(z) = f(z). Cxasannoe y,q0611o
3aNNcaTh B BHAE PABEHCTRA

([f(t)dt)!:f(ﬂ:)-
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9. Popmysa Heromona — Heiibnuya:

[ reydz = r@) [ = Py - Fo),

rge F(zr) — xakad-Hubyab neppoobpashan aaa pyuxunn f{z) wva {a,b].
10. Humezpupoaanue no wacmasm. Ecan dynkunu () u v(z) uMelor
Ha [, b] HeIpepHIBHbIE MPOH3BOAHEIE, TO
5 5 5
/ u(z) dv(z) = [u(r)v(z)” —f v(z) du(z).
a a [
11. 3asmena nepemennott (nodcmanosxa) 6 onpedeaennomn imme_epa.ne_
lycte ¢ysxkuna f(z) HenpepmBra Ha [a,b], a dyHkuua z(f) nmeer
HeNpEpHIBHYIO TIPOU3BOAHYI0 Ha otTpeske [a,fl]. IlycThb, KpoMe Toro,

MHOXeCTBO 3HadeHUH pyHKUMM £(t)} coBnagaeT ¢ [a, b], mpuyem z{a) = q,
z(#) = b. Toraa

/ ey da = / " 1o 0) w0 .

3
dx
IIpumep 2. BUYHCIHTE HHTETpaR —_——
pumep : /o (r- vz 1

Pemenwe. Cgenaem nogeratopky ¢ + 1 =2, dz = 2t dt. Tlpu £ = 0 umeemt = 1,
anpu £ = 3 umeem ¢ = 2. B peayasTaTe nonyyum

2 2
-3

: dz _ wat [ dt —1||
o @=8We+1 [ (2-op " " f -9 3 1753

8.3. NeomeTpnueckne n pusuieckue
NPUAOKEHNUN ONpefeneHHoro MHTerpana

1 2
= =In—.
. 3 5

» TleoMeTputieckue NPUAOKEHNA ONPEJeJIeHHOT 0 KHTEr pana.
1. Taowacds obaacmu D na nacckocmu @, y, u306pakeHHOU Ha
puc. 19, paBHa

s= [ 17) - s(a))

(npu g{x) = 0 oTa dhopmyaa gaeT mio-
mWajk KpUBOIMHEAHON Tpanenun).

2. Haowadv xpusodunelinozo cex-
mopa. IlycTe B OOAAPHEIX KOODAMHA-
Tax p, { 3ajaHa Kpubad p = f(p), rae
¢ € [a, ). Torga miowass KpHBOJA-
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HeliHoTo cekTopa {a € ¢ € B; 0 € p € f(p)} BuuuCHAETCH IO DOpMY e

s
[£()

o

m||—n

3. flaowyade noeepruocmu  apayjenua. Ilpw  BpameHuu KpHBOR
y=f(z) 2 0, z € [a, ] BOKPYT OCH & 06pasyeTca NOBEPXHOCTS, MIOLIALL
KOTOPOH

b
S = 211'/ F@) V14 [f(2)])? de.

4. Of6ves meaa epowenus. PaccMoTpum Tesio, o6pasopaHHOe Bpa-
LIEHHEM BOKPYT OCH T KPHBOJIUHEHHOH Tpallelidd, or PAHNIeHHON KPHBOH
¥ = f(z), ocblo = H npAMEME £ = ¢, £ = b. Ero o6bem

V= r/ab[f(x}]2

5. Jauna dyeu xpueoil, 3adannodl pazauunsisy cnocobami.
a) Ecin xpupas asisgeTca rpaguxoM HeNpepwiBHO An(depeniiupye-
Mol (pyHKIME ¥ = f(2), z € [, ], To ee Anuna

b
- ] VIT @ da.

6) Ecim niockad kpupad 3ajaHa MapaMeTPHYECKH YDaBHEHHAMM
t=z(t), y=y(t) (rge t € [a, 3], 2 z({} u y(t) — venpepbiBHO AU Depen-
Hupyemble GYHKUMH), TO €€ AJIHHA

= / " ST + ol

B} Ecau KpHBaA 3aaHa B MOJAPHBIX KOODJHHATAX £, © YpPAaBHEHHEM
= p(p), v € [, f], T0 ee pruna

= fj Vo) + [0 ()] do.

» DPHINUECKNE NPAIONEHUA OIIpedeJeHHOI'0 nHTerpaia.
1. Paboma nepesennoti cuavt. [IycTe no ocn 2 oT Toukn 2 = a jgo
ToYkH £ = b ABHKETCA MaTepUAlbHAd TOYKA, HA KOTOPYK ACHCTBYeT

nepeMenHad cuia F{z), HampapieHHad Bgone ocu x. Pabora 3ToM cHabl
b

paBHaA:/ Fz)de.

13
2. Macca cmepacna nepesmennott naomuocmu. IlycTh cTepxkenb ¢
NOCTOAHHON MICUIAABLK NONEPEYHOro cedeHHA S 3aHHMAET HA OCH T
orpesok [0,I], a MIOTHOCTh MaTepHAaNa CTepXHA €CTb (GYHKIMA OT Z:

v = 7(z). Macca Takoro cTepkHA paBHa m = Sf () de.
0
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8.4. HecobcreenHbie nuTerpans

» HaTerpamnm ¢ GeckoBeaEmuma npefenamu. Ilyets diyaxmma
¥ = f(z) onpegesena u Henpepmsna npe @ § r < +co. Ecar eymecrayer

KOHEYHHRII mpegel 11m f f(z) dz, To ero HasHBaloT (cXofAMMMEA) He-

cofcmeentbii uumeepado.u ot f(x) na \ GHTepBate [a, +oo] # 0603HAYAIOT
_f+°° f(x) d=. Takum oﬁpaaom IO ONpeJencHAo

+oe

f(z)dz = lim f f(z)d=z.
z batoa Ju
Ecnu ykasaHHEIT Dpefed 6ecKoHedeH RAH HE CYMIeCTBYET, TO HecOGCTBEH-
HEI MHTETPal HASHBAIOT PAcIOdRUIUMKCR.

Teomempuuecxutl cuvict HECOBCMAEHHOZ0 UNMEZPAAG 3AKAKIALTCR
B TOM, ITO _f+ f{z}dz (npm f(r) 2 0) pabes Droma i Beor paHMIEHHON
06J1aCTH, JAKNIOIEHHON Mexc Ay Jundame ¥ = f(z), £ = a 1 ocwio abenEcc.

AnajioruyHHM 06pasom olpejedsoTca HecoGCTBERHLIE MHTET AL
AIA ZPYTHX GeCKOHEYHHX WHTepBAJOB:

/ f(z)dz = a_l+il_nm /b (=) d=,

400
f z)dz = / Hz)dz + f{z)dz
(ecau xax ALl M3 HECOBCTBEHHEIX HETErPaloB, CTOANMX B NPaBol YacTA
NOCAESHEr0 PABEHCTBA, CXOZUTCH, TO MO ONpeAENeRuio CXORUTCA W HETe-
rpal, CTOAMIA B JeBOH 4acTH).

HNpumep 1. HenocpegcTBeHHEM BUMHCACHHEM MOKA3HBALTCH, ITO HecoGoTBeN-
« T
HEIH MHTECpAl / ~m- PACXOAKTCH, €CAH a £ 1, necxopures, ecan o > 1; B nocregnesm
x
caydae ero aHadenue pasuo 1/{o — 1).

» [HdocTaTodYHHE YCAOBHA CXOXMMOCTH HeCOGCTBEHHRIX HMHTE-
rpanaos. Bo MHOr HX 3a434%aX JOCTATOYHO YCTAHOBHTD, CXOJUTCA HAM Pac-
XOANTCA 3 AaHHLBLA HeCOGCTBEHHH UHTErpan, B ONEHATh €ro 3HAYCHNAE B
crydae CXOAUMOCTY. [id 5TOro SRBAICT NONE3HL CHEAYIOMPE TEOPeMEL.

Teopema I. Ecau 0 € f(x) < p(z) upm z 2 a, TO W3 CXOZUMOCTH
HHTerpajia f () dz caeiyeT cxopAMOCTL HHTerpara f: f(z)dz,
npudeM f+ f(z)dr € f:m ¢(z)dr. Ecne Xxe maTerpan f:m f(z}d=
PACXOJUTCA, TO H UHTErpal f : * ¢(z) dz pacxoparca.

Teopema 2. Ecau unTerpan f:w | f(z)| dz cxomures, To cxogmrea m
HHTerpad f:m f(z) dz (B aTOM Cayvae NocieAREA EHTErPaN HAIWBaETCH
abCONIOTHO CXOAAMMES ).
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sinx

+co
ITpumep 2. Heco 6cTpeHnumi uaTEpan / dz ¢XoJUTCA A6 CONIOTHG, TAK
1

T

sinz
2

Kak chpapeg po HEPAREHCTBO

+ o0
1 1
& —, a HHTErpan / — dz cxoguTea (oM.
z2 L 2

npumep 1).

» Harerparm or HReorpaHM<IcHHEIX GyHxoum., [lycTo ¢yHk-
nua f(x) ollpeseseda U HeNpepblBHA IIPK & £ £ < b, HO li{’n . f(z) = o0,
T b—

. . A
Ecian cymecTByeT KOHedHBINA Opefel Alu&n of“ f{z) dz, To on HasLIBaeTCA
e

(CXORMOUMCA) HECOECMEEHHLIM UNTNESPAAOM OTR HEOZpAHUUEHHOT DyHx-
yuu f(z) no orpeaky {a, b}. Takum o6pasoM, no onpeaeleHNIO

b A
f(z)dz = lim Hz)dz.
. amb—0 f,
Ecin xoHeYHOrO npejesa He CYLWECTBYET, TO MHTerpan Ha3bIBaeTCA
PACTOOAUPUMCA.

Ecau lim0 f(z) = 00, To no onpegefesiio NoAaraloT
r—+a+

+=3a+0

/:f(ﬂa’::: lim [fbf(:c}dx,

Haxonen, ecan f{z) we orpanutena B oxpeCTHOETn HEKOTOPOH TOYKH
- b
¢ € (a,b) w kaxgutit w3 yarerpanos [ f(z)dz u f f(x) dz cxogurea, To
Ho ollpeAeAeHHIO

/:f(.?:)d:c =£cf[x)dx+£bf(m)dz.

TeoMeTpruecknil cMbICH HeCOSGCTBEHHOI'C WHTErPata OT HeOrpPaHM-
derHON $YHKIAH, a TakKe TeOpPeMEl THITA TeopeM 1 u 2 (cM. Bhimte) aun
TaKHX MHTErpaioB MOAHOCTHE) AHANOTHYHLI TAaKOBBIM JJIA HecoOCTBeH-
HHIX HHTErpaioB ¢ GeCkOHeyHBIME NpeieiaMi. B kadecTme dyHrmuil, ¢
KOTOPLIMH OGLIYHO CPaBHHBAIOT (DYHKIHH, CTOALIME 104 JHAKOM Hecob-
CTBeHHOT'O UHTErpaia, B JAHHOM ciaydae 6epyT 1/{z — a)*; HecoGcTBeH-

b
. dx
HEIll UATerpad / —(:;: o) CXOAUTCA MpH f < | ¥ pacxoAATCA IpU g 32 1.
A _

b od
it
ITO YTBepK AcHUe OTHOCHTCA W K HHTErPAlaM BHAA [ W
-
a

2
u d
ITpumep 3. HecoScorpenHult MHTErpan / ( 3 - CXOOUTCA U He
T -1
1

2 4=
) : 1 ot g
NpPEBOCXOIUT 2, TaK Kak a HHTerpan —_—
r A (z—- 12+ -1 V-1’ P , V-1
CXGHHTCH W paned 2.
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9. [lBoUHbIE M TPOMHBIE MHTErpansl

9.1. Onpepenenue u cBoMCTBa JBOHHOrO
MHTerpana

» OnpepeneHue U CBONCTBA ABOUHOTO HATErpana. [lycTs Ha mioc-
KOCTH 3ajaHo OrPaHUMEHHOE MHOXECTBO, KOTOPOE MOXKHO MOMECTHTh B
HeKOTOpBI KpyT MUHUMAaNBHOTO AHaMeTpa. JlaMeTp 2TOro Kpyra Hasbl-
BaeTCA Juamempos muoxncecmeda. PaccmoTpuM obitacTh D Ha MIOCKOCTH
z, y. Paso6reM D Ha n HemepecekaiomuxcA dacTei (A41eex). Makcamans-
HBI M3 AWBMeTPOB A4eeK HA3HBAETCA Jugmempos paabuemus u obo-
aHayaeTea A = A(D,) (D, — pa3buenne obnacte D Ha adeirku). [IycTs
B ofaacty ) sapgana dyuxuua z = f(z,y). BeibepeM B Kax a0l A4einke
o MPOH3IBOALHOW tonopHomr Touke (z;,%) (i =1,2,...,n) u cocra-

L]
BHM unmezpasvhyio cymmy s, = . flz;, 4} AS;, rae AS; — miomage
i=1

-1 AveHKH.
Bcau cymecTByeT KOHewHBIH Npegeld cyMM 5, Npu A — 0 ¥ sTOT
npefea .J He 3aBUCHT HH OT BHJAa pa36uenni D, mu or BEbGOpa

¢OTIOPHEIX® TO4YEK, TC OH 0603HaYaeTCH flz,v) dx dy u HaswiBaeTCH

D
JBOHHEIM WHTerpatoM oT gyakuuu f(z,y) no obiactu D:

/j flz,y)dzdy = lim s,.
A0
D

3o osHavaeT, 4TO 44 JMKboro ¢ > ) HallgeTea § > () Takoe, 4To 414
Bcex pa3buenuil D, Takux, utoe A(D,) < §, 1 moboro BROGOPa 10MOPHEIXS
TodYek 6yAeT BHIMOMMATHCA HepaBeHcTBo |5, — J| < €. (Ecin f(z,y)
HellpepbIBHA B 3aMKHYTOH o61acTH I}, To OHa MHTerpupyema Mo HTOH
ofnacTH, T.e. ABoitHol nHTerpan ff fz,y) dr dy cymecrsyer.)

: D

» CaoMcTBa JBOMHOTO HHTErpAJA.
1. Junetinocmy. Ecau pyuxmun f(z,y) 4 g{z,y) unTerpupyemei no
obaactn D, To

//[ﬂf(r,y)ibg(z,y)] dzdy:a//f(x,y)dxdyi bffy(x,y)dxdy,
0 D D

rje @ U b — HeKOTOpBIE MHCIA.
2. Addumusnocms. Ecnu f(z,y) unTerpupyeMa no kam ol us obia-
creit D, u D,, He uMeromux o6uIMX BHYTPEHHUX TOYeK, TO

Z_/f(z,y)d:cdy:D//f(:r:,y)da:dy+ijf(x,y)dxdy.
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3. Teopema 06 oyenxe. Ecnu B o6aacTy [} BHINONTHAIOTCA HepaBeHCTBA
mg flz,y) < M, 1o

S< / flz,v) dz dy < MS,
rge § —oaomages obracra D

4. Teopexa o cpeduem. Ecam f(z,y) HeupeprinHa B o6aacT D, To
HalfieTca XoTa 66 O/JH3 BRYTpeHnAA Touxa (I, §) € I} Takad, 4To

/ flz,p)dedy = J(7,5) S
D

Yacio f(£,y) HadKBaeTca cpefHAM 3Ha4eHMeM GYHKIMH B obnacta D.
5. Hwmezpupodanue wepacencms. Ecmu o(z,y) € f(z,y) < 9lz,¥) B
obaacra D, To

/f@(r,y)dxdyé /ff(z,y) d@'dyS/_/g(z,y) dz dy.

Bqac'rﬂoc'm ecu f(z,y) 2 013 D, o ﬂf(z y)da:dy)O

6. Teopesa o modyae unmezpaaa:

J[ 1evizay < [[ir.ldan
2] D

» Tleomerpmyeckmiz cMBCI ABOHHOTO HHTerpaxa. HIycTh ¢yHK-
nusn f(z,y) meorpauatensha opm (z,y) & D. Torga asoiiHol MHTerpalt
jf f(z, y) dz dy papen o061.eMy HEARHIPAIECKOTO Tena, OCHOBARHEM KOTO-
D

poro cayxeT obaacth D miockoctn z = 0 # KOTOPOE CBepXY OTpaHMYeHo
nobepXBocTRK Z = f{Z,¥).

9.2. Buluncnenmne fBOWHOr0 MHTErpana

» HC]IMBSOB&.IIIIG OORTOPHEIX ll'lITeI"paJIOB.
1. Ecau obaacts D Ha nmockocTH T, y 3ajaeTcd HepaBeHCTBAMH
agz<b y(z) € y< i) (pac. 20, a), To

/ f(x.y]dzdy=f:d:/:(:}f(x,y)dy-
. e

HMaTerpan B Hpabol JacTH >TOH (GOPMYILI HASHBAETCA NOGMOPHBIM.
2. Ecm D={cgy<d (¥ £z <z,(v)} (puc. 20, 6), T0

_[/f(a: y)dzdy = / dy/:::) flz,y)d

B obmem (:le'!ae obaacth ) paabapaoT #a 061aCTH YKA3AHHEIX TUIIOB
¢ MOCACHYIONAM HCROAL3OBAHHEM CBOMCTBa ajARTABHOCTH JABOHHOTO
BHTErpaia.
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T 0 Zz

Puc. 20.

» 3aveHa mepeMeHHEIX B JBOWHOM HHTerpane. [lycTt Renpepuip-
Ho gudpepennnpyemele dyrkuuu r = z(u, v), ¥ = ¥(u, v) B3auMHO 0JHO-
auayquo orobpaxaloT obracTe D) mnockocTn u, v Ha o6aacts D miocko-
cTH T, ¥, a hyukmua f(z,y) senpepupena B D. Torga

//f(r,y)da:a’y://f(x(u,v),y(u,v))|J(u,v)|dudv,
D o,

! ¢
IU

xl-'
Yo Yo

lan orobpaxeHus z = pcosep, y = psinyp (KOTopoe 4acTo UCHONL-
3YeTCA U COOTBETCTBYET [EPEXOAY OT AeKAPTOBHX KOODAMHAT X, Y K
MONSPHEIM KOOPAMHATAM p, ) akcbnan J(p, @) = p.

rze J{u,v) = — axobuan oTobpaxeHna [, Ha D.

9.3. NeomeTpuveckue u puanveckne
NPUACKEHNS IBOMHOTO UHTErpana

» TeoMeTpHYEcCKHEe NPHAIOKEHNA FROWHOTC MHTErpaia.
1. Haowads obaacmu D na naocxoemu x,

S=// de dy.
D

2. Ilaowads nogeprrocmu, 3adannoti ypasxenwues z = f(z,y) Ana
(z,y) € D (paccMaTpmBaeMan NOBEPXHOCTL NPOEKTHPYeTcA B obacThb
D} Ha nnockocTR z, ¥), HAXOZUTCA 06 hopMyHe

s= [[ JEr Gy dedy
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3. Haowade noeepruocmu, 3adanuot SEKMOPHBIM YDUBHENUEM T =

-,

= #(u, v) = z(u, v)i + y{u,v)] + z(u, v}k, rge (u,v) € Dy

S= //‘ﬁ(u,v]ldudv.
D

= ) bt
31ech BeKTOp HOPMANH BuIYHCASETCA Mo opmyne 7i(u, v) = 7y X 7.
4. Buuucsenue o6vemos. Ecin obnacte U TpexmepHoro fpoctpaH-
cTBa 3ajaeTca ycioBuamu {{z,y) € D, f(z,y) € 2 < g(z,y)} (D — Heko-
Topaa o61acTh Ha MIOCKOCTH T, ¥}, TO €& 0GbeM paBeH

v = [[loe0) - 1z )] do
D

PaccmarpuBaemas TpexmepHad obnacth U/ npefgcrabifeT cobol MHIHH-
APHYeCKoe Telo, KOTOPoe CHA3Y OrpaHK4eno MoBepXHOCThIO 7 = f(z,¥),
a cBepXy — MOBePXHOCTHIO z = ¢(z, ¥). BokoBad moBepxHOCTE TOro Tela
COCTOWUT M3 OTPE3KOB NPAMEIX, APALNEALHBIX OCH Z.

» PuznTeckne NPHICKEHHA JBOMHOTO wHTerpara. /lasee cuu-
TaeM, 9TO ILIOCKafA IIACTHHA 3aHMMaeT ofnacte D miockocTH z, y, a
~(z,¥) — NMOBEPXHOCTHAA [IOTHOCTh MATEPUANA ILIACTHHEL (14 OAHO-
POAHOH MTACTUREL ¥ = const).

1. Macca naockott nagcmunbl:

m = !‘f Yz, y) dz dy.

2. Koopdunamnl yenmpa mAamecmu naockoltl nAacmutse:

1 1
T, = ;// ey(z,y)dedy, y, = ;/f:w(x,y) dw dy,
Iy n

rge m-—— Macca MIACTUHDL.
3. Momenmbt unepyutt naockol naCcMuHbB OTHOCHTEILHO KOOPIH-
HATHHIX OcCell:

I, r—/f yy(z, ) dedy, I, :// 2*y(z,y) dz dy.
D 0o

MoMeHT HHepUHH MIACTHHEI OTHOCHTEALHO HAMANA KOOPAMHAT BRITHC/IA-
eTca mo dpopmyne I, = I, + 1.

9.4. OnpepeneHne ¥ CBOMCTBA TPOUHOrO
WHTerpana

» Onpégenenne TpoiiHore unrerpana. llyets dydxuna f(z,y, z)
onperacicia B Hekoropoih obmacti U mpocrpaHceTBa. Pasobnem U na
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n vacren (A4eek), He WMEICIINX COIIMX BHYTDeHHMX TOYeK; 06ozHa-

yum depes A = A(U,) duememp monydeHworo pasbuenud U, T.e. mak-

CHMaAbHBIN M3 AHAMETPOB AYeeK (AHamMeTpOM 06JacTH B NPOCTpaH-

CTBe HAJLIBAETCA ANAMETP MHEHHMAJIBHOTO IIapa, COAepXallero aTy

obnacts). BeifepeM B Kamkgol U3 A4eeK [0 NDPOHU3IBOILHON ¢OMOPHOM

Touke (x;,y;,,2) (i = 1,2, ..., ) U COCTABUM UNME2PUIBHYIO CYMMY
n

s, = 3y flz;,¥,2;) AV, rge AV, — o6bem -1t avelikn. Ecim cymecTsy-
1=1
€T KOHeWHBIN npefen cyMM 5, Upu AU, )} — 0 (#e 3aBrcammii Hu OT Buga

paabuenua U, , H1 0T BEIGODA ¢ONOPHBIX» TOYEK), TO GH HAIRIBAETCA TPOU-
HBIM MHTErpasioM oT dyHkunu f(z,y,z) no obaactu I/ n oboznaqaeTca

///f(zryaz] Cfa?dydz = }11}1"1]5“.
1)

» CpoHcTBa TPONHOrC HETerpana, CBolicTBa TPOUHHX KHTETPAJIOB
aHAJOTMYHE CBOMCTEAM IBORHEIX HHTETPAJOB,

1. Junetnocme. Ecau pynxuuu f(z,y,z) u g(r,y,2) unrerpupyemu no obna-
crn U7, To

[ [esta.y.2) & bg(w,v.2)] dw dy dz =
u
=a [[[f(z.y.2) drdydz £ b [[[ g(w, v, 2} dz dy dz,
v v

rge 2 U b — HekoTOpHe uHCTA.
2. Addumusxocmb. Bean f{z, y,2) unTerpupyema no kaxaoit 3 obaacteit U,
n Uﬁ, HE HMEIONHX 0GMHX BHY TPEHHHX TDHYEK, TO

ffff(r,y,z)d::dydz': ffff{r,y,z)d::dydz+ffff(r,y,z)da:dydz.
14 v, U2

3. Teopema o6 oyenxe. Ecan B ofnactn U BuMOAHAWOTCA HepaBeHCTBa
m ‘-<\ f{rly!‘z) ‘-(\ M: TGO
mV g fff f(z, v, z)dodydz < MV,
fid
rge V —obneM oGnacTr U

4. Teopema o cpednen. Ecau f(z,y, z) Henpepupua g obnactu U, To waiigerca
XoTd 6B GAHA BHYTPeHHAR Touka (Z, ¥, Z) € U Takas, uTo

fffj(x,y.z)dxdydz = f{®4,2) V.
u

Yucno f(T,y, 2} HaaumaeTcR cpegHHUM 3Havetnem dynkimu B obaactn U.
5. Humezpuposanue wepasexcris. Bam oz, v, 2) € f(z,v,2) € g(z, ¥, 2) B obaa-
ctu U, To

fffw[:r,y,z}dzdydz £ fff_f(_r,y,z] drdydz § fffg(r,y,z] dr dy dz.
U U U
6. Teopema 0 modyae ukmezpaad:

|fff f(:""ryv 3) dﬂrdydz
23

£ fﬂ-lf(x,y,z}ldzdydz‘
o
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9.5. Buiuucnenuwe TpoUHoro uuTerpana.
HexoTopsie npunoxexns

» HcnoapaopaEne moBTOPHEX HHTETPAIOB,

1. PaccMoTpum Temo U, orpaHWteHHOe CBepXyY NOBEPXHOCTEIC
z = g(z,¥), & CHUIY — NOBEPXHOCTLIO z = h(z,y), mpoekuuei KoTOporo
ApaseTcA obaacTe D Ha wiockocTn z, y. Apyrumu caosamu, obaacts U
sagaeTca yoaosnamu {(z,y) € D, h(z,y) € z € g(z,v)}. Torga

g(z,y}

]] fzy,z)dxdydz_f]da‘:dy f flz,y,2)dz.

hiz,y)

2. Ecan o6racts D NMaockOCTH T, Y ONMCHBAETCA HePABEHCTBAMMU
{a< 28, wniz) Sy ylz)} 1o

va(z)  glz,w)
// flz,u,2 drdydz—/dr / dy / flz,y, 2} dz=.
e  ynilz) Mz

p 3aMena DepeMEHHHX B TPOHHOM MHTerpane. IlycTh Hempe-
phiBHO AubdepeHnupyeMuie dyukomu z = z{u,v,w), y = yv,v, w),
z = 2z(u, v, w) OCYIIECTBAAIOT B3AHMHO OJHO3HAYHOE OTOOpaXeHHe obina-
cru §! npocrpaHcTBa u, v, w Ha obaacTh U/ mpocTpaHCTBA X, ¥, Z, A
$yukuua f(z,y, z) venpepriBua B o6aactn /. Torga

/U/ (2,9, 7) dodydz =
= ]]ff(é(u,v,w), y(u, v, w), 2(u,v,w)} |J(u, v, w)| du dvdw,
f

IJ’
u’ u w .
rae J(u,v,w) = |y, ¥, vy, | — axobuan orobpaxenns § ua U.
f ! )
AR A
J A quINHAPH1ECKAX KOOPAHHAT p, @, z, CBA3AHHKIX ¢ AeKAPTOBHMU
KOOPAMHATAMH HOPMYAAMHA I = pCos ¢, Y = psing, z = z, akobuan J = p.
A cpepudeckHx KoopAMHAT p, ¢, § HMeeM & = pcosy sinf,

y = psinp sinf, z = pcosf, a Akobuan J = p?sinf.

» Hexoropele reoMmerpryecKHe H (HIMMECKHE IPRAIOKEHNLA
TPOHHOT'O HHTeErpada.
1. Obven cbaacmu U

V= /U// dz dydz.
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2. Macca meaa nepemennott naomuocmu ¥ =¥(z, y, z), 3aBUMalolero

obnacts U:
m= //f‘ydrdydz.
U

3. Koopdunamul yenmpa maxcecmu meaa:

.= %/f/x‘yda‘:dydz, Y. = %///y‘ydxdydz, zc:%//]zqdrdydz‘
v v v

4. Momenmsr unepyuu meaa OTHOCHTEALHO KOOPAHHATHBIX OCEH:

Ix:/f/pgz‘ydxdydzl Iy:///piz'rdxdydz’ Iz=///p§y7drdyd2,

i ir U
rae p2, =y* +22, p2, =2t 4+ 2% ol =2+ 4t
B cayyae opHOpOAHOrO Tela B (opMylax chefyeT IMOMOKHTD
4 = const.

10. KpusonuHeWHble W NOBEPXHOCTHLIE
MHTerpanbl

10.1. Kpueanuueunsit muTerpan nepsoro poga

» Onpegencame Kpnmuuueﬁuor\:g MHTEerpaja NEPBOTO poja.
Ilycrs Ha Kycowno Taagkoll kpusoil AB oupegenena dyuxuns f(z,y, z).
BuGop Ha ayre AB Touex A = My, M,, M,, ..., M, = B naga-
er paxbmenne L,. Makcumaibnaa na gamn xopx M M,, M, M,, ...,
M, _, M, naspiBaeTca Jusmempon pazbuenua u oGosnadaerca A= A(L,).
Ha kaxgon wa gyr M;_| M, BrGepeM NPOU3IBONLRYI0 $OMOPHYIOS TOY-
KY (2;,9,2) (i = 1,2,...,n) H COCTABUM UNMEZPAAbHYIC CYMMY

=Y fz;, 9, 2;) Al;, vage Al — pamnra gyru M{:M,-.
=1

Ecau cymecTBYeT KoHeHHBIH Npefed cyMM s, nipu A(L.) — 0 (He 3a-
BUCAUWH HH OT Bu/Aa pasbuermit L,,, HH OT BHGOPa «ONOPABIX» TOYEK), TO
OH HAJHLIBAETCA KPUEOAUHETNbLM UNMEZPAA0N NEPSozo poda Mo AyTe AB
H obcanavaeTcs

/ flz,y,2)dl = /l\l_l&)sn.
B

Ecan dyukuua f(z,y, z) HeIpepHBHA, TO KPUBOJMHEHHBIA UHTETPAT
cyuwecTByeT. KpHBOMMHEHNEIH HHTErpal MepBOoTc Poja HE 3aBHCAT OT
S’
HaNpaBAeHHA ABHKeHud BAoAr AB; ero cBONCTBA aHANOTHYHE! CBOHCTBAM
olpedeReHHOTO UHTETpaa.
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p DBruncieHme KPHBOIHHCHHOIO MHTErpala NEpBOro poja.
1. Ecam miockas kpupaa 3ajaHa B Buge y = y(z), £ € [a,b], To

b
f Sy dl = / foul@) VT ] do.
AR a

2. Ecmn gyra AB sagana napaMeTpHYecKd YpaBHEHHAMH T = (i),
y=y(t), 2= 2(1), t € [a 8], To

f F(z,y,2)dl = ]f ), 20) VT + W)+ ()2 dt.

AHajnoruinas ¢popMyaa UMeeT MecTO AA GyHKuuK f{z, y), onpejeieHHoN
Ha IockoH KpuBoH z = (1), ¥ = ¥(t), t € [, F].

» IIpnaoKeRna KPMBOJAHHEHHOIO JMHTErpaja nepeoro pojaa.
1. Macca mamepusaprott kpuaoti AP ¢ 3aJaHHEIM 3aKOHOM HIMEHe-
w r !
HHA AVHERHOH moTHOCTH & = (&, ¥, 2):

AB

et

2. Koopdunamy yenwmpa mam€cmu MaTepHAILHON KpnBou AB:

} 1 }
= —_— I = — dl = .
Te = — /f*rd, Y= — /y'r = /zwdf
AR AB AB

[MocToAHHOR IOTHGCTH COOTBETCTYET ¥ == const.

10.2. Kpueonuneluuit muTerpan sToporo poja

» Onpegencuue Kpnnounueﬁnoro HHTErpajsa BTOpPOrc poja.
llycTe B HekOTOpOH 0BAACTU NPOCTPAHCTBa 33 JaHO BEKTODHOE MOJE
#(z,y,2) = P(z,y, 2)i+ Q(z, ¥, 2)j + R(x, ¥, 2)k 1 xycouno rragkas xpu-
pas AB. Jagapan Ha xpuBoit Touku A = My, M, M,, ..., M, = B,
S
noayiuM ee pasz6uenne L. Bribepem na xkaxgoit us gyr M,_, M, 1o upo-
H3BOJMLHOMN sonopHOM» To'ke (X, %, %) (1 =1,2,...,n) u cocrapum cym-
1]
My CKaaApHHIX IpoMapefeHHi s = 3 . d(z;,y;, 2,) - M, _ ﬂ_4 Ha3LIBAEMYIO
i=]
uNmeEEpasbRotl cymmoti.

Ecmu cymecTByeT koHedHHIH npegen cymm s, nopu A(L.)) — 0 (He
JABUCAIIHA HH OT BHAa pa3buennit £, HU 0T BLBOpA ¢OMOPHEIX) TOUEK),
TO OH HAZLIBAETCA KPUSOAUNEUNBLM UNMEZPAIOM 6MOPO20 Poda OT DOIA

d(z, ¥, z) BAOAL KDHBOH AB v o603ra4aeTea

/6-(117-' HIK ]de+Qdy+ Rdz.
AB AB
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KpuBonnueliveli HHTErpad BTOPOTO POAA 3aBUCHT oT HANpABIeHMs

ABHKEHUA BAOIL KPUBOH, a uMenno: | &-dr=— [ @-dF.
AB BA
Hurerpan fio 3aMkHyToMY KOHTYDY ( HA3BLIBAETCH YupKyaiyuet [io-

a4 @ Bgoas C u o6oauavaerca
%& - dF.

C

Puzuneckull cMblca KpusoauNetinoae uMmezpata emopozo poda:

[ @ df onpepenser paboTy cnaoBoro noas (e, y, z) Npu NepeMeIeHUn
AB — :
eIMHKWYHOH MAaCChl BAOAL AYTH AB.

» Briumcienne KpUBOAHHEHHOTO MHTErpala BTOPOTO poja.
I. Jaa miaockoit kpuBoil, 3ajanHol B Bige y = y(z), ¢ € [a,b], u
ILIOCKOro TIOJA

b

f"é’-df": /[P(J;,y(x)) + Q(z,y(x))¥ ()] da.

ALbL a

2. Hyers AB sagana BEKTODHLIM YypaBHeHHeM ¥ = F(f) = =z(t)i +
+y(t); + z(t)k, t € [, 8]. Torga

/&'-dar'-': /de+Qdy+Rdz:
AB AB

8
= /[P(I{f),y(t},z(t))z'(t] +@ (=t} (1), 2())¥' (2) + R{2(2), 9{t), 2(1) )< ()] dt.

- - —
AHasoruvyHag opMyia HMeeT MeCTo A/ IIOCKOK KpnBol AB 1 niockoro
Mons &.

» lloTenuuan u porop Bexroproro noax. [one d = d(z,y, z) Ha-
JLIBAETCA NOMEHYUAALHBIM, eCTU CYylecTBYeT Pynkumsa O(z, ¥, z) Takas,
uTO

o . ob- I9®-. 9P -
d=grad®, Te 0= -——14—j+—%k.
dy 8z
Dyuxuua $(z, y, z) HasmBaeTCA nomenyUaloM BEKTOPHOTO MoiA d. Kpu-
BOTHHeHHE MHTEerpaJd BTOpOrc podd oT (IOTEHHMATLHOTO BEKTOPHOTO
S

o1 BAGAL AYTH AB papen npupalleHn:o moTeHUMana BAOAL YTOH AYTH:

] d-di=®|,—®|,.
AR
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Pomopos BexToproro mona d(x,y,z) = Pi+ @Qf + Rk waseiBaerca
BEKTOP

rot @= ( OR BQ )z+(£-ﬂ);+(a—o-—a—f))§=
dy 8z 8z Oz dx Oy

» Heobxogamule H JOCTATOYHHE YCIOBHAA IOTEHIIHATLHOCTH
BexkTOopHOro moui. [lycte U — ogncceaadas o61acTe B IpoCTpaHcTBe
(r.e. Takaa obAACTH, B KOTOPOH JMIO60H 3AMKHYTBIH KOHTYP MOXHO
CTAHYTH B TOUKY, He BRIX0As 3a npegent /) u d(z, y, z) — BexTopHOE Iode
B obaactu (/. Torga caegyomue MeThIpe YTBEPKACHRA DABHCCHALHEL

1) nose & HOTEHUNANLHO;

2) rotd =0 ;

3) mupkyasuua noaa mo mobomy 3amkHyTomy KoHTYpY C € U pasna
uymo, Te. §3-dr =0,

c

! i.?’lm o
O ~u
= ?l‘» L)

e
4) [ @-drwe aancut or popmel kpuroit AB € U (a 3apncur Tolbko
AB.
OT ee Ha4aJdbHOH H KOHEMHON TOWeK).

10.3. MoeepxHOCTHLIN UHTerpan nepsoro poaa

p Onpegeaenme. IlycTs B TOvkax raagkoll nobepxocTH ) 3anana

dyuxuus f(x,y, z). lpoussegem pasGuenune D, ITOH NMOBEPXHOCTH Ha

n AveeK, He MMEIOIMX OGUMX BHYTDeHHUX Todek. fuamempos paa-

6uenna A(D,) HasbiBaeTcA MaKCUMalbHEIH U3 JUAMETDPOB f4eek (CM.

pasg. 9.4). BreifepeM B Kaxgoll U3 AtdeeK NPOH3BOALHYIO GOTMOPHYION

Touky (x;,4,2;) ({ = 1,2,..., n) U COCTABUM LWMEZPAALRYIO CYMMY
n

=3 flz;,4;, %) AS;, rae AS; — mnomags i-i A4eixm.
i=1 ’

Ecau cymectByer koHeuRmi npegea cymm s, npu A(D,) — 0 (#e aa-
BUCAIINH HHU OT BUAA pa3buenuil D, , HI 0T BHGOPA (ONOPHBIX» TOUEK), TO
OH HABLIBACTCA NOAEPLHOCMHbLL UHMESPAIOM REPSoEo poda oT byaKIUH
f{z,y,2) v o6oanavaerca [f fz,y,2z)dS.

D

» BruimcieHne noBepXHOCTHOrC HHTErpaia NEepBOro poja.
1. Ecau noBepxHocTh D aajana ypaBHeHMeMm 2 = z(z,y), (z,¥) € D;,

[ se.v.20d5 = [[ 1la.v.ste,0) T+ @+ (5 dedy
D Dy

2 Ecan  noeepxuocrh D 3ajjaHa BEKTOPHLIM yPaBHEHHEM F o=
Fla,y,2) = 2(u,v) i+ y(u,0) 7 + z(u, v) k, (4,v) € Dy, To

f/f:r:y,z]ds /ff (u, v}, y{u,v), z(u, v) |nuv|dudv
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rae fi{u, v) =}, X ¥;, — BEKTOp HOPMAJN K NOBEPXHOCTH.

» [IpunokeHHs DOBEPXHOCTHOC AHTETPAKA EPBOro poOAA.
1. Macca maTepHalbHOH NoBepXHOCTH [) ¢ MOBEPXHOCTHOH ILIOTHO-

cThI0 ¥ = (T, y, 2):
m = Zf‘y(x,y, z) dS.

2. KoopguHATH HeHTpa TAXECTH MaTepHAlbLHOR nopepxuocTu L

rc=%f/r7d5‘, yc=%f./y7d5, zt,:%[/zqrds‘
D D D

IocToaunoi IIOBEpXHOCTHOﬁ MLAOTHOCTH COCTBCTCTBYST ¥ — const.

10.4. MoBepxHOCTHBLIU UHTErpan BTOPOro poaa

» Omnpepenenue. [lycts D — opuenmupogannar noseprrocms, 3a4an-
Han ypabuennem 7 = 7(u,v) = z(u,v) 1 + y(u,v) j + 2{u,v) k (un v —na-
pameTpsl). OpHeHTHPOBAHHOCTE OIHAMALT, 4TO B KaXgol Touke M € D
K NOBEPXHGCTH BOCCTaBReHA HopMadik f(M) = 7w, v), HetipephiBuc 2a-
Bucsaitan ot M. BoamoxHE Ba cliydad: a) [OBepPXHOCTL OpHeHTHPOBA-
Ha HOPMAJLIO fi(y, v) = 7, X 7,,; §) OBEPXHOCTL OPHEHTHPOBAHA HOPMa-
JB10, NPOTUBONOJOXHON YkazaHHok. (IToBepXHOCTE, 3afaHHYIO ¥ pABHEHM-
eM z = z{, y), MOXHO 3aInCaTh B BeKTOPHOM BHJE CeAYIOIIMM 0Gpasom:
Feiey) =ci+yi+eenk)

Ilycrs BexkTopHee mone Z(z,y,z) = Pi+ (7 + Rk sagaso wa ruag-
Kol opHeHTHpoBaHHoN HoBepxHocTH [, Ilpousseaem pasbuenme P, mo-
BeDXHOCTH D) Ha n vacTed (Adeek), He MMelOLHX OOGIMMX BHYTPEHHUX
To4deK, BHIfepeM B KakJACH U3 A4UeeK MPOMIBOALHYIO ¢OMOPHYIO» TOY-
Ky Mz, y,%) (1 = 1,2,...,n) N COCTaBHM uNMEZPRALHYI0 CYMMY

n
s, = y.a(z,,y;,2)  Af AS;, rae AS; — naomagb i-H AvedKu, a 70 —
i=1
eAUHMYHBIA BEKTOp HOpMalM K NIOBEPXHOCTH B Touke M;, HaIlpaBleRHLIH
B COOTBETCTBUM ¢ BLIGpaHHOH OpHEHTAUMER [OBEPXHOCTH.

Ecan cyumecTByeT KOHewHBIH npeges cymM s, mpu A(D,) — 0 (ne
3ABMCHAIOME HUM OT BUgaA pasbuenuil D, Hi oT BHGODa (ONOPHEIXS TOYek]),
TC OH 'HA3BEBAETCA NOGEPIHOCTIHLIM uKmezpados emopozo poda (wam
NOMOKOM 6EXMOPHOZO NOAA G WEPES OPUEHMUPOaanty0 noseprrocms D)
U cHoaHavdaeTcA

f]&'(r,y,z) .dS  wam f]dedz+dedz+Rd:cdy‘
D D

OTMCTHM, YTO NpH H3MEHEHHN ODHeHTAIHH MOBEPXHOCTH MOBEpPXHOCT-
HBIH HHTerpaa BTopOora pofa MeHACT JHaK.
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» Buruncrenme DoBepXHOCTHODO HHTErpaia BTOPOTro poja.
1. Ecan nopepxrocTh [} 3agasa BEeKTOPHBIM YpaBHeHueM T = 7{u, v),
(u,v) € Dy, TO

[/ (z,9,2) ds = :I:// z(u, v), y(u, v), z(u, v)) - i, v) dudv.

JHax nuoc GepeTca B cIyiae, KOT4a NOBEPXHOCTH ODHEHTHPOBAaHA HOD-

Madblo fi(y, v) = 7, X F,, 3HaK MEHYC — B IPOTHBOMOMOXKHOM CIyHae.
2. Ecau noaepxuoc'rb D 3ajlalia ypABHEHNUEM 2 = z(z,y), (z,y) € Dy,

To HOPMAJIB Az, y) = 7 X ry -1z, s—z _’,'+."€ OPHeHTHpYET NOBepXHOCThb [
(BBEPX», B HANIPABACHHU OCH Z. Tor‘,qa.

Z/avﬁ:ii/(—zgp-z;qzqtm dz dy,

rae P = P(z,y,2(2,9), @ = Q(z,y,2(z,1)), R= R(z,y, z(x,y)). 3nax
mmoc GepeTcd B Clydae CPHEHTANMH IIOBEPXHO CTH (BBEPX», 3HAK MEHYC —
B HPCTHBOIIOJIO)KHOM C.le‘lae‘

10.5. AnddeperunanbHbie onepayun
¥ UHTerpanbHbie (POPMYNbI TEOPHYU NOAA

» <Popmyxa OcTporpagckoro — Taycca., Ilycrh BexTopHoe noJe

alz,y,z)=Plz,y, z)i +Q(a:, ¥, 2) i+ R(z,y, 2) k HenpepuIBHC guddepen-
oMpyeMo B IpOCTpaHCTBeHHOR ofaactu U, a [ — rpanuna »Tol obna-
CTH, OpUEHTHPOBAHHAA BHEIUHEW Hopmalbko. Torga cipabeaanba ¢popmy-
aa Qcrporpagckoro — laycca

//a-ﬁ: /f/divadxdydz,

rAe duaepzenyts BeKTOpa 4 onpefeldeTcd CAeAYIOIUM o6paszom:

8P 3Q
divi=—+ —+—
Jz 33; 3z
TakuM o6pazom, IOTOK BEKTOPROTO I0JA depe3 3aMKHYTYIO IOBePXHOCTh
HapyXy paBeH TPOHHOMY MHTerpady OT AHBEPEHUHU [OJA 110 06LeMY,
OCpaHNYEHHOMY DTOH oBepXHOCTLIO. B KoopaunaTHol ¢opme phopMya
Ocrporpafckoro — laycca UMEeT BHYA

//dedz+erdz+ Rdedy= ///(&P + —+ %ﬁ) de dydz.
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» Popmyna Croxca. [IycTe noxe d(z,y, z) HenpephiBHo Audiepen-
LHPYEMO B HEKOTOPOM ¢6JACTH NPOCTPAHCTRA, ColepkKallell opUeHTHpPC-
BaHHYIO noBepxHocThL 1. OpHeHTANNA NOBEPXHOCTH OHOZHAMHO ONpeje-
JAfeT HanpaBreHue obxoga rpaduns £ 5Toll NOBEPXHOCTH: eCIH CMOTPETD
C KoHDA BHIGpaHHOro BeKTopa HopMaau K ), To obxog rpauuuts £ goa-
XKeH Ka3aThCH TMPOUCXOAIIMM TPOTHE XoAa YacoBoil cTpeakn. Ilpn aTtoM
UMPKYIALKA MToAs BAodb C paBHA MoToKY BeKTopa rot & yepes D

_faw;:jyxmaéé
[ D

B koopauuaThoil dropme popmyaa CTokca HMeeT BUJA

fpa+Q@+R¢=

o A R o R ot L

» Dopmyna I'puna. Jaa naockoro noas d(x,y) = Pz, y) i+ Q(..":,y)}"
n3 popmyanl CTokca moaydaeTca Gopmyaa [pana;

'ﬁpdx+Qdy_17(——-7;)@m%

rae koHTYp C ofaacTr [ Ha MICCKOCTH X, ¥ NPOXOJUTCA IPOTHB YaCOBOH
CTpelKH.

» Onepatop lamuasToHa u guddpepeHnnansHyle olepalHi
nepsoro nopagxa. OnepatopoMm ['aMuabToHa UMK HAG4a-geKxmopoM Ha-
3bIBAETCA CUMBOANYECKHN BEKTOP

C ero moMomeK MOKHO KpaTKo 3anucaTh caefyoume quhdepennuant-
Hbie GIEpAnHH:
1) rpaauenT ckanapuon GyHKuuM u(r,y, z}:
~du - Ou

=~ Ou
adu=i— k— = Vu;
gradu = za + 3 6y+ 7 u;

2) AUBEPreHUMIO BEKTOPHOLO MOAA § = Pi+Qj+ Rk -
ar 3Q

dl\’ﬂ:a—z'f- By +-67—V

(ckanapHOe NMpousBefenue HabAA-BEKTOPA Ha BEKTOP @);



92 Paant

3) poTop BeKTOpHOr® NOAA & = Pi+QJi+RE:

i 7k
~_ 1 & 3 2 | = =
rotd = | 2 e =Vxd
P Q R

(BexTOpHOE MpouaBeleHNe Habla-BeKTOPa HA BEKTOP ).

Kaxpoe ckanapHoe none u{z,y,z) NOpoKAaeT BeKTOpHoe MoOJE
grad u. BekTopHoe node &(z, ¥, z) NopoxJaeT ABa MOJA: cKaaapHoe diva
H BeKTopHoe rotd.

» Bexropume aaddepeHIHATBHEE ONEPalMA BTOPOT0 OOPAA-

xa. HmetoT mecTo cregylomme guddepeHualsHee COOTHOMEHNUS:
1 diveradu=A _QPu u Pu
) divgradu=Au= 3 + 95 + 5.7
(Au =V - (Vu) = V2u);
2) rotgradu =0 {(nmm (V x V)u
3) diviotd =0 (umn V- (V x d)
4) rotrota = graddivd — Ad.

11. Pagp
11.1. Yucnossbie pagbl

» OcHosHule onpegenenua. Ilycts {u, } — nociegoBaTeABHOCTS Y-
cea. Buipaxenue

rae A — onepamop Janaaca

-,

0}
0)

u1+u2+"‘+un+"'-_—2un

HA3BIBAETCH WHCAOGLLM DAOOM, U, — OCWUM WAEHOM DAJA, 8 CyMMa

8, = u; +uy+- -+ u, — n-ti vacmuunotl cymmot pada. Eciu cymecrsyer

KoHedHHIH mpefgen lim s, = §, To pAj HA3BIBaeTCH crodRuumca, a § —
=300 .

o0
cymmoti pada. Ilpn arom mmuyT Y u, = S. Ecan lim s, He cymecTByeT
n=l f-3oo
(H.rm paBeH 6eCKOHE‘iHOCTH), To pAj Ha3uBaeTcA pacrodawusca. Pag
Upiq +Up g+ Upyg - - HAIBIBACTCA N-M CCMAMKOK pada.
. o0
IIpamep 1. Pag 2 aq"‘l = a+ag + aq2 + +++, WIEHH KOTOpero o6pa3ywT
n=1
ZEOMEMPUNECKYI RPUZPECCUN CO SHAMEHATEREM g, CXOAUTCA, ecant |g| < 1 (npu aTom

ero cymma § = -—I-—j—q), H DAcXCIHNTCA, CaH |g| 22 1.

= =}
» HeoOxogumuit npManak cxopumocTH psaga. Ecam pag 3 u,
n=1
CXOJUTCH, TO nango u, =0 (ecim nl‘1+1'120 ¢, # 0, To pAg pacxoguTca).
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o0
[Ipumep 2. Pag E cos % PACXOfMTCA, TAK KakK ero oSuMi 4iet u, = cos —'1‘- HE
n=1
CTREMHTCH K HYAH npH ¢ — 00

Heobxoaumulil apuinak cXoJHMOCTH He ABAAETCA JOCTATOYHHM.

o
IIpumep 3. PaccMmoTpum pag - Z '71,;' XoTe ero oflOMi 4JEH CTPEMHTCA K
n=1

. 1 =
Hymo: lim T = 0, Ho pAg Z -‘};; pacXoJUTCA, TAK KaK ¢ro YACTUYMHHE CyMME

i - =] ™ n—l

1 ’ 1
HE OrPaHWYeHbI: §,, f \/._ -+ﬁ>nﬁ=\/r_1-;oonpun-roo.

p CpoilicTBa CXOAAIIAXCA PAJOE.

1. Ecau pag cXoAWTCA, TO CXOAUTCA M M1060H ero ocratok. Orbpa-
CHIBAHUE HAN JoGaBieHHe KOHEHHOrO HHCTA YASHOB K JAHHOMY pAAY He
BAUAET HA €70 CXOIUMOCTD.

2. Ecin Bce 9ieHH pAfa YMHOXHTH Ha HEKOTOpPoe MHCIO, TO CXoAM-
MOCTE pAfa He Hapynm'rcn [a CYMMa PAAA YMHOXUTCH Ha BTO HHCIO).

3. Ecam pagm Z: %, U E Up CXOJATCA U HMEWT Cymmpl Sy 1 S5

n=1 n=1
COOTBETCTBEHHO, TO CXOAATCA H pAAE] Z: (‘un + 'un),'a HX CYMMEBEI DABHBL
n:l

S5 £5,.

4. YneHBl CXoAAWErocd pAAa MOXHO IPYNNHPOBATL B IopAJKe cle-
JOBAHHHA; HoNy4alomiica paj cXoAUTCA W uMeeT TY xe cymmy. Munimm
CHOBAMM, B CXOAALIEMCA PHAJE MOXKHO LPOM3BONBHEIM 06Pa3oM paccTa-
BIATH cKoOKH; o6paTHOe AelicTBHE — pacKpHTHe cKoGOK — AonycTHMO
He Bcerga: Tak, pag (1 — 1) + {1 — 1) + - - cxoanrea (n uMeeT cymmy,
PAaBHYIO HYNIO), HO eCIM PACKPEITH CKOGKHU, TO HOXYHUTCA PACXOAANIMHACA
paal—1+1—-1+4 ... (ero o6muil 4ieH He CTPEMUTCH K HYJO).

. (e o]
» Kpurepun Komm cxogumocTn paga. Uto6u pag Y. u, cxogur
n=1
ci, HeoDXOAUMO U JOCTATO9HO, 9TO6H 414 Awboro € > (} HalleAcad TaKoH
Homep N = N(g), wTo 414 Bcex n > N 1 mo6oro HaTypaisioro k BoLIOA-

HAJIOCH HEPABEHCTBO |, ) + -+, 4| < €.

> Ilpussake CXOAAMOCTH PAAOB ¢ MOJNOXKHTEILHEIMHE “UICHAMM.
1. Hepswid npusnax cpasrenus. Ecan 0 € ¢, € v, (HauHHas ¢ HeKoTo~
O

POro HOMepa n), TO U3 CXOAHMOCTH PAJA 3. ¥, CAEAYET CXOJUMOCTD PAJA

n=1
O e el Do
3" u,, a U3 PACXOAUMOCTH PAAA 3. U, — PAcXOAUMOCTL pAja Y. v,
n=1 n=1 n= 1

2. Bmopot npusnax cpasxenus. Ecau CYWIECTBYeT | KOHeHHH mpejgen

nle (u,/v,), OTANYHLIA OT HYJA, TO PAAHI Z U, M Z v,, CXOJATCH HIH
n=1 n=1
PacXoJATCA OMHOBPEMEHHO.
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3. Mpuanax fasamfepa. Ecnm cymectsyer hm (u,,,/u,}) = D, To
N0

[=.4]
npn D < 1pag ¥ u, cxomured, a npu D > 1 — pacxognrea. [lpu D =1
n=1

npustak Janambepa He JaeT oTBeTa Ha BONDPOC O CXOAMMOCTH JaHHOI'O

paa.
4. [Tpusnax Kowu. Ecan cymecTeyer nango- /U, = K, Tonpu K <1

o3

pag 3. u, cXoguTed, a mpu K > 1 — pacxoaurea. [lpu K = 1 npuanak
n=1

Koum He faeT oTBeTa Ha BONPOC 0 CXOAUMOCTH JaHHOro paja.

5. Hwmezpaapnnt npuanax Maraopena — Kowu. Ilycts f(r) — neo-
TpUUaTeabHad HeBolpacTaolllad (YHKUNA, HENpepblBHAaA Ha HHTepBaJe

1 €z < +oou Takaa, uyTo f(1) = uy, f(2) = uy, ..., f(n) = u,,
o0

Toraa AIA CXOQUMOCTH PAJa 3 4, HeoGXOAUMO W JOCTATOYHO, YTOGH
n=1

[= o]
CXoAUACH HecoBCTBeHHBIN uHTEerpaa | f(z)dx.
1

o

IIpumep 4. Pag* E % =1+ % + % + ¢+ . PACXCINTCH, TAK KAK PACXOINTCH
n=]
o0
o3 1
Heco BCTBEeHHLIN HHTerpan fl % dr. AHATOrMYHO YCTAHAPIMBAETCH, YTO PAJ Z e
n=1

cxoguTcA Npu o > 1 1 pacxoauTcanpn o £ 1.

» PH}IH C OpPpOHAIBMVWIFPHEMH “UIcHAMH. Hpual{ax CXOIHMOCTHA
o0

Jlen6uuna. IycTt 3HakM 4aeHOB pAfa ) u, 4epeAYIOTCH, afCoioT-

n=1

Hble B&IMYUHBI WIEHOB He BoipacTatoT € pocToM n u lim u, = 0. Tor-
1=r00

Ja NaHHLIH (3Hakodepeayommichy pafg cxoauten (npusHak Jledbuunoa).
Ecam npu nojcwveTe CyMMbl S5 Takoro pAjfa oCPaHHYMTLCH YacTHYHOH
cyMMOoli §,,, a ocTalbHbIE WIeHbl PAJa OTEPOCUTD, TO MOrPElIHOCTD, BO3-
HHKAOWan NpH daMeHe S Ha 5., HE MPEBOCXOAUT MO aBCOMOTHOH BEfH-
YMHE MOJYJA NepBoro H3 oTOPOLIEHHBIX Y1eHOB (M MMEET oJUHAKOBLIN C
HEM 3HAK).

1 1 1 1 .
IIpumep 5. Pag 1— ?‘,— + 3—3 - 4—_1 + 5—5 =+ CXOZMTCA No npuaHaky JlenGHuna.
1 1
Ecan nonoxuts S5, =1 — 2—2 + 3—3 - 4—4, TG SJOMYLEHHAA PN 3TOM NOrREelHoCTE

NOMCKHTENBHA H He TPEBOCXCANT Uy = 5—5 = (,00032.

O
> AScCoMOTHAR M YCIOBHAA CXOAMMOCTB. Paf D u, ¢ NponsBoib-
n=1
HBIM YepefloBAHHEM 3HAKOB €r'o 4ACHOB HAJLIBAETCA a6cOAwMMHO CXOOA-
[=s]
WUMCA, €CIl CXOAUTCA paf 3 |u,|. (ABcomioTHo cxogaumiics pag cxo-
n=1

auTes.)

* DTOT pAj HAILIBAETCA TAPMOHMYECKMM.
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1 1 1 1 1
Mpamep 6. Pag 1 + YTy + 57 + = CX0AUTCH aGCON0THO,
]
Tak KakK PAJ, COCTABACHHEIL W3 MOAYJIeH YIEHOB JAHHOTO paga, E —5» CXognTcn
ki3
n=1
(cm. psa npumepa 4 npu o = 2).
) o0
CxoaAmuiica pAg ) u, HA3BIBAETCH YCAOGHO CTOJAUUMCR, ECITH PAJ
n=1

00
>~ |u,| pacxoaurcs.
n=1

1

1 i
-+ E — I + -+ - CXOOUTCH YCAOBHG, TAK Kak OH CXCIWNTCA

2
{mo mpuanaky JleuGunua), a pAd, COCTABNEHHL N3 aGCOMIO THLHIX BEINYHH EI'0 “IEHOS,
PACXGAMTCA (3TO FApMCHHYECKUI PAL, CM. IpUMeEp 4).

Ipumep 7. Pag 1 —

IIp¥ npoH3BOALHOH NEPEeCTAHOBKE YIEHOB AGCOMOTHO CXOAMILErOCH
pAfa (B YACTHOCTH, CXOAAILETOCA PAAA ¢ MOICKUTEIBHEIMH ieHAMH) a6-
COMIOTHAA CXOAUMOCTE He HAPYIIACTCA H CyMMa PAZA He MEHAETCA. YCIoB-
HO CXOAALUMECH PAABI 3THM CBOHCTBOM He o6AajaioT: ecan paj cXoAWTCA
YCAOBHO, TO MOXKHO TaK MEPECTABUTE €I'0 WIEHH, YTO CYMMa HOBOT'O pAja
CTaHET paBHol MoboMy Hamepes 3aJaHHOMY YHMCIy (MOXHO Tak MepecTa-
BHTH WIEHB!, 4TO NoAySalolMica paj oKameTcs PacxoAfmuMet).

11.2. ®dyukumoransHble pagbl

» OcHopMEIE onpefcleHHUA. PYHKUUOHAALHOIM PRFOM HAIBIBAETCA

oo
paa Z un(:r:), HYIeHaMH KoTopolo ABIAKTCA CI)YHKHHH, cnpefeaeHHLIS
n=1

O
Ha HeKOTopoM MHoXecTBe X. Pag 3 u, () HaseIBaeTCHA CcTOORUUMCR &
n=1

' o0
mouxe T, € X, eCln cXoAnTcA YHCIoBoll pAj Zl u,{zy). CoBokymuocTh
n=—
£ € X, iaa KoTopbiX DYHKUMOHANLHBIN PAJ CXOQUTCH, HA3LIBAETCA 0 6.4a-
cmuio czodumocmu. CyMma psja sBageTcs GyHKUHEH &, onpejeleHHON B

o6IaCTH CXoJUMOCTH.
00
Pag > u,(2) HadmiBaeTCH a6COMOMNO CTOORWUMCR HA MHONCE-
n=1

o)
cmee X, €ClM Ha 3ToM MHOXeCTBe cXoJdTcA paf v |u,(x)].
n=1

Ilpumep 1. PyaxuMoHaNHEHN pAA 14+ 2+ z2 +2% +. - exoguTCH npu -1 <z <1

{cwm. npumep 1 w3 paza. 11.1). Ha 3TeM HHTepBarte onpegeneHa ero cyMma 5 = 1 .
-z
o0
Pag Y. u,(r) HasbiBaeTca occmamxos QyHKUHOHAALHOTO PAJA
k=n+1

X3
Y u,{z). B cayyae cxoguMOCTH paja Ha MHOXeCTBe X M3 PaBeHCTBa
n=1
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S(z) = s, {x) + r () (s,(¢x) — vacTwynaa cymma paja, r,(z) — cymma
ero ocTaTka) crefdyeT, ure lim r (z}) =0 amaz € X.
FI— XD

» Pasnomepso cxogammecsa pags. PyHKIHOHARLHEH PAJ HA3LIBa-
£TCA PAGHOMEPHO CTOORYUMCR HA MHOKeCTRe X, ecan And aoboro £ > 0
HaliJeTCA TakoH HoMep N (3aBHCHLuHi'1 OT £, HO HE OT I}, YTO IPH BCEX

1 > N BLINOAHAETCA HEPaBeHCTBO E uy (x | <epmBcex & € X
k=n41
Hpusnax passomeprot crodurocmu Betepwmpacca. PyRKTHOHAND-

HEIA pAg Z u,(r) cxoauTcA Ha MHoXecTBe X DaBHOMEDHO, CIH CYIIe-
n=

[+=]
CTBYeT CXOAALMICA CAOBOH PAJ 3. @, C NOJOKHTEILHEIMH “IEHaMH
n=1
Takol, 4To |u,(2)| € e, A1a Bcex n (Ha4HHAA ¢ HeKOTOPorc HOMEPa) H
o o g

And Beex ¢ € X. Pajd ). a, HaswiBaeTcA wascopaxmoi paga y . un(:r:‘),
n=1 n=1

n sin nt

o0
IMpumep 2. Pag E -1) CXOQUTCH PABHOMEDHO Npu —o00 £ T < +oo,
n=1

1 oo
&< — 2 'y & YHCAOBON DAL E — cxoauTca (cM. npHMep 4 13
n2
n=]

p SiL NI

-1
-1) n?
pasg. 11.1).

TakK Kak

» CpoHCTBA PABHOMEDHO cxogamuxca pajon. IlycTn ¢yuxuno-
- .
HaabHEW pAf . u,(Z) paBHOMEpHO CXOAMTCA Ha OTpeske T € [a,b] u

n= .
nmeeT cymmy S(z). Toraa cipaBegnuBhl TeopeMH:
1. Ecau B Todke z, € [a, b] HeNpepHIBHB WIEHH paja u, (Z), To B 3ToH
To4Ke HenmpephiBHA GyHKIHA S(z).
2. Ecam u,(z) HenpepulpHb Ha [g,b], To pag MoXHO NowIeHHO MHTe-
TPUPOBATH:

jS(x)dx = /b(?;}(x)) dzr = Z/

n=1

3. Ecnu 4neHs! pAja HMEIOT HeNpepHBHble NPOH3BOgHbIE, 4 QYHKIH-
L
OHaABHBIA pag Y ul () cxoAuTcsa paBHoMepHO Ha [a, bl;-mo cymma S(z)

n=1
HMeeT Ha [G., b] HeNpepHBHY K IIPOH3IBOAHYIO, IPpHYIeM

S'(e) = (f: u,,m)’ =i i, (2)

(T.. pax MOXHO NowIeHHO AHQPEPEHIUPOBATS).
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11.3. CreneHnbie pagu

p» Hurepran cxoZAEMOCTH CTEeNeHHOTO PAja. UmeneHssis pRica
HA3BIBAETCH (PYHKIUMOHAILHLIH P BHAR

o
2 a, 2" = ay+ a,% + ayz? +age® + - -
n=0

(mocTOAHHHIE ¢y, @y, ... Ha3HBalOTCH Kosdduyuenmamy CTeneHHOTo
paga}, a Takxke pag Goree obmerc BuAa

o0
Z“n(‘“ — 20)" = a5+ &y (2 — o) + a5z — 20)* +az(z — 2o + -,

n=0

T Je &y — DocTofHHoe dHclo. Huke paccmaTpusaloTen TolbKo cTeneHHEe
PAAH MepBoro BHAA, MOCKoIBKY BTopol paj npeobpasyerca B NepBBIH

jaMeHOH I = & — &,.
o0
Teopema Abeas. Eciu crenennoit pag Y e,z" cxoAUTcA npu Heko-
=0
TOPOM T = I, TO OH a6CONIOTHO CXOQHTCA nnpn BCEX T, Y JOBAETBOPAICIIHX
HepaBeHCTBY |z| < |z,]. Ecau paj pacxoguTed npu £ = x5, TO OH Pacxo-
JUTCA npH BceX £, AAA KOTopHIX |z| > |z,|.

CymeCTaylo'r CTeNeHHbIE DAL, KOTOpHE CXOIATCA NP BCEX SHAYEHHAX X (Ha.npu-
n

Mep, pAX i -—:ET) Ectb pagu, cxogauinecs Tensko npn = = 0 (Hanpumep, i nlz™).
n=1 ) n=1

Ecan crenentoll pad npn HekoTopsix & # 0 cxolWTcA, a OpH oCTANL-
HEIX PACXCANTCA, TO H3 TeOpSMEL ABGeNd BLITEKAST CYUIeCTBOBAHHE YHCIA
R > 0 Takoro, yTo npu |z| < R creneHHol paj cxofdurcs {npuyem abco-
TOTHO), a npH || > R — pacxogurca. 3To ynciao B HazsipaeTca paduycon
croduMocmu cTeleHHOro pAja, a HHTepsaa (— R, R} — uwmepeaaom cro-
aumo cmuy. Ha KoHIaxX HHETepBata CXOJHMOCTH BOIPOC O CXOAHNMOCTH PAdA
HCCAEAYSTCH OTASNRBHO B KaX oM KOHKPETHOM CAyac. Ecau CTCHCHHOﬁ
pPHRA CXOOUTCH TOJLKG NPH X == 0, TO HHTEPBAN CXOANMOCTH BEIDOM JACTCAH
B TOYKy (npH arom R = {); ecau pad cxodnTca Opu Beex 2, To R = oo.

,IIJIH HaXoKJeHHA paldyca CXOJHMOCTH MOXKHO NPUMEHATH NPHIHAKH
Janambepa u Komm.
' '-‘n+1(~"")

= u, () n+41
u no npusnaky fdarambepa pag cxogMTen abromoTHo npu 92 < 1, T.e. 5 nHTepane
-y << -_;-, o pacXenTeA BHE 3TOrO MHTepaana (painyc cxogumMectn i = —:}) Ha
KOHUAX HHTEePBaNa Npu r = :l:—;- NOMYYaeM PacXOAAUMNCE YNCIOBOH PAS f: L
n=1

CBO&CmBG CIMENEHHLLY pﬁaos. Ha BcakoMm OTPEeIRe, UEMTHKOM JIealeM
BHYTPH HHTEPBAIA CXOAHMOCTH, CTeNeHHOM paa CXO,['[HTCH PABHOMEDHO.
4 A, A Iloasues, B. M. Donauen ¢ ap. -

[==] ;3
I[Ipumep. Iaa paga E Z—2%" umeem lim
n =00

= lim =% | =9z?,

LS Jv
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IMosTomy cTeneHnsle pAALl B MHTEPBAIE CXOAHMOCTH 0613 4a10T BCEMH Ie-
pedMcieHHBIMA B pa3f. 11.2 cpolicTBaMU paBHOMEPHO CXOAALMXcH PYHK-
UUOHAABHEIX pAAoE. Oco60o OTMETHM, YTO CTENEHHON pAJ BHYTDH €00 HH-
TepBala CXOAHMOCTH MOXHO AnddepeHUNPOBATE NOYIEHHO 060 1HCI0
pa3; cyMMa CTeNeHHOro paja — (YHKUNA, HMeoad BHYTPU AHTepBana
CXOAMMOCTH TPOH3BOAHBIE JIOGOT O MOPAJKA.

» Crenennne paau Temmopa u Maxnopena. Ilycte dyukuus f(z)
GecKoHevHo AndbepeHIMpYeMa B OKPECTHOCTH TOUKH 4. Padom Tetisopa
Jast 3ToH $YHKIHH Ha3BIBaeTCA CTEMEHHOH pAJ BHAA

oo

> )z — w0)" =

= f(ro) + f;(fg)(.’l;' —IO) -+ %fﬂ(:ﬂo)(;‘ _ zo)z 4 - ,

r e HenoabaoBaHil ofonradenus 01 = 1, FO () = f(z,).
YacTHBIM clydaeM paja Teitaopa (npu z, = 0) aBasetcs psad Maxao-
pexa:

3O = SO+ @4 SO

<PopmanbHo 3amucaHHBi pag Teitiopa (Makaopena) gia ¢yHk-
unu f{z) moxet:

1) pacxoZuTBCA NpH T # Xy,

2) cxomuTBLCA B HEKOTOPOH OKPECTHOCTH TOYKH ¥, K (YHKUIHH, He
copnagamuei ¢ f(z),

3) cXoAuMTBCA B HEKOTOPOH OKPECTHOCTH TOYKHM Ty K dyHkmun f(z).
B nocregnem cayvae rosopat, uTo f(z) paasazaemcs 8 pad Tetisopa B
YNOMAHYTOH OKpecTHOCTH, H MHIOYT

o

fie) = Y e o)~ zo)"
n=0 "’

Heofzodusoe u Jocmamounce ycAoGUE PAIAGHCUMOCTRY (PyHKYUY
f(z} 8 pad Tetisopa cOCTOHT B TOM, YTO6LI OCTATOYHBIH YAeH HOPMy-
a6l Telinopa cTpeMBICA K HYJIO IPH 1L -+ 0O B pacCMATPUBAEMON OKPeCcT-
HOCTH.

Ana pasnoxumoctn dynkumu f(x) B pag Teinopa B OKPeCTHOCTH X,
AOCTATOYHO, YTOOB B DTOH OKPEecTHOCTH BCe MPOM3BOJHBIE Mo afco-
JATHOR BelwdHHe GHIAN OrpaHUYeHBl OJHOH M TOH ke NOCTOAHHOH, T.€.
[F")N(x)| € M aaa Beex n, rae M — HekoTopoe 4ncio.

Edunemsennocme pazacacenus dpicyuu 6 cmenennoti pad. Ecam
dyHkuMa f(T)} NpeAcTaBageTcs B BHAE CYMMBI CTENEHHOr0 pAja, TO ero
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ko3 PHUMEHTH ONPEAEIAIOTCA eJHHCTBEHHEIM 06pazoM (MOCKOABKY 3TOT
pap apanetca pagom Teitaopa ana f{r), Tak 9To ero Ko3hGHUIMEHTEl paB-

f(")("'u)

HBI ,raen=10, 1, 2,...). [losromy B 3aja4ax o NpeAcTaBIeHHA
7l .

QyHKUHN CTeMeHHBIM PAJOM OTBET He 3aBHCHT OT BHOPaHHOT'O MeToja
pelleHn.

» Pazioxennsa HeKoTOpHX (hyHKHNUH B pajn Maxasopena. Ilpu
PelleHUH PalIn4HbIX 33 a4 YacTOo HCMOAL3YIOTCA CACAYIONINE PA3IOKEHUA
3JeMEHTAPHBIX YHKIMA B pAabsl MakaopeHa:

1 22 2® z" )
= +-’L‘+—2T+?+ +—?;"T—+"',
) 2‘.‘3' 23 el 1:291-1.
Sk T A g
i T L
cosr=l-grt g A gt
shz = m+£+x—5+ + LA +
- 3! (2n - 1)! ’
1.2 4 . .’.,"2" )
272 .123 n+lzn
]n(1+x)_x_7+?_,.,+(_1) T-’-”.’
3 g1
t. = —_— _—— . ]_ﬂ‘]']'___
arctgz = 3 + 3 +(-1) 2n-—1+ ;
(1+x)“=1+am+%mg+---+ 0(0_1)“?;,(a_n+1)m"+---.

IlepBeie OATE PAJOB CXOAATCA OPH BCEX 3HAYEHHAX —00 < 2 < +00
(R = o0), 2 ocTanbnele UMeOT pajuyc cxogumocTn R = 1. Pag, croa-
UM B IPaBOM YACTH MOCAEJHEeH QOPMYAb], HAIBIBACTCH OUKOMUGALHbLK.
Ilpueenem oAMH YACTHHEIA CAyYall 3TOrO pafa:

1
1+ =2

=l-z4+22 -2+ 4 (-1)*"+---.

[Ipu npuMeHeHNU BEIIENPUBEACHHEIX HOPMYI AAA NOXYHEHUA Pa3Jio-
XEHHA 3aJaHHON hyHKIUY B PAJ AErko BEIACHAETCA 061acTh CXOAUMOCTH
pAjAa, oTHajaeT HeO6XOAUMOCTD IPUBAEYeHHA IPHAHAKOB PA3IOXHMOCTH
H aBTOMATHYeCKH NONY4aeTcA BLIPaXeHHe Aas obuero wieHa paja. Tak,
AN moaywenns pasioxenus dpynkuun (1 + z°)~! B pag no crenenam z

HYXHO UL JAMEHHTE B TIOCHeHEM PAaldjJOXKEeHHH apr'yMeHT I Ha 2:3.
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11.4. Pag dypee

» OcHoBHBE onpegeneHna. PyHkuua f(z) yAoBACTBOPAET YCADSUAM
HAupuzae Ha unrepnane (a,b),

1) ecau 5TOT HHTEPBAA MOXHO pa3fuTh Ha KOHEYHOE THUCIO HHTEpBa-
JIOB, B KaXJOM U3 KOTOPHIX f(Z) HenpepblBHA H MOHOTOHHA,

2) ecam r; — ToYKa paspLiBa, TO CYWECTBYIOT KOHeYHble OJHOCTO-
ponnne npefennl f(z, +0) u flz, — 0).

ITeprognyeckan GYHKUUA € MepUOJOM 27, ¥AOBAETBOPAIOMIAA Ha, MH-
Teppale {—n, m) ycnopuAM [UpHXide, MOXeT GBITE NpeACTaBleHa PAOM
Dypre:

a_cosnz +b_sinnz),
n n

+
NgE

n=1

KO(hPHIHEHTEl KOTOPOTC HaX0JATCA Mo (hopMyaaM

)
1

%ff(m)cosnxdx, n=01,12...,

o
Il

» i/)’(1:)3in1r1:|:dz, n=1,2,3,...
m

B Toukax &z, HenpepbiBHOCTH ¢yHKuMR f(z) pag Pypoe cxognresa
K f(%,), a B TouKax pasphiBa —K +{f(zy + 0} + f(z, — 0)].

Pasaoxenue B pajg Pypbe nepuogndeckoil ¢pyHkmmu f(zr) ¢ mepno-
JoM 21 umeeT B

. )= 'gi"'i(a co§ —— +b sin m;'z)

n=1

rae

‘
a, = %/f(:c)cos n;rz: dz, b, = %/f z) sin T .
' nf

Henepuoauyeckyto ¢ynxkumo f(r}, onpedereHnyio Ha MHTepBate
(—1,1}, Takke MOXHO MpPEACTABUTL B BUAe cymmbr paja Pypbe, ogHa-
KO BHE YKa3aHHOTO MHTepBalla CyMMa 3Toro pafa S(x) 6yfeT oTandHa

or f(z).*

* Cymma S(z) npescraBaxeT co6oil BCioLy OTPefEteHHYIO NEPHOIHYECKYIO diyHK-
UMK ¢ nepuogam 2{, xora f(r) momeT GHTE HEMEPMOZHUECKON HAH JaXe He Onpeae-
AEHHOW BHe MHTepBana (—I,{}.
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» Pasnoxenne B paj <Pypbe 9eTHBX U HEUETHHX PYHKUHB.

Fcnu f(x) — veTnas pyukuus, To koapdunuentn paga Pypre naxo-
JATCA MO HOpPMYyaaM

]
= %] ) cos nre dr, b, =0,
0

u paznoxenne f(z) B pag dypre nmeer Bug (pazsoxcenue 8 pad no
KOCUMYCAM )

Y = nre
flz) = 3 +§ancos T

Ecau f(r) — uevetnan cbyuxkyuda, To kosdpduunedTsl paga Dypbe
HaXoAATcA 1o GopMYyIaM

I
a, =0, n=%‘/‘f smnﬂ-zd;r,
0

n pazaoxenne f(x) B pag Pypre umeer Bug (passoocenue 6 pad no
cunycan):

vl
b . MAr
= Z ' S1IE f .
n=1

Ecan odyuxuna f(x) sagaHa na mnaTepnate (0,!) (u ygoBseTBopseT
yeaosuaM JIupuxae), TO e MOXHO DA3JOKHTE KAK B pAj O KOCHHYCAM,
Tak U B pAjg 0O cHHycaM (no ¢opmydaM, npubefeHHnM Boime). O6a
paga B unreppane (0,!) aagyT sHadenud f{r) B TOUKAX HeMPEPHIBHOCTH
¢ynxkuun u ermanny +(f(z, + 0) + f(zy ~ 0)] B Toukax pasphiBa; BHE
naTepBada (0,{) ykasaHHEIe pa3ioXeHNA ONMMUCHIBAIOT padHbie (PYHKIUHH.

Paj Pypre B komiekcuou dopme. Pasnokenne dhyuxnuu f(z) 8 pag Lypee
B KOMILIEKCHOI (hopMe UMERT B

+00
1@y =Y cpcns,
n=-—o0
I
rae w, = 1:1, e, = % Hz)e™"nZdp; n = 0, +1, +2, ... Bupaxenun

1
e'“nT HaKBAITCA FAPMOHMKAMMU, KOIPPHUNEHTEH ¢,, ~— KOMILIEKCHEIMU AMILTATY A3MH,
HUCAA W, ~— BONTHORKIMH YHCAaMH GYHKUMK f{#), COPOKYITHOCTE BCeX BOAHOBLIX SHCE
{w, } — anckpeTHM cekTROM bYHKLINH.
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11.5. UnTerpan dypese.
Mpeobpasosanue Pypobe

» MHurerpan dypse. [Iycts gpynkuma f(x) onpegenena Ha Beew THCIO-
BOW OCH, Y/OBAETBOPAET ycloBHAM Jupnxie Ha Ji060M KOHEYHOM UHTED-
Balle 1 abCONIOTHO HHTET PHPYEMA 0 BCEl OCH (T.€. CXOAUTCA HecoBCTBEH-

HEIA HHTErpal f_"’of |f(z)| dr}. Torga CIIPaBEATUBO CAeAYIOWEe HPeACTa-
pienne dyHkoun f(r) uaTerpatom dypre:

400, o0 .
f(z):%[{ff(t)cos[w(t»:c)]dt}dw

M)

3Ty GOpMySy MOXHO 3alHCATh B BUAE
= / [a(w) coswa + b(w) sinwz] dw,
T i€ NCTIOAL3OBAHE! OG03HAYEHHA

oo + 00
=+ [ foosutat, by =+ [ f()sinwtr

Kak u npn paznoxennn ¢yHKUuH B pAjg Pypbe, B TOYKAX HENPEPEIBHO-
cTd zy Gynkuun f{z) nHTerpan $yphe aaeT anavenne f(z,), a B Toukax
pa3pbiBa — 3Hauenme + [ (7o +0) + f(z, ~ 0}].

HuTerpan dyphe MOKHO 1aMCATE B KOMILIEKCHOH (hopMe:

anbo B BUgE

au6o B BHAE

+oo +oe
= f C(w)e™ du, C(u):—zl?/f(t)e““"dt.

» Pasnoxenne » mHTerpal Pypne HeTHHIX M HeYeTHRIX BYHK-
L,
Ecmn f(x) — veTHas dyukunmua, To
+ ot 9 +oo
flz) = f a{w)coswr dw = — f ( / t)coswtdt) coswiz dw.
m
0 M0

0
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Ecau f(z) — HedeTHaa byHKIMA, TO
+o0 5 +00 , 00

flz) = / bw)sinwz dw = o / ( / f(t)sinwt dt) sin wz dw.
0 0 0

Fcmu f(z) sagana p unrepnaze ((}, +00), TO e MOXKHO OPEACTABUTH
B A10600 U3 ABYX NPHUBEACHHBIX BHIIE (hOPM — CMOTPA 1O TOMY, Y€THEIM
HWJIH HEYeTHHIM 06PA30OM OHa MPOROMIKEHA HA OTPUIATEABHYIO TIOAYOCH.

» IIpeoGpaaoeanue Pypse. [ipegcranienne dyukuun f(z) uuTerpa-
oM Pypre B KOMILIEKCHOH (pOpPME MOXHO 3alHCATE B BHJE

+ o0 +on
== | [ L[ e d} o
Ilonarasa N
o) = \/12_ /f(t)e““"dt,
TCAY YHM ~
1 Vi fury
f0) = = [ wtw)e do.

bynkuua p(w) HaseiBaeTcAd npeofpazosanuen Pypve byuxman f(1)
(mocxeguas GopMyna 3ajaeT obpamuoe npeobpazosanue Dypve).

» Kocunyc-npeo6pasopanue ®ypre. Eciu f{r) — yeTnas dpyux-
LA, TO ee NpefcTaBieHne HATerpaioM Pypbe MoKeT GHITH NEPENHCAHO

B BHJE
+o0 +oo
flz) = \/g / l\/g / f(t)coswtdt] coswz dw,
0 0
INonaraa
+00
Flw)= \/g/ f(t) coswt dt,
NOAY IHM ’

=)= \/_%‘ ?OOF(w) coswr dw.

Pyuxuun F(w) HaspiBaeTca Kocuxyc-npeolbpazosanuen Pypve dyuk-
ITHH f(t), Ipuseaensan napa GopMya YCTaHABIUBAET 33KOH B3IAUMHOCTH:
ecin F(w)— kocunyc-npeofpasosanie Pypre 4etHon dyuxkuun f(z), To
f(z) ecTw xocunyc-npeobpazonanmne Pypre hynkuan Fw).
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» Cunyc-npeoGpaaopaume Pypre, Ecn f(r) — HeveTnan pyus-
UHA, TO ee NpejcTableHne HHTerpatoM Pypee MOXeT OBITh HePENHCAHO

B BHAE
AN
flz) = ?/l ?/f(t)smutdt] sinwix dw.
D 0
Ilonaraa
a'F
ow) = ?jf(t)sinutdt,
0
TOY9UM

flz) = \/_%_ 70@(1.;;) sinwz dw.

Pynknua $(w) HasHBaeTCA cunyc-npeodpazosanuesn Dypve byHK-
unn f(t). llpubegennan napa GopMya YCTAHABINBAET 3AKOH BIAHMHOCTH:
ecmn ®(w) — cunyc-npeoGpasosanne Pypre HedeTHON dyHKIHHA f(Z), TO
f(z) ecTh cunyc-npeotpasopanne Pypoe pyukunn {w).

12. ObbikHOBEHHbIE
anddepeHumansHblie ypasHeHUA

12.1. Obwme nonaTwa. YpasHeHna nepsoro
nopsagka

» HexoTopule ompegenenms Obuiknosennvis Jufdepenyuatsrvim
ypasuenuen (KpaTko JY) HasbiBaeTca ypaBHeHye, CBAILIBAIOLIEE HEIARH-
CHMYIO IEDEMEHHYIO ¥, HEH3IBECTHYIO GYHKINIO Y¥(2) U ee NPON3BOJHbIE:

Flz, v, ¢, ¢, ..., ¥™) =0.

Hopadxos Y HasHBAeTCA MOPAJOK HAMBRICIIEH TPOW3BOAHON, BXOAA-
me# B ypaBuenne. Pewenues [JY wasviBaerca dynkuua y(x), xoTopad
IpM MOJCTaHOBKE B YPaBHeHNe OGpAIlAeT ero B ToxgecTho. CooTHOlle-
uue &(z,y) = 0, onpegensiouee pemenne y(x) HEABHBIM 06PA3OM, HAIH-
BAaETCA unmezpasom JY. ' _
Ipumep 1. Oynkuna y = 2z RARETCA 0ZHNUM W3 pewennii 4V neproro nopaaka
zy' —y = 0. Pewennamn aroro 4} ABAROTCH Tawke DYHKUNN ¥ = —T, ¥ = —T W ap.,
a COOTHOMEHHR £ + y = &, 2y == T H T.N. RRAHIOTCH HHTErpataMi galdoro Y.
TonaTue unTerpana JY HecKoABKO LMpe MOHATHA PelleRna, TaK Kak
BO MHOTHX ClIy 9adX B XOJf¢ DelueHn (Hal, KaK I'OBOPAT, NHTEPHPOBAaHHA)
AY yRaeTcA MONYMATE AWUIB COOTHOUIEHHE MEXAY T H Y, KOTOPOE He
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BCera MOXHO PAa3pPELIATE OTHOCHTEILHO Y, YTOOR 3AHCATh PELIEHHE B
ABHOM BHIE.

» YpaBHeHus nepbBoro nopagka. B ofwem caydae guddepeHnnans-
HO€ ypaBHeHHe IIEPBOTO NOpAgKa 3alncuBaeTed Tak: Flz, y,¥) =0. 4V,
pa3peltieHHOe OTHOCHTENLHO IPOU3BOAHON, uMeeT BuA ¥ = f(2,y). UHo-
rAa NOCJefHEe YPABHEHHE 3AMMCHIBAIOT ¢ MOMOIIEI AHMdepeHIHAN0B:
dy = f(z,y) dzx.

Teopeama cyujecmeosanus v eduncmeennocmy: ecan pynkuna f(z,y)
HENPEPHIBHA B HEKOTOPOI 06A3CTH, COAePKAlIEH TOIKY (T, 3}, W uMeeT
TaM OTPAHHYEHHYI JACTHYIO BPOW3BOZHYIO O Y, TO CYUECTBYET efMH-
CTBeHHOE pelleHHe ypapHeHnda ¥ = f(z,y), yAoBAeTROpalomee YCAOBHIO
Y=y, IpH 2 = 2.

[Tocsegsee ychoBne, KOTOPO€ 3aBWCHIBAIOT B BHAe YZ,) = Y, nin
Yoz, = Yo» HABBIBAETCA HANAAbHLIM YCAOSUEM. [EOMETPHYIECKHI CMEICT
cpOPMYANPOBAHHON TEOPEMBI COCTOMT B TOM, YTO CYWECTBYET €AMH-
cTBeHHan DYHKUWA, KOTOpas yAoBieTBopaeT Y u rpaduk koTopol mpe-
XORUT 4epe3 TOYKY Ty, Yo). 3aaYa OTHICKAHHA peEltieHud, Y 0BIeTBOPA-
IOUIET O 32 JAHHOMY HA4AILHOMY YCAOBMIO, HaskBaeTca dadaved Koww.

» OO6uEM peineHneM ]V Ha3LIBAETCA COBOKYMHOCTE BCEX €0 pellle-
nun. Kak npapuio, ofluee pelnenre yAaeTcA 3alHCATb B Buge QyHKIUA
y = ¢(z,C), saBucalleil oT ojHOM npoussosbroi nocmoannoti C; mpn
KOHKpeTHHIX 3HaveHHax C 5Ta GyHKUMA ONpegedseT KOHKpETHHIE pellie-
HUs ypaBHeHnA (ugcmuvie peutenus). HHorga obuiee peieHne aajaeTcs
HeaBHBIM 00pa3oM B Buge coorHomenna ®(z, y, C) = 0, HaariaeMoro o6-
wus unmezpason JY; IpH KOHKpeTHoM 3HadeHun mocToAHHol C' = C,
oTciofa MonyiaeTca cooTHomenne Oz, y, C;) = 0, HasEIBaeMoe YacmHbLAM
UHMEZPAAOM.

IIpu cooTeeTcTBYIOWEM BHEOpE NocTosHHoH C U3 obiero peimeHns
MOXeT ObITh MONY4eHO M0Goe OAHOIHATHO ONpeAeseMOe HA9aIbHBIMH
JaHHEIMU YacTHOe pewlenne. Hanpumep, o6mmm pemennem 4Y zy' —y=0
ApadeTca pyukuud y=Cr; npu C =2 nony4aeM 0TCIO4a YaCTHOE pellleHRe
¥y = 2z, yAoBJeTBopAioulee HadakbHOMY ycaobuo y(1) = 2.

TeomeTputieckn obuiee pemeHne {o6UIAI HETErPal) NPEJCTABARET CO-
6ol ceMeHCTBO KPUBHIX Ha [IOCKOCTH Z, Y, JABHCALMX OT OAHOTO Fapame-
Tpa ' 9TH KPHBble HA3LIBAIOTCA UNTRE2PAAbLHBIMY KPusblMy JaHHOro 4Y.
YacTHOMY pellleHHIO (JaCTHOMY WHTETPAJLY) COOTBETCTRYET OJHA KpHBad
CceMeitcTBa, NPOXOAAIIAA Yepe3 3aJaHHYIO TOUKY MAOCKOCTH. _

YpaHenue ¥ = f(z, y) An4 kax ol To4ku (z, ¥} oNpegenaeT sHadeHNE
¥, T.e. yriaopo kodpdHIHEHT KacaTeJbHOH K HHTErpanbHOH KPWBOMH,
npoxofsAuleil 4epe3 3Ty TOYKY (3a4aeT HOAe HANPABACHMA Ha ILIOCKOCTH
T, y). Jagada pelleHus f Y DepBOTO MOpAXKA ¢ [eOMETPHYECKOH TOYKH
3PEHHA COCTOHMT B HaxOkACHWH KPHBEIX, HaNpapieHHe KacaTelbHBIX K
KOTODBLIM COBNAJAET ¢ HANPABIEHHEM TIONA B COOTBETCTBYIOIUX TOYKAX.
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» Jnddepenuparsurie ypaBHeHU, JOMYCKAKOMIE TOYHOE aHa-
JRTHYECKOe pelueHne (pelIeHre B 3aMKHYTOU dopme).

1. Ypaswenue ¢ pazdesennvinu nepesmewnsiuu: f(y)dy = glx)dz.
DXBHBaACHTHAA 3aNHCh YPapPHEHHA:

f(v)y, = g(z).

Pyuxkunn f(y), g(x) ¥ Zpyrne pyHKUHH, BCTPEJAIOLMECT B AaTbHEHIIEM,
IpeNoAaraloTcs HENPEPLIBHEIMA B PaccMaTPHBAEMEIX 06.1aCTAX H3MEHe-
HHA CBOMX apTYMeHTOB,

O61nuit MHTETpald TOr0 YPABHEHHA HMEET BH

[rwav= [sris+c.

3aeck U gagsee ' — NPOHIBOABHAH NOCTOAHHAA.
Jag BrIfeNeHHA YACTHOrO pellleHuA (MHTerpala), yAOBIeTBOPAIOWET O
yenoBuIo y(Z,) = Yy, MOXHO HCIOABIOBATL COOTHOIICHNE

/yf(y) dy = jy(r)dx-

Lo

TipaMep 2. Pewnts ypaprenne (y + 1) dy = —xdx.

Peutenpe. O6muit usrerpan atoro 4} umeeT Bug: f{y +1)dy=~ f:r:d:r: +C
win (y+ l}2 + %2 = 2C. B npapo# 4aCTH IOCNEJHErC PABEHCTEA JAA KPATKOCTH 4ACTO
BBO AT HOBYI0 NPONRBONBHYTO HocToRHHy0 & = 2C,

2. Ypaenenue ¢ pa3ceatioWuMUCA NEPEMENHLLIL!

L9 (2)y. = (99, ().

Heaum o6e 4acTn Ha f,(y)g,(z). B peayaprare mosyuum ypapHeHue
C padjefeHHEIMH NepeMeHHEIMH. Ilocie HHTerpHpoBaHUA HMeeM

f1 (y) _ 92(1‘) n
mw@“fmmd+a

Npumep 3. Peumts ypansenne z{y? — 1) dz = (z? + 1)y dy.
Pemwenne, lMocne genenun oGenx vacred na (x2 + 1){y? — 1) noayuum ypasherne

x dz ydy .
C paj’AeReHHEIMU TIePeMEeHHEIMH: = . Pewnan ero, maxogum oGuimis
z? 41 ¥ -1
uarerpan: z2 + 1 = C(y? - 1).
YpaBHeHHe BUIA
¥ = flaz + by)
C TOMOLIBIO 3aMeHH z = az + by, TAe z = z{r) — HOBad HeMamecTHad

dysxuma (npu 3ToM 2’ = a + by'), npuBoguTes K AY ¢ pa3aeasiomMMUcs
nepemenubiMu: 2’ = bf(z) + a.
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3. Oduopodnoe ypasnenue:
v =f(%).
I
[paBas 4acTh 3TOTO YPABHEHNS 3ABMCHT OT OTHOIICHMA APTYMEHTOB Y
u z. Beoas HoBylo HemapecTHyo yHkumio z = y/z, noayaum JY ¢
pad ZeAMUMNCA TepeMeHHbBMY: T2, = f(z) — 2. Pemuns ero u 3aMeHHB

z Ha y/z, Haxo UM O6WME HHTETpas HCXOJHOTO OfjHOpoAHoTo 4.

Ipumep 4. Peunth ypasuenne oy’ — y =  cos®{y/z).

Pemenne. 3anncas ypannenne 8 snge ¥ = y/z + cosz(y,fz), HMEEM OIHOPOIHOE
AY. 3amena z = y/r npueoANT X YPABHEHHI0 C PA3ASAAIOHIMMHCA NMEDEMEHHEIMH
A7 HOBOW HewdBecTHOM dynkuuM 2{z): rz' = cos? z. Peman ero, naxcgum oGwwmii
unrerpan: tg 2 = In|z| + €. Bosepamanck k CTapHM MepeMEeHHEIM, Noay4tiM oBiuuii
nnTerpax ncxoguore AY: tgy/z = Injz| + C.

K ogropognomy Y npUBOZUTCA YpaBHEHHE BHAA

, “f( ar+by+¢ )
YE e v By

JAg 3TOro HYXHO MepeliTi K HOBKM IePEMEeHHBIM £ = T — Zqg, ¥ = ¥ — ¥g,
e 3Ha49eHHA MOCTOAHHRIX 2, U Yy HAXOAAT, pelllad JuHeHHYO aarebpan-
azy + byy + ¢ =0, B
azy + Ay, + ¥ =0
NOAY4YHM ypaBHeHHe ¥ = f ( %’%%) Mocneaues nocae gefeHud YUCIHTE-
JA W 3HaMeHATeNIA apryMeHTa (pyHKUuM f Ha T OPUMHAMAET BHX OJHO-
pogHoro /Y, nmpaBad 9acTh KOTOPOroO 3aBHCHT TOALKO OT OTHOUIEHMA

mepeMEHHBIX: §' = f(%%%)

4. Junetinoe dupdepenyuaaprnoe ypasnenue:
Yy + flz)y = g(=).

Pemrenvie wimeM B BuAe NpowabegeHns y = uv, rae GYHKUMA v = v(z) yio-
BAETBOPAET «YKOPOUEHHOMY? YPABHEHHIO ¢ Pa3 AeNAIMIUMMCA TepeMEeHHbI-
Mu: v+ f(x)v =0 (B kavecTBe Takol GYHKIHM MOXHO BAATH Mo60Oe 9acT-
HO€ pellleHHe 3TOro ypaBHenus, Hanpumep, v = e~ rae F = [ f(2) dz).
lnsg pyHKUMH v = u(z) NOAYYMM YpPAaBHEHNE ¢ Pa3jefACIUMACH Nepe-
MeHHEIMY v(z)u’ = g{z). HuTerpupya ypasHeHHe Aia u, HAXOAUM ObIIee
peleHne:

YeCKYIH CHCTEMY { peayasTaTe Ana pYHKUHK §=H(ZT)

y:e‘F(/geFdr+C), rae F=/f(:c)d:r:.

Mpuumep 5. Pewnrs ypashenue ' — ctgr y = 2z sinz.

Pemwenne. [logoxns y = uv, nonysum vu' + u(v’ - ctgrv) = 2zsinz. B ka-
dqecThe GYHKUMH v(T) BO3LMEM KaKoe-HHOYIE ACTHOE DEIEHUE YDABHCHHA € pad-
AeNAIOIUMACS HepemMeHHbMu v’ — ctgz v = (), nanpuMmep v = sinz. Ilocae arora
dyuxumo u{z) maiifem na ypasnennst vu' = 2z sinz nan ¢’ = 2z. Hurerpupyx, nme-
eM u = f‘Zz dz + € = 7 + C. B urore noay4um obmee pewenue HexogHoro Y :

y=uwv = (22 + C)sinz.
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5. Ypasuenue Bepryasu:
¥ + fle)y=glz)y™  (a#£0, a#1)

YacTHule ciydad « = 0 u @ = 1 cooTBeTCTBYIOT AlHelHOMY YpABHEHHIO
(cM. BruDe 1. 4). 3ameHa z = y'~® NPHBOANT K JHHEAHOMY YpPAaBHEHMIO:
2+ (1-a)f(z)z = (1 — o)g(z). O6wmi naTerpan ypabuenns Bepuysm
HMEET BUJ

yoe=Ce Pt (i-a)e” [Fyla)ds, rae Fa)=(1-0) [ fle)dz

6. Ypaguewue o noanwir duddepenyuasaz:

_ o 2
flz,y)dy+g(z,y)dz =0, rae o- = 5y

JleBag 4acTh 3TOTO YPaBHEHMA NPeJCTaBIAeT cO00M NOMHBIA ZH(pdepeH-
1Mal HEKOTOpOoH GYHKIOWE ZBYX Nepemeruwix U(z,y).
O6umit unrerpan: U(z,y) = C, rae dynkuua IV onpegelneTca M3

CHCTEMEI U U
E = B g-

Uurerpupys nepsoe ypabuenne, nmeem U = [ f(z,y) dy + ¥(z) (npn us-

TerpHpOBAHWNH ITepEMEHHAR T PACCMATPUBaeTeA Kak napamerp). [logera-

HOBK2 2TOrO BHIPLKEHHA BO BTOpOe ypaBHEHHE HO3BOAAET HAUTH YHK-

uno ¥ (a aatem dyuxkuuo /). B urore o6uuil uBTerpas ypaBHEHHA B

moAHbIX AuddepeHHATAX MOXHO IPEICTABHTE B BUJE

Y ) F
/ Flzo ) dt + f §(€,v)dE = C,
Qu To

rae rop 1 Yg — NPOHABOJABHEIE HUCTA.

» MHuTerpupoBanue AuddepeHIUAIsHEX YPABHEHUH TPU 00-
Mo pajgos. JacTHoe pewenne y = y(x) ypabHeHns MepBOTO NOPAJKA,
YAOBIETBOPAIOIEE 3aJaHHOMY HAYAIBHOMY YCIOBHIO y{(Z,) = Yy, MOXHO
NCKATH B BHAe pAga Tellopa Mo CTeNeHAM PasHOCTH T — Zy!

y(z) = 4o + ¥ (xo)(z — x) + z — )

y(zo)

2
(ecntm madanbHOE yCHOBHMe 2ajgaeTca NpH z, = 0, MoAyYHTCH pAZ 110
CTENEeHAM ).

Jaa naxox genud koaqpuunenToB 3TOr0 pAga 3sdanHoe JY audipe-
PEHLNPYIOT Mo T HYXHOE YACAO Pa3, MPUHMMaA BO BHUMaHHe HadaabHOE
ycnopue. Ha npakTuke £ 6€pyT A0CTATOYHO BAMIKAM K 24, 4TOGH 0CTa-
TOYHBEIM 9AEHOM MOXKHO GmJ0 NpeHebpeys (0 CPABHEHHIO ¢ YAC[ K AHHLI-
MH 4IeHAMH).
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Mpumep 6. HaiiTit meposte Tpu 4ieHa padNcKeHHR B DA JACTHOTO pelIEHHA
ypannesna y' = ¢¥ + cosx, yoBAETBOPAIOIIETG HAdAMLHOMY yoaosmo ¥(0) = 0.

Pemenne. Tak xax Hayantnuoe yciaosye 3agaHo npw £, = 0, Gyaem NoaAy4aTs pAL
o creneHsm x. M3 ypasaedHur umeem y'(D} = e fcos0= 2. Tudppepenunpys obe vacTn
ncxoguoro AV, nangem ¥ = e¥y' — sinz, oTKyAa ¢ y4eToM 3aJAHHOTD HAYAJILHOTO
YCAOBIH 1 Hall ferHoro snaternn y' (0) = 2 nonyuum " {0) = €?.2-3in 0= 2. [Ipogomxan
anatornso, nangem v =¥y +e¥ (' )2 —cosz, orkyaa v (0) =€ - 24+€°-22 —cos D == 5.

HogcTasnan nony4eHHle anavenis npoussofuurx B paa Maxnopena aar y(z),
NPHXOAHM K HCKOMOMY NPeJCTABISHNIO YACTHOrO PEIIEHHA B BUOE CTENEHHOr0 PAAA
y= 2x+x2+ %x3+

12.2. AuddeperunansHbie ypaBHeHUn
BLICLUNX MOPAZKOB

» Teopema cymiecTBOBAHHMS K €AUHCTBEHHOCTM maa JY n-ro
NOPAAKA, PAIPEUIEHHOTO OTHOCUTENBHO CTAPILEH NPOH3BOJHOM

vy =fle, w v, Y 0TY),
dopMyaupyeTca caedyiomuM obpaaoM. Ecaun ¢yHkuusa f HenpeprniBHa,
a ee 4aCTHBle NPOMIBOAHEIE WO apryMentaMm y, ¥, ', ..., y»~ U

OrpaHWYeHHl B HEKOTODOH 0GFACTH, COJEPKAIIEH 3HA4EHH T, ¥ = Yo,
- -1

Y=y ..,y V= wr ) 1O CYmeCTBYeT eqMHCTBEHHOE pemeHye y(z)

JAHHOTO YPaBHeHHA, YAOBIETBOPAIOLIEE HAYAIBLHEIM YCAOBHAM

9(30) = Yo, y’(zo) = y{]r y”(ID) = yg! Tt y(ﬂ_l)(‘rﬂ) = y(()ﬂ_l)-
3aa49a OTHICKAHHA TAKOTO PelleHNs HaskiBaeTcA sadaued Kowu gna 4Y
N-ro NOPAJKA.

Jaa ypasuenua ntoporo nopaska ¥y’ = f(z, y, ') ¢ HavanpREIME yoao-
BAME $(2,) = Yo, ¥ (o) = ¥ (Yo ¥ ¥, — 2a4aHHEIE YHCAE) TeOMETPHYE-
CKHMI CMBICH 3TOl TeopeMuI COCTONT B CAEAYIOWEM: depe3 TOUKY (24, ¥g)
IIOCKOCTH I, ¥ IPOXOAUT eAMHCTBEHHAS WHTETPAlbHAR KPHBad YPaBHe-
HHA ¢ 33 JAHHBIM YTAOBBIM KOX(PHUIMEHTOM KAcaTeAbHOMH yj.

» Obuwee pemuenne AudrbepeHUINATLHONO YPABHEHHA 1-T'0 TO-
PAAXA HMeeT BHL
y= ga(m', Cll Cz, . .,Cﬂ),

rge C,, C,, ..., C,, — NpOoU3BO/bHEIE TOCTOAHHMIE (4HCAO MPOH3BOABHEIX
MOCTOAHHEIX PABHO MOPAAKY ypaBHeHus). KOHKpeTHLIe 3HAYEHHA TTOCTO-
AHHEIX ONPEJEAAIOT HEKOTODOE 4GCMHOE peuieHie YPABHEHNS.

Hrorga obiee pelieHue 3afaeTca HEABHLIM 06pPa3oOM B BHAE COOTHO-
LleHus

(I)(.'B,y, Cl!C% v 'Jcﬂ) = 0:

HA3LIBAEMOrQ 06uuR unmezpason 4V n-ro nopagka. llpn coorbeTcTBY-
0leM BHGOpE 3HA4EHU NOCTOAHHBIX B3 OOUIEre peleHds MOXHO TOXY-
4HTE Moboe (0fHOBHAMHO onpeAetaeMOe HAYAILHEIMA YCAOBHAMY) JacT-
HOe pellleHHe JaHHOTO YPaBHEHHA,
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» Ilpocrenmmne puddepeHINAILHHE YpPABHEHHA, JOIYCKAIO-
IIpe NOHMXCHHUE NOPAAKA.

1. Ypasxenue suda

y™ = f(z)

PellaeTCA TOCIEAOBATEIBHEIM R-KPATHHM HHTEIPAPOBAHAEM IPABO 9a-
cr. TIpn KaXAoM MHTECPHPOBAHMM BOZHHKAEeT OofHa NPOM3BOJAbHAA NO-
CTOAHHAA, 4 B OKOHYATEALHOM PE3YIbTATE — 1 TPOUIBOABHHIX TIOCTOAH-
HEIX.

O6iuee pelleHne 3TOrO ypaBHeHHA MOXKHO 3aNINCATE B BHIE

x
n-1 (I _ t)n_l
y=C+Cux+---+C,2" " + (T—I)T-f(t)dt,
rn .
rie T, MOXeT GbITb BRIOPAHO POH3BOALHO.

MNpumep 1. Pewnre ypasuenne y"' = 6z + cosz. _
Pemenne. [locregopaTensnemm unTerpuposannem saxoanm: o = 3z2 +sinz 40y,
y=z%—cosz + €z + €y — obBuwiee peienne ncxognarao V.

2. Ypasuenue, ne codepacawee AgHO
Fz,y,y") = 0.

3ameHa ' = z(z) c¢ yverom ¢opmyan y’ = 2'(z) npusogur k AY
nepsoro mopajka: F(x,z,2') = 0. Haiiga oTcioga z{z) M uHTerpupya
3aTem paBeHCTBO Y = 2(x), MONYYAIOT UCKOMYIO (YHKIHIO ¥(T).

AHajoTu4Has daMeHa WCTIOABRYETCA RJA PellleHAd ypaBHeHHN Gojee
BEICOKOT'O TTOPAZKA, HE co,qgepm:am,nx ABHO .

Hpumep 2. Pewnts ypanﬂeﬂne oy’ —y =0,

Pemeﬂne 3amena ¥ = z(z) [y’ = 2') npusognT x ypanﬂemﬂo nepuoro
nopsaka: zz' — z = 0. Ero ofwmee pemenue gaercre bopmynoit z(z) = C,z. Torga
y(z)= f Cizdz+Cy = ?C‘lz +Cy, Te. y = O,z + C, — obilee pewenne HCXogHOTO
AY mroporo nopajka.

3. Ypasuenue, ne codepmcaujee aano T:

Fly,¢,y"}) =0.
Hogcrancska §' = p(y) (y WrpaeT poib He3aBUCHMOH NepeMeHHOH)
C y4eToM paBeHCTB §' = pl = p’yy; = p;p TIPHBOZUT K YPABHEHHIO
[EPBOTC [IOPAJKA: F(y,p,pp’y) = 0. Pemmus sT0 ypaBHeHMe, HakgeM

? = ¢(y, C,). BosBpautaachk x uCKOMOH GQYHKIME y, HONyYuM Aaa vee JY
€ padjesAolAMucA NepemenneMu: ' = @(y, C)). .

AHalorM4Hag 3aMeHa HCHOJNL3YETCA AAA DElleHHA YPABHeHHH 6odee
BRICOKOT'O MOPARKA, HE COAEPXAINX ABHO Z.

Tpumep 3. Pewnts ypasnenne v + 2u{y')® = 0.
Pewenue. 3amena y' =p(y) (v" =pp,,) npusoguT k ypanHEHHIO NepROre OpAKa:
pp} + 2yp° = 0. Orcioaa (y4uTHBan OTAENbHO pewenne p = 0 MaH ¥ = const) umeem

YPaBHERME C PAdJEIeHHRIMA TIEpEMEHNLIMY p “2dp =2y dy, o5HIge pelleHt e KOTOPOro
aaerca dopmynon p = (¥° + c)h Tor‘,na. ¥ = (¥? +C,)7 L. B urore noayunm o Gumii
HHTErpal HCXOAHOrO YDABHEHUR: Ty +Cly =+ 0,
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12.3. Jlunelnsie ypasHeHus n-ro nopsgka

p Juneilinoe Y n-zo nopadra uMeeT BUJ
0, (@)™ + ap g (@)D 4+t oy (2 + ag(@)y = fl=), (1)
rae a;{x) (:=0,1, 2, ..., n) u f(x) —2agannEle PyHKUIUN.

Ecau a, # 0 u Bce xoofipunmentrr ao;(x) u npasaa dacte f(z) —
HenpepbiBHble GYHKIUH, TO NPH MOBHX HAYAILHEIX YCAOBHAX pelleHHe
ypasHetns (1) cymecTByeT W efMHCTBEHHO.

Ecau f(x) = 0, auneiinoe ypabHenue (1) HasbiBaeTca odxopodubism, B
IPOTHBHOM cAy4ae — neoduopodnbis. Jas ypabrenna (1) yacTo ucnons-
3yeTcA kpaTkoe 0OO3HAYEHNAe:

L[y = f(z).

» “acrurie permenma. Kaxjoe sunefinoe oguopofHoe JY n-ro
OOPAAKA MMEET DOBHO 1 JHHEHMHO HE3ABHCUMEIX 4YaCTHHIX PelleHHH
¥ (z), w(e), ..., y,(2), T.e. Takux pemtenufl, 4To HH OJHO M3 HHX He
MOXeT OBITh BHIPAXEHO B BHJ€ ANHEHHON KOMOMHALUN OCTAAbHEX ((yH-
JaMeHTAALHAA CHCTEMA PellleHuil). 3aMeTHM, 4TO B CIy9ae OJHOPOJHOTO
yPaBHeHHS BTOPOTO NOPAJKA AHHEHHaA HE3aBUCHMMOCTBH YAaCTHHIX pelle-
HUI g, () M y,(2) paBHOCHIBHA YCAOBHIO ¥, /Yy, # const.

MpuMep 1. Jluueitnoe ogHopoguoe ypasHenne T2y + zy' — y = 0 umeer gpa
JACTHHX peweHns ¥, () =z u ¥5 (7} = 1/z, KOTOpPEIE AMHENHO HEAABUCHMEL, NOCKOXBKY
MX OTHOLIEHNE He ABAAETCA MOCTORHHOM.

» Teopema o cTpykType o6Iero peineHus JIMHEUHOrO OJHO-
pogHoro auddeperunanrsHoro ypapueaus, Ofiuee peiuenne JnHeH-
noro ofHopojuoro JY n-ro nopaaxa L [y] = 0 npeacrasaget coboii u-
HEWHYI0 KOMOMHAIMIO €r'0 1t AMHENHO HEIABMCHMBIX YaCTHBIX pelleHi:

Yo(2) = Citn(x) + Copp(2) + -+ Cy,(2),

rae C), C,, ..., C, — Npou3Bo/bHbe MOCTOSHHHEE.

Hpumep 2. Haitth obiiee pewenne JY 223" + oy —y = 0.

Pemenne. O6wee pemenne aToro nuﬂei’moro ORHOPOAHOTC YPABHEHHA SBJIACTCA
AMHeNHOM KOMEHHALMEH €00 MACTHRIX PellleHUI, NpHBeTeHHLX B8 npiMepe L. TlosTomy
yp = Ciz+ Cyfr.

p Teopema o cTPYKType o6mEro peleHns JAHEHHOT O HEOJHO-
poaHoro guddepeHINATLEHOr ¢ YpabHeHMR, (6itiee pellieHRe JAuHeH-
HOro HeogHopoaHoro 4Y n-ro mopagxka L [y] = f(z) pasuo cymme oﬁmero
PelIeHNA yy =, () cooTBeTCTBYWWET O OHOpOAHOT O ypaBHeHua L [y] =
H Kakoro-HHGYAb 9acTHOrO pelleHHd § = §(Z) gaHHOro HBO,E[HO]JOAHOFO
YpaBHeHHA:

y=% TV

Hpumep 3. Haittu o6wee pemenne JY o2y + 7y’ — y= 32,

Pewenne, OSwee peleHne cOOTRETCTEYIOWET0 AMHERHOrD OAHOPOJHOrG YPaB-
HEHMR mpuBeAeno B npuMepe 2. B KauecTe yacTHoro petitenus HeoJHOPOAHOro a¥
MOXHO BaATh byHKkauio F(x) = o2. TosTomy ofmes pemenne RRHHOrO NHHeHHOrO He-
OHOPOAHOT O YPABHEHUA HMEET BHA § = ¥y + ¥ = Cyz + Cp fz + 22
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12.4. Pewenne nMHENHbIX OQHOPOAHDBIX
YPaBHEHNM N-FO NOPHAKA C NOCTOAHHLIMM
ko3 duyuenTamu

» JlmuenHoe oAHopoAnoe JAY nr-ro mopiagka ¢ IMOCTOAHHLIMHA
xkoxbdunmeHTAMN HMeeT BHJ

0,5 +o,_ ¥4 tay gy =0, )

rae ag, 0, .. ., @, — HOCTOAHHEIE 4HCAa, a, % 0.
Jl#s pellleHNA COCTABIAIOT TPAKMEPUCTUNECKOE YPAEHENUE

a k" +a, k4 tak+a; =0

H HaXoJAT ero KopHH ky, k,, ..., k. IIpn dTom moryT npejcTaBuTHCA
ClefyIONIMe CIydaH.

» Bce KOpHM XapakTepHCTH4eCKOro YpaBHEeHHA AeMCTBHTEIb-
HEI ¥ pasaryHH. B 3Tom ciyvae oguopoguoe 4V (2) umeeT n anHeiino
HE3aBUCUMBIX YACTHBIX pelleHuit e¥17, ¢¥27 . e*»% Tax 4To ero obiee
pelileHUe UMeeT BHJ

yp = C,€57 + Coe®® + . + Ce"n".

Mpusmep 1. Pewnrs ypasrenne ¢ + 33" — 4y’ = 0,

Pemenne. XapakTepHcTHieckoe ypasHenue k° + 3k2 — 4k = 0 uMeeT KOpHH
ki =0,k =1, ky = —4. HoaTomy oBuiee pemenne ncxoguore JY gaetca gopmynon
Yo = Cl + Cze‘ + C'ae"".

» Hexoroprun AencTnnTeJleuu KOPEHE XapaKTepHCTHYe KO-
ro ypaBHEHHR k HMeeT KPaATHOCTE *. 3Tomy KODHIO OTBEYalOT 7
AMHEHHO HEIABMCHMMIX YACTHBIX pewlenMil Buga e, xef? . | p"—1lek?,
JuHeliHad KOMOUHALNA KOTOPHX (BMeCTe C OCTAABHBIMHE Tt — I YaCTHRIMH

pellleHnAMH) JacT ofilee pellienre OFHOPOIHOTO YPABHEHHA:
Y= (C,+Coz+ - +C.2" e + ... 4 C 5",

Mpumep 2. Pente ypasuenue ' + ¢ — ' —y =0,

Pewenne, 3gech xapaKTepHCTHYeCKOE ypaBHEeHMe Btk —k—1=0 um
{k+1}{k% =1} = 0 umeeT kopuu k; = k; = ~1 (ABYKpaTHLIL kopeun}, ky = §. [ToaTomy
abitee pewenne ucxoqsore 4V xaeTes dopmynoH y, = (C +Chz)e™ + Cye®.

» XapaxkTepHCTHYECKOE YPABHEHME HMMEET Napy KOMILIEKCHO
CONpXEeHHHX KopHeR a * Bi. Ilpn nocTpoenun obmero pemenus
3Tofl Mape OTBEYAKT ABAa YaCTHHIX, PEIIeHUA OJHOPOJHOIG YDaBHeHM
€%® cos Bz, €*® sin fz. OHN He MPONOPUMOHANLHH H, CIEJOBATENLHO, JH-
HEHHO HE3aBHCHMEL.
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IIpamep 3. PemnT: ypaenenne y*' - 6y + 13¢' = 0.
Pemenoe. XapakTepHoritueckoe ypapHenue k° — 6k2 + 13k = 0 mower Burrs
aamMcaHo b Bufle k(k? — 6k + 13) = 0 n umeeT xopuu k, = 0, ka3 = 3 £ 24 Obuee

pewenie Hcxoanors 4V gaerca dopmynoht yg = € + C,6%% cos 27 + Cye3* sin 2r.

» HexoTopasa napa KOMILIEKCHO CONMPIIXKeHHRX KopHe# a £ 81
HMEET KPATHOCTE 7. Takol mape oTBeqaoT 27 JHHEHHO HedaBUCHMEIX
JACTHBIX PEUIeHHH OAHOPGAHOTO YpaBHEeHHA:

e** cos Bz, ze®*cosBe, ..., ' 'e? cosfr,

e sin Bz, ze*Tsinfz, ..., ="l sin fz.
Ux nMuueiinas xoMOGHHALMA [B’MeCTe ¢ OCTAJIBHRIMH Nt — 27 YaCTHRIMH
pellleHUAMU RHHedHOro ofgHopogHoro /JY n-ro nopsgka) gaet obuiee
pelieHHe HCXOHOTO YPaBHEeHHA.

12.5. fluneitusie HeogHOpOAHBIE
yPaBHEHUS -0 NOpAAKa

p Teopema 0 CYDepHOIMIIMM IACTHEIX pelteHMH. [IycTh GyHKUHA
%,(z) ABIAETCA YaCTHBIM pelueHHeM AMHEHHOI O HeOJHODOAHOIO Anchde-
peHunaabHoro ypasHenna L [y] = f,(x), a dyHxuna g,(r) — 4acTHBIM
pemenneM ypaBHenua L [y] = f;(z). Torga JacTHEIM pelleHMeM Y ypab-
nenua suja L[y] = f () + f,(z) apaseTca cymma § = y, (2} + yy(x).

IMpamep 1. HaiTn o6ntee pemenne ypaevenus 3" + ¢y = o + 2¢7.

Pemenne. 3geck XapakTepHCTHYECKOE YPaBHEHHE k7 + 1 = () HMeET KOMILAEKCHEIR
xopnu Zt. [looTomy o6lee pelnenne ogHopodHoro ypasHenns y" + y = 0 nmeeT Bug
yy = € cosz + Cy sinz. Jlerko npoBepHThL, 4TO HeoAHOPOAHOE YDaBHEeHHE Wry==x
HMeeT YacTHOE PeLieHie §; =z, 3 ypabheHue ¥ +y = 2e% — dacTHoe peimenue T, = 7.
Orcioga clegyeT, 4T0 9acTHOE pelleHHe § UCXOAHOMO HEOAHOPOAHOTO YPABRHEHHS
paBHo cymme ¥ = 7 + e, Tak 4ro Hckomoe obllce peweHHe gaeTck dopMmynoi
y=Y+7=C coex + Cysinz +z + €.

» MeTog BapHManuM TOCTOAHHEIX, /1A HAXOXJEHHA YacTHOrO pe-
ienus AMHeRHOr0 HeogHOpogHOro [V cyliecTByeT o6mMil METO], HA3BI-
BacMHH METOAOM BAPUALIMH MOCTOAHHEIX. PaccMoTpUM ero na npumepe
anHeliHOT O HeoHOpoAHOro 4V BTOpPOTO NOpAIKa:

¥ + ey (2)y + ap(z)y = f(2).

IIycTe u3BecTHO ofMmee pellleHie COOTBETCTBYIOMIET G OAHOPOJHOTO YpaB-
HeHUA:

% = Ciy(z) + Coya(z),
rae y,(z) u y;(z) — MHHelHO HeaaBHCHMEIE pellleHUA ogHopofgHoro Y,
C, ¥ ) — npoM2BONBLHbIE TOCTOAHHHE. YacTHOe pellienye § HEOZHODOA-

noro AY mmyt B Buge § = C|(2)y, (z) + Cy(z)yy(2), T.e. mpouaBoNBLHBIE
HOCTOAHHEIE 3AMEHAIOTCA HEH3IBECTHHIMU hYHKUHAMA 2. DTH PYHKUAH
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HaXOJAT H3 CHCTEMBI JHHEHHEIX an1reGpau9ecKuX YpaBHeHUH 14 onpefe-
JieHHA nponsBoHex C] u Cf:

Ci(z)y (2) + Cy{x)y(2) = 0,

Cl(z)y () + Colx)gh(x) = flx). (3)

Iprmep 2. HaliTh o6niee pewenne ypaeHenus ¥ — 2y +y = &% fx.

Pemenne. 3geck 06UMM peleHHEM OJHOPOIHOTO ¥ PabHEHNR ABNAETCA DYHKLHA
¥ = Ce* + Cpze®. ToaTomy YacTHOE PellleHHe HEOAHODOJHOrO YPABHEHHA WIIEM B
Buge § = C (z)e? + Cy{z)ze®. Jnn nenasecruux qyurumuii C) (z) n Cy{x) cocTapniaem
cHeremy {3):

{ Ci{z)e® + Cy(z)ze® =0,
Ci{z)e® + Ch(z)(1 + z)e® = e /.

Pewme ary cucvemy, maitfem Cf(x) = —1, C3{z} = 1/z. Orcioda, uHTerpHpys,
nogysum Cy{r) = —z, Cp{r} = In|z|. Takum obpadom, HCKOMOE “ACTHOE PeLUeHNE
nHeoguopoarore A4Y maerca dopmynoht ¥ = —we* + In|x|we®, a ero obulee petiterie
HMeeT BUJ

Y=y + 7= Ce® + Cyze® — ze® +in|z|ze”.

p Homck YacTHEX pellleHME HEOAHOPOAHKX YpaBHEeHHMH CIeLu-
anBHOrO BuAa,. 14 AMHEHHEIX HeoAHOpoAHEIX ypaBHenni L [y] = f(z) ¢
NOCTOAHHMMY KoDQUIHEHTAME TOMCK YaCTHOTO PENIeHHA CYUIECTBEHHO
ofJer1aeTcd, eCM NpaBad YacTh f{2) UMeeT Tak HAIHIBAEMBIH CNEYUaab-
woith sud. IIpn 3ToM MoL60P YaCTHOrG PELIeHHA MPOHABOAHTCA METOJOM
HeonpefeeHHbIX Ko3dUIHEHTOB, KOTOPHA GCHOBAH Ha 3HAHHU GOPMEL
BTOrC pellieHus, 3aBucAmEel oT ocofieHHOCTER He TONLKC NpaBoil, HO H
N€BOH HacTH ypaBHeHHA. PajiiM4Hble OpPMEI YAaCTHOT'O PELICHUA B 3aBH-
CHMOCTH OT BUJA NpaBolt 4acTH HeogHopoguoro JY u ot xopHe# xapax-
TePHCTHYECKOr 0 YPaBHEHHA NpHBeeHE B Tabn. 2.

OtmeTnM, 9To P, u (J, — NOMHBHIE MHOCOMNeHHl CTeNeHu v (T.e.
B UX 3allHCH OPHCYTCTBYIOT BCe CTeNeHH 2 OT HylepoH fo v-ii). B
TPEeTbEM H YeTBEPTOM CAYYafdX B 3AMMCH YaCTHOI'O pEIICHUA BCerja
NPUCYTCTBYIOT B MHOTO4JIEHA P, M (J, OZMHAKOBOM CTENeHU b, PaBHOH
HauGoNbIed U3 cTemeHeH m W n (B facTHocTH, ecad P, (r) = 0 nan
Q,.(2) =0, peieHne Bce PaBHO CJlegyeT HCKATh B NOAHOM BUZE, YKaIaHHOM
B Tabauue). KoadduuneHTH MHOrO41€HOB }3” u QV HaXoJAT Memodom
neonpedesennnr xoadduyuenmos.

IMpumep 3. HaiiTu o6itlee pewene ypapuenna y'"' — 4y’ + 5y = {z — 5) cosz.

Pemenne. XapakTepHCTH¥ECKOE YPABHEHHE k2 — 4k + 5 = 0 umeer Kop-
un 2 % i, noaToMy ofmee peweHHe OJHOPOAHOIG YPaBHEHMA AIETCH OPMYION
¥y = €2¥{Cy cosx + C,sinzr). Kak cregyer ua TalAHUL, YACTHOE pellleHHe HeoAHO-
POAHOTO YPABHEHUR cRedyeT HCKATL B Biufle § = {Ax+ B) cosz+ (Mz + N} sinz. Toa-
CcTABAAA 3TO BhIpaxeHue B ucxofguoe JYV u npupapuuban Kod3(pHUMEHTH NPH COS T,
TCos T, 8in T, TSinT, NONy4HM IHHEHHYIO CHCTeMY aareSpaniyecknX YPAaBHEHHH, OT -

Ja Halt fem clegyoliue 3HAMEHIA HEOTIP e ASACHHEIX koddHUMeHToR: 4 = %, B=- &

M=- %, N= %. B utore umeem ofimee pemeHHe HCXOIHOIO YPaBHeHUA

Y=Y+ §= eQI(CI cosz + Cysinz) + (%x— -1?8—) cosr + (% - %z]sinz‘
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TABJAWLA 2
Bua 9acTHbIX pettleHUA HEO IHOPO JHOCO YPABHEHUA ¢ NOCTOAHHLIMH Ko >dbdHtenTammU
y(" +a,_1¥ n-1) L.+ aly’ + a4y = f{z) OAA UPABOH YACTH CHEIHMANBHOTO BUJA
Bua npasoit Kopun xapakTepncTuveckoro ypapHeHns |  Bug wacTroro
vacTH f(x) AMda, ATl tahtaeg=0 peleHns ¥ = F(x)
YUncno 0 He ABAAETCA KOPHEM XapaKTe- P
PHCTHYECKOrO ypaBHeHus (T.e. oy # 0) m{z)
m{z)
Yucno 0 ABAAETCH KODHEM XapaKTe- P
PRCTUYECKOrO YPaBHEHNA (KDATHOCTH 1) = Prlz}
Yucno a He ABARETCA KOPHEM il gz
P, (z}e™" XAapaKTEPHCTHYECKOr D YPABHEHHA m{#)
(@ — peftcrhu-
TeNhHOS ‘IHCJIO} Yncao ¢ ARARETCR KaopHem XapakTe- P )e
PHCTHYECKOrO YPABHEHHA (KpaTHOCTR 1} T (=
Yucao iff He ABAseTCA KOpHEM P, (z) cosfz+
XAPAKTePHCTHHECKOT'O Y PABHEHUA
P,,(z) cos B+ p P Yp + @, (z)sin Sz
z)sinJz . .
+@p(z)sing Uncro i3 apaseTca KopHeM XapakTe- J:"[I_)'v(x) cos B+
PUCTHYECKOrO YPaBHEHHE (KpaTHOCTR 1) + @, (z) sin gz]
Yncao o + 10 He ABAAETCA KOPHEM [F,(z) cosfz+
XapaKTePHCTHYECKOTO YPABHEHUA ) i ax
[P,{x}cosfz+ xap P yp + @, (z)sin3z]e
M oax
+Qn{z)sin fale Uncno a + (f ABAFETCA KOPHEM XapakTe- "[_ ) cos Br+
PHCTHYECKOI'O YPABHEHUS {KpaTuocTn r] + Qu{z} sin ﬁx]e”
Ofoanauenus: P, U Q, — MHOTOMAEHE cTeTieHel m M 7 ¢ 3 JAHHEIMH KOMpdHUN-
ewtamu; P, u P, §, — MHOPOWIEHA CTele el 11 H v, Kod3DHLNEHTE KOTOPHX
ANPegeNAIOTC B PEIYALTATE [MOJACTAHOBKH TaHHODC BHAA YACTHOrO DEHIEHMR B
HCXOLHOE YPaBHEHUe; ¥ = max(m, n); 2= =1,

12.6. Cucremel 06bIkHOBEHHBIX
AnchpepeHmanbHbIX ypasHeHUI

» Hexoropme onpegeneunua. Muorue cucremul guddepeHunaibHBIX
YPaBHEHHI MOTY T GBITE 3alIMCAHEI B TaK HA3LIBAEMOH Hop#aabHoti fopue:

y;_ = fl(a:)yl)yzv"!yn))

.f (-73 yl:yQI'”

Pewenuen cucmemnt Y HasbIBaeTCH COBOKYHNHOCTE n (pyHKIMH
¥, Yg, - - -+ Y5, KOTOPEIE DU NMOJCTAHOBKE B KaXJO€ U3 YpaBHEHHH Iipe-
BpamaioT ero B Toxectso. OjaHo JY n-ro nopajka Beer fa MOXKHO daMe-
HATHL HOPMaJbHOHR cucTeMod (4), BBOAA BCIOMOraTelIbHLIE HEMIBECTHHIE
dbyuxuun. JacTo BepHO U 06paTHOE: HAXOXKACHHE DelleHAA CHCTEMBI (4)
MOXHO CBECTH K PellleHHo ojgHoro Y n-ro mopagka.

(4)
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[Ipumep 1. Pewnts cucremy 4V :
v =wn -+
yh = -4y, -2y + 4z + 1.

2

Pemenne, Bupasis 43 nepeoro ypassenua y, = —y; + ¥y + %:.: H NOACTABHB

€ro BO BTOPOE YPaBHeHHMe, Modydum Auuennoe JY Broporo nopagka gus y;{z):
vl + ¢h — 6y, = 37 — z — 1. Ofluee pewenne 3TOro YpapHeHUA UMeeT BRI ¥ (T) =
=0, e 4 c, e=3% _ %3:2. Bropas HemaBecTHad by KLU HAXOANTCH B3 IOAY4EHHOTO
BRIlIIE BRIPAXKEHHA AMA ¥a! Yp(2) = —C el 4 46'25‘”3’ + 22 + 2.

» Obmee penieHue HOpMANBHOH cUCTEeME (4) HMeeT BHJ

yl = @1(3,01,02, .. '!Cn)r

Un = ‘Pn(wrcirczs ces Cn)!

rae Cy, C,, ..., C, — IPOU3BOJbHBIE NIOCTOAHHBIE. 33jaBas IHATCHHA
HCKOMBIX (YHKIMA IPU HEKOTOPOM JHAYEHHH T, MOXHO NOCTABHTH /A
cHCTeMEl 4V 33484y 0 HAXOKAEHHM NaCMKO20 PEWENUA, YAOBICTBOPAK-
LIETO 3aJaHHEIM HavaAbHhIM yCioBHAM (3adawy Kowu). Kak u B ciy4ae
ofHoro AY, ana cucremul (4) UMeeT MeCcTO TeopeMma, TapaHTHpPYIOLLAs
CYUIECTBOBAHHE H €JHHCTBEHHOCTDE YACTHOTO PEIEHHA MPH HEMpPePBhIBHO-
CTH MPABhIX YaCTel BMECTE ¢ UX YACTHLIMH ODPOH3IBOIHEIMHE.

B npunoxeHnAx Hanbolee 4acTo BCTPedaTo HOPMadbHEle Cucmesst
aunednuy 4Y. 1A KpaTKOCTH OTPaHAYMHMCA CHCTEMOH ABYX JHHEHHBIX
YPABHEHHH C IIOCTOAHHEIMHE KO(hDHMIMEHTaMM:

¥ = ayy + by, + f1(z),
¥ = ey + dy; + fo().
Takue cHcTeMEl OGRIMHO pelIalIT, He CBOAA HX K ognomy AY. Ecin
fi(z) = f(x) = 0, To cucrema HaswBaeTcs odnopodwoti. Obinee peue-
HHe HeOAHOPOJHOI cHcTeMsl (5) cknagpiBaeTcAa U3 OOLIErO PEWEHUA CO-
OTBETCTBYIOIIEH OJHOPOAHOR CHCTEME! H KAKOrO-HAGY AL YaCcTHOTO pellle-
HHA HeOZHOPO,IHOIl CHCTEMEI (KakK H B clydae oJHOTO MuHelinoro V).
[ag nocrpoedna ofliero pelieHHs OJHOPOJAHON CHCTeMbl CHaYalIa
HAaXOJAT ee YaCTHOE pellleHHe, HMEIOIIee B

— kz _
% (z) = o™, Ya(z) = e
rjge k — co6CcTBeHHOE JHAMEHME MATPHUB CHCTEMEI, T.€. KOPeHE Xapak-
TEPHCTHYECKOT'0 YPABHEHMA

a—=Fk b
c d—k

a KOODAHHATH COGCTBEHHOrO BeKTOpa {a), @y} HAXOJAT M3 CHCTEMEHl
AUHEWHBIX OAHOPOJAHEIX alreSpanvdecKux ypaBHEeHUH
{a — ko, + ba, =0,
ca, + {d — k)a, =0.

(5)

kr
1

={a—k)(d-k)—bc=0, (6)

(M
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IMocne aToro cTpoaT oflilce pelleHHe OJHOPOJHOH CHCTEMEI. BoaMOMHE
cAeAYIOHe CAYHAH.

» 1. XapakTepucTHieckoe ypapHenue (6) uMeer apa gelicTBa-
TeNLHLEIX PasxuaHex KopHA k1 ¥ k. DTUM KODHAM OTBEYAIOT B3
cOBCTBEHHBIX BEKTOPA C KOOPAMHATAaMH {a,, ag,} # {4, ay,} (xoop-
JHHATHI OTPEACTAIOTCA ¢ TOYHOCTDIO JO YHUCIOBLIX MEOXMTEReH ). O6miee
pellleHe UCXOAHOM ofHOpoaHOH cucTeMu AV olipegenderca nwHelHOm
KoMOHHALHKeH YacTHHIX pelueHuH

k k . k k
v = 010y, + Chay0e™®,  yy'= Ciag e7'" + Chage™ ™,

rae Cy u C, — NpOU3BOABLHEIE MOCTOAHHEIE.
¥ = +Hdy — 4,

vp=y +wp -1

Pemwenne. Xapak TePHCTH4ECKOE YPaBHEHHE

IIpumep 2. Peurmth cucremy JY: {

|1—k 4

i N T g
) l_kl"k 2% -3=0

umeeT KopHU k; = 3, kg = —1. CucTema ypapHeHuil (7) 418 HAXOKAEHHA KOOPAHHAT
¢0GCTBEHHKIX BEKTOPOE IAMHCLIBALTCA B BHIE

(L-ka, +de,; =0,
loayp+{1— ke, = 0.

2oy +4a, =10,

n ukﬁS:
P { oy — 20 = 0.

Orciofa oy = 2a,. Baas, Hanpumep, o, = 1, noayyum o; = 2. Taxum obpasom,
TepBLIM YACTHHIM PELICHHEM OJHOPOJHoM cucTemut JV apnseTca (c TodHOCTLIO Jo
HOCTORAHHOTO MHOXHTENR) ¥ = 2637 iy = 3T,

Mpu & = —1 aHAMOTH4HEIM O6pPa3cM HaXogWM BTOPOE YACTHOE peWeHne:
= —2e7F, y, = ¢~¥. Jluneiinan KOMOWHAUHA GBYX MAHIEHHHX JACTHHX pEMLCHHH
AaeT obuee peleHne o HOPO AHON CHETEMBL

= 26‘153‘ - 20,e77, ¥ = Cleaz + Che™ %,

B sToM npnmepe nerko yCMaTPHBaeTCA 4ACTHOE PEIIEHHE NMOXHOU (Heo AHOPOIHOM)
cucTemer: §; =0, §, = 1. [Toaromy ofwee pewenne HCXOZHOH HEO ZHOPO THON CHCTEMEL
AY umeer eng

v = 20, - 20,67 %, ¥y = C1&% + Cre™  + 1.

» 2. XapaxkTepHcTHYeckoe ypaBHeHwe (6). umeeT mapy KoOM-
ILIEKCHO CONpAXKeHHHX KopHen B3 T i+, B aTom caywae cieqyeT Haii-
TH KOMILIEKCHOE YACTHOE pellleHHe 0 JHOPOJHOM ciicTembl Y (ananoruy-
HO TOMY, KaK 3T0 JeJal0Ck Bbille TPU OTHICKAHMH JaCcTHOIO PelleHud, OT-
BeYalollero JeHCTBUTENLHOMY KopHiW). OTaenas 3aTeM JelCTBHTENLHYIO
¥ MHUMYIO JaCTH KOMIUIEKCHOTO PEIIeHHS, OAY IHM JBA JeHCTBUTENLHBIX
JMHEHHO HE3aBUCHMBIX YAaCTHEIX DelIeHHA, fHHeHHad KOMOHHALHA KOTO-
PHIX jacT ofitjee pewenne ogHopoHol cucTemsl Y.

¥ = -,

I[Ipnmep 3. Peunurs cucremy 4V ,
Yo 2y, + 2y,
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Pemenne, XapakTepHCTHYLCKOE YpaBHeHHe

-k -1
2 2-k

|=k2—2k+2=0

umeeT xopHu ky 5 = 1 £ {. Cucrema (7) 418 HAXOXKACHHA KOODAUHAT {KOMILIEKCHOTO)
coBcTBenHoro pekTopa {4, &,) MMmeeT BHY

— kb, — 8, =0,
28, + {2k}, =0.

Ha sroh cHeTemu npit & = 1 + § HaxOAWM OAHO H3 HEHYNCBHX peweHui: §; = 1,
8, = =1 — i, CooTBETCTBYOIEE KOMINIEKCHOE PEIICHHE CHCTEMA! JaeTCA GopMYIaMH
¥, =1 elltiz wm=(-1 —i)e“""}’. OTaenAR 3gech AEHCTBHTEALHBIE H MHUMEIE YACTH
.M COCTABIAR NX NUHEHHYK KOMOMHAUHIO, TONY4iM 06iliee peleHie CHOTEME:
¥y (2) = C,€* cosx + Cpe” sinz,

yao(z) = C1e%{sinz - cosz} — Cye® (sinz + cosx).

» 3. XapakTepucTHieckoe ypaBHeHHMe (6) MMeeT ofMH JeH-
CTBUTRILHREIHM JBYKPATHHIt KopeHs ki = k2 = k. Tonnent ananus
ITOrO Clyyas NpOBOJAUTCA MeTOAAMH JHHeHHON anrebpel. Ha npaxruke
pellleHHe CHCTEMBI YEOGHO HCKATh METOA0M HEONPEAEIeHHBIX KoddduIu-
€HTOB B BHJe

¥, = (a + fz)e*", Y= (y+ 61:)3“._ (8)

¥
W = — Tug
Npumep 4. Pewnts cucremy JY: : ! 2
¥q = ¥q-
Pemenue. XapakTepHoTHYIeCKoe YPaBHEHNE

1-k -7

0 i _kl=0-m2=0

MMeeT ABYKDaTHul KOpeHb k) = ky = 1. Pewenmne cucremul Huem B sufe (8) npn
k = 1. [loacTabnadd >TH BHPaXeHNA B MCXOAHYIO CHCTEMY M COKPAINaA Ha 7 , MOy HM
B8 = -7(y+dz), § = 0. OTcioga BUAHO, UTO & H *¥ MOKHO CHYHTATH HPOUIBONBHAIMA
TncraMH (KOTOPLIE 0 60AHATHM COOTBETeTRHHO Henes Oy mCh}u uro =0, §=-7C,.
Takum ofipasom, obuiee pewenue UcxogHol ogHOpOINON cueTemur Y sanuuercs B
BHJIE :

1 = (€ — TCyz)e”, ¥ = Che®.

13. MNMpubnuxeHHbie BbIYKUCACHUA

13.1. MeTop HanMenblIMX KBARPaTOB

Memod naumenvurur x8adpamo6 CIAYKHT MJIA NPUETHKEHHOT O OMpe-
ZeneHus dYHKIUH, 3aJaHHOH TabAHYHO MO Pe3yAbTAaTaMm maMepenni. O6-
ol BHJ HCKOMOH (DYHKUHOHATLHOM 2aBHCHMOCTH 3aJal0T alpHOPHO C
NOMOUIBIO Habopa MapaMeTPoB (HeoNpeefeHHBIX K03 PUNNeHTOB) HCXO-
JA U3 Pa3THYHBIX coobpaxeHuil. Haubolee 9acTo HCIONBIYIOT AMHEHEYIO,
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CTENEHHYI0 U DKCMOHEHUUAIBHYIC daBucHMocTH. Heonmpefenennrle Koad-
PHLHEHTEl ONPeIeAIOTCA NYTEeM MHHUMHIAUMH CYMMEl KBaJADATOB pa3-
HOCTEH MeX [y PeayNbTATaMH H3IMEePEHNH M HCKOMOH 3ABHCHMOCTBIO NPH
Tex ¥e 3HAYeHUAN apryMeHTa.

Hanee OyjeM cHUTATH, YTO ¥y, Ty, ..., T, — TAOJIHYHLIE 3HAYEHUA
apryMenTa, a ¥, Y, .- -, Y, — COOTBETCTBYIOIIME 3HaYeHUA GYHKIIUM,

p Junennas bysxoua. IIycTh B KadvecTBe HCKOMOIN 3aBHCHMOCTH
BLIOpaHa AMHeNHada GYHKUIMA ¥ = ar+bd. Jna BEIMUCIEHHA HeONpPeAeeHHEIX
k03 PUIMEHTOB a 0 b Heo6Xo MO MHHHMU3HPOBATE CYMMY

T
S= (y —az; ~b)2
i=1

Hcnoasays HeoGxoguMele ycioBiA MuHEMYMa yukuun S = S(a, b) (T.e.
NPUPABHUBAA HYAI0 JacTHbHlE NPOM3BOJHBIE S Mo MapameTpam a H b),
NONYIUM CUCTEMY ABYX JUHeHHBIX YpaBHeHMH Juf a H &

n n n
aZx?+bei = iny,-,
i=1 i=1

i=l

T n -
aE z;+bn= E Y
i=1 i=1
JHadeHNA £, Ty, ..., T, U Y, Yy, - -, ¥, 3TeCh CUHTAIOTCA 33 AHHEIMH.

» Kpagparuuanas dynxkuus. Ecau B kauecTBe HCKOMOH 3aBHCHMOCTH
B3ATh KBapaTHYHYIO DYHKIMIO ¥ = az? + bz + ¢, To Z1st onpejereHuA
ko3 PUUMEHTOB a, b U ¢ MPUXOAUM K CHCTEMe TpeX JHHEHHKIX ypaBHeHuMi

4 ) T T T
ad et +bd af+c) 2l =) oy,
i=1 i=1 i=1 i=1 v
n n T T
< ame+be?+chi 'Za‘:,-y,-,
n n no =t
asz + be,- +cn =Ey,
i=1 i=1

i=1 i=1 i=1
voi=1

» O6umn caryganm. PaccMoTpuM ofmmil cayvall yHKUNOHAILHOM da-
BHCHMOCTH
¥y= f(xialsaza---sam):
rie a,, dq, ..., 4, — DapaMeTPH, KOTODHE MOAIEKAT ONpPEJeeHHIO
METO0M HaMMeHBIINX KBapaToB.
CocTaBUM CYMMY

§= Z[yi - fz;,0p,8,, .. -=“m)]2-

i=1
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HeobxogimMele ycIoBHA MEUHMMYMA 3TOrO BRIpaXeHMd NPUBOJAT K Clegy-
I0Iel CHCTeMe m aNrefpandeckdx (MAH TPAHCIEHAEHTHHIX} ypaBHEHUH
AR HAXOXKJeHHSI HeONpeleeHHBX NapaMeTPOB:

a5 _

Ba;

xoTopaa B ofllieM cnytae OygeT HeJIHHEHHOH.

0, i=12 ..., m

13.2. MNMpubauxennoe pewenne
anrebpauveckux ypasHeHun

» IlpeapapnrenrHue aamedannd. [Jna GoabmMHCTBA adaredpaude-
CKMX (TpaHClleHeHTHbIX) YpaBHeHMil Bija

flz) =0,

rae f(z) — HenpepuisHo AU(pgepeHUNpyeMas (YHKUHA, He CYIECTBYeT
TOYHBIX AHAAMTHYECKUX (DOPMYJE, MO3BOMAIMIHX HANTH ero KOPHH.

[Ipu6anmxentoe pellleHNe JaHHOTO YPaBHeHMA HA NMEepBOM dTane Co-
CTONT B-OTAENeHNH KOPHell, T.e. OnpejeAcHHH TPOMEXYTKOB (10 BO3MOX-
HOCTH 60Jee Y3KHUX), BHYTPH KOTOPHIX HaXOAHUTCA TOMBKO OJAMH KODEHb.
Taxoit IpoMexyToK [a, b] 06BIYHO OTHICKUBAIOT rpadudeckl, 1ucka a i b
yRoBreTBopsaoT yeiosuio f{a) f(b) < 0.

Ha Bropom 3Talle BBLIMHCAAIOT TWOCIELOBATENbHbE NPHOMKEHNA
z,€[a,b] (n=1,2,...) nckoMoro KopHs ¢: ¢ = nlingo T,,, Ald 4ero Yaue
BCETO NPUMEHIOT CIAYIOMHE METOADL.

» MeTog kacaTeasnux (MeTog Hreiorona). ITycth Ha opomexyt-
xe [a,b] cymecTByioT 1 HenpeprisHel nponaronsie f'(x), f(z) u Bamosa-
HAOTCA HepaBeHcTBa f'(z) # 0, f7(r) # U npu Beex z € [a, b].
Ecmu f(a)f"(a) > 0, To B kavecTBe nepBoro npubinxeHus Gepem
ry =a;ecan f(b)f'(b) >0, T0 2, = b. '
Hocregyiomue OpuSIMKEHUA BHYUCIAIOTCH O GOPMYIaM

_ f(xn—l)
n-1
filzacy)
[IpakTH4ecKH MNOTPEWIHOCTL NPUSTHMKEHNA &, OLUECHMBAETCA IO
dopMmyae

n=2 3 ..

T, =T

|C - ..":nl <05 ixnvl - rn—?l:
rjae ¢ — TOYHOE JHaA'ICHHE KODHA.

» Merog xopa. ObosHadum a = z[, b = z]. Mpubnmxenne z}
BEIMHMCAASTCA N0 POpMyie

2t =af-- 2F —27).
1 1 1 1
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BumecTo orpeaka [r7,zf] paccmaTpupaeTca oTpesok [e7,z}], ecanm
flz7)f(2}) < 0, wnm orpesck [z}, 7], ecan f(z])f(z}) < 0. B mobom
crTyqae o6O3HAYUM JeBblil KOHel] HOBONG OTpe3Ka 4epe3 T, a NPAaBBIH

KOHEL — 4Yepes 2:3', M BRIMHCIHM cledyloiltee NpHOGIUXKeHHe o dopMyne
+
« _ 4+ f($2 ) + -
gy =23 — (23 — z3).

f(23) ~ f(27)
Paccyxgas gance aRalcrMYHO TOMY, KakK 3TO felaloch paHblle, Bygem
PACCMATPHBATL OTPE3IOK [T3,Z3] M BEIMHCIM cleAyiomee NpHGIMKe-
HHe I d T.J.

ByaeM c4HTaTh, YTO NOCJE 1t HTEPANNH BEIYHCICHE] NPHOSHKEHAR T,
e}, z;,. Toraa paccMoTpuM oTpeaok [z, 2], ecan f(z; ) f(z) < 0, nan
orpesok [z7,2}], ecnn fz})f(z;)} < 0. O6o3Ha4uM AeBbli KoHEll HOBOTG
OTpeIKa Tepea &y, 4y, & IPABbIH KOHEl — 4epea x:H BeraucauM (n+1)-e
npubanxkenne no GpopMyJe
f(x:+1)

o =at - —— (e}, , -2, ).
n+ n+l f(:r:{-l) _ (In+1) i+l n+l

IorpelsocTh 3TORC MpUGAMXEHMA MOXKHO OUEHMTR € HOMOUBIO Hepa-
BEHCTBA

le— 25411 <05 |1':+1 -z pls
Tje ¢ — TCYHOE 3HaUeHHe KOPHA.

13.3. Bbiuncnenme onpegeneHHoOr o MHTeErpana

Jna npubiuxenHOTo BEIMHCIEHMA HHTETpala / f(z) dz pasgeaum

a
b—
oTpeaok [a,b] HA n paBHBIX YacTe#n gaunont h = na. (O6oanaunm
To =@, 2, ..., &, = b—Toukn gesenmd, y; = f(z;),1=0, 1, ..., n.
p POPMYIEE NPAMOYTOABHHKOB!
]f h(y+wm+ -+ Y1)

[ serde bt ws )

llorpemnocTs 3THX ¢$opMmya R, mponopuucHailbHa A B OlEHMBASTCA C
HNOMOIIIBIO Hep’dBeHCTBa

IRal S gh(b—a)My, My = max|f(z)).

»  DopmMmyra Tpanenmit

b
+ ¥n
/ f(*"ﬂ’)dﬂ?’~“h(¥+y1+3}2+‘“+yﬂ-1)‘
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HorpelHocTs 3ToH GopMyabnl NPONOPUMOHATLHEA A% H ONEHMBAETCA C
MOMOIIBYY HEPABEHCTRA

Bl < 5htb— )My, My = max|/(a)]

» dopmyna CummncoHa:

ff(z o Shlyy+ o + 4yt Y ) F v s+ Y o)),

rge n — 4eTHoe dHcao. [lorpemnocts dopmyan CuMIcoHa npomopiHo-
HalbHa A? M OLEHMBAETCA ¢ IOMOLIBIO HEPABEHCTBA

1 h4 | {4) J

~a)M, M, = max T}
IRl < shpht(b- )M, M, = max |19(z)

dopMyna CHMNCOHZ NPHBOAMT K TOYHLIM Pe3YALTATAM [AA CAYHad,
KOrJa MOBLIHTEr palbHad GYHKUHA ABAAETCA MHOTOWIEHOM BTOpOil MM
TpeThel CTENEHU.

13.4. “YYucnenHoe unTerpuposanue
awddepenunanbibix ypasHeHun

PaccMoTpuM ofbiKHOBEHHOE AHdepeHIMAIbHOe YPABHEHHE [IePBOT G
nopagka ¥ = f(z,y) ¢ HaYaNbHBIM YCIOBHEM Y = Y, Ipk & = z,. TpebyeTca
HAHTH NPUGTIKEHHO ero pelleHne ¥ = ¥(Z) Ha oTpeske (T4, T ]

-2

Pasgeaum oTpeaok (2o, 2.] Ba 1 paBHBIX YacTell fauHo# h = L.
Byaem uckaTs MpubGAMKEHHBIE 3HAYEHHS Yy, Yo, - - -, Y, OYHKUHH y( ) B
TOYKAX AeJeHuA Z,, Z,, ..., &, = Z,.

» MeToa somannix Duaepa. Ilpu aajganHoM anadeHun Y, = y(z;)
oCTaNbHbIE 3Ha4eHHA Y; & Y(T;) MocaefoBaTensHo BHMUCAAOTCR no op-
Myde

y£+1 =1 + h’f(xil yi):
raei=0,1,...,n—1
» MeToa Pyure — KyTThH ofecneqiBaeT Gonee BRICOKYH TOYHOCTD

o cpaBHeHHIO ¢ MeTodoM Jiiepa. HekoMble anadennn y; mocieqoBaTelsb-
HO BBIYHUCIAIOTCA [0 PopMyaTaM

Yipp =¥ T %h(.ﬁ +2f, +2f5 + fu),

rAae HCNOJAb3 CBAHBL Kpa'rmile oboaHaYueHUMA

fi = fl=s ) fo=flz; + $h i+ $RA).
f3=f(xi+%hr y,-+%hf2], fo = Flz+ hy oy + RS3).



14.1. TIPABUAA N SOPMYAL KOMBUHATOPUKM 123

14. Teopus BEpOﬂTHOCTEﬁ.

14.1. MNpaeuna n popmynsl kKoMBUHaTOPUKK

Tpu peienuu 3a3a4 TeOpHM BEPOHTHOCTBH HCMOAL3YIOTCA NPaBUIa
dopMyasl KOMOUHATOPHKH.

p [Ipasmno cymmut. Ilycre gaHa HEKOTOpad COBOKYNHOCTEL 0OLEKTOB
(npouaponsHoll nmpupoasl). Ecan HexoTopelil 00BEKT o MokeT GHITEH
BHIBPAH H3 DTOH COBOKYIHOCTH M CItocobaMi, a Apyron o6bekT J MoxerT
6uITh BLIGpaH & cnocobamu, Te BuIGop aubo obvexma o, aubo obvexma 8
MOXHO OCYLIECTBHTE M + k cocofaMu.

» IlpaBmro npouzsegema. Ecan o06bekT & MoXeT GuITh BrIGpaH
m cnocobaMi W nocae KaXxgoro Takoro Bb160pa oOBeKT ‘6 MOXKHO BbI-
6pats k cnocobamu, TO BHGOp ynropsdouennoti napul obvexmos (a, B)
MOKHO OCYIHIeCTBUTE mk crnocobamu,

Npumep 1. Ckoabko MUMEETCR ABYIHAMHEIX YHCEN, COCTABNEHHEIX M3 PAIMEIX
uncbp?

Pemenue, leproit ungppoit 4ucaa Moxer GHITh OgHAa M3 udép 1,2,...,.9, a

BTOpPOH —— OfHA U3 OCTABUIMXCA NOCAe BEGOpa NepBoil uugpH, a Takxe 0 (oAHa ua
ZeBATH Undp). Hekomoe koauvecTso, cornacko npasuny npoudsegedid, pasHo 9-9=81.

» Pasmemenmamu uz n (pasAM4HBIX) 3JEMEHTOB O F JEMEHTOB Ha-
IHBAIOTCA KOMOHHALINH, COCTOAINHE U3 T DIEMEHTOB, BANTHIX H3 Tt 3ACMEH-
ToB (r < N}, KOTOpHIE OTARYAIOTCA APYT OT APYra Aub0 COCTABOM B3ATHIX
JEMEHTOB, TG0 UX ROPAAKOM. THCIO pasMEWIEHHH PABHO

A =nn-1)(n-2)...(n—r+1).

IMpumep 2. CkoNbKO TPEX3HAMHEIX YHCEN MOXHO COCTABUTL M3 ecTH Nudp 0, 1,
2,3,4,57 ’

Pewenue. 3 gannux wmecrn yudp oTobpaTs Tpu (B onpefeleHnoM nopagke)
MOMHO Ag cnocobamu. V3 3Toro xoau4ecTsa HYXKHO BRIMECTh Te TPoUKH HHcen,
KATODHE HAYHHAIOTCA ¢ HYNA (T.2. KOTUHECTBO ABY3HAYHEX HUCEN); OHO PABHO HHCIY
paamemennn w3 umgp 1, 2,3, 4,5 no gape, T.e. A2 HexoMoe uHeno TpexaHauHEIX YHeen
pasHo A - A2=6-5.-4~5. 4 = 100.

» HEPECTEHOBKaMH n JJMEMEHTOB HAIBIBAKTCA KOMﬁHHaI.IHH, COCTOA-
e H3 3THX N JEMEHTOR, OTAMYAIINECA APYT OT ApYTa TOAEKO NOPAA-
KOM pacnioJOKEeHHUA JJIEMEHTOB. Yucno nepecTaHOBOK paBHO

P o=nl=1-2-3.

r j—
JTy POpMYyTy MOXKHO MOAYYUTH U3 BLIpaXeHHA Rad A], npa r = n.

NMpauep 3. CxoaskuMu cnioco 5aMit MOXHO PAccauTh 3a cTOA0M 4 denopeka’
Pemenne, HekoMoe 4ncno cnoco6os paBHo HHCY NEPECTAHOBOK YeTHPEX dMe-
MmenToB, T.¢. Py =41=1-2-3.4=24.
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» CoveTasMamy #3 n (pasIudHLIX) DAEMEHTOB MO T HAaILIBAIOTCH
KOMOHHALHM, COCTOANIME H3 T 3MEMEHTOB, B3ATEIX H3 JaHHLIX R 3EMEHTOB
(r < n), KoTOpbIE OTIANYAIOTCH APYT OT APYTa XOTHA GBI O JHHM DAEMEHTOM.
Yucno codeTaHHH paBHO

r - - - I
C"—A" _nn=-1){r=2)...(n—r+1) n!

Y r! T orln=-n)t’

Yucao coveTanuin yaosieTeopaeT cooTHowenuio C, = C1 7.

lMpumep 4, CxoibkHMK cnocofamMyu MOMXHO OTOSPATH TPH WHIADA M3 ALHKA,
€O AepPXKAHIEro IHECTE NPoHyMepoBAHHLEX INAPoBT

Pewenne, HekoMoe wHcao crocoBoe paBHE YACATY COMETAHWH HA WECTH DJIEMEH-
6.5.4
TOB IO TPH, T.€. C‘g = — = 20.
3-2-1

14.2, OcHoBHBIE NOHATHUA TEOPHN
seposTHOCTEN

» OcHopHHE onpejercHMA. Jucuenmapuoe cobuimue — moboH U3
B3AMMOHCK.TIOHAIOIMHUX UCXOJOB PACCMATPUBAEMOro ONLITA (MCILITAHHA).
Ipocmpancmeo saemenmapubr coburmut §}— MHOXKECTBO BCEX dIEMeH-
TapHBIX coOuITHH. Cofmimue — n1060e MOAMHOXKECTBO A MHOXKecTha ().
CobpiTHe A HACTYIAET TOT fa, 'KOT A HCXOJOM ONEITa ABJIACTCA OJHO H2
JMEMEHTAPHEIX COBBLITHE, COCTABAAIOMAX A,

Npumep 1. [Tycre onuT cocTouT B o,quxi:}amou BPOCAHNN HIPANLHON KOCTH.
SACCB HMeeTCA INECTE UCKMICYHAKIMIHX APYT APYra HCXO0OO0B, TaK HMTO ONpocTpPpaHCTBO
aneMenTapuux cobuTHI (1 = {w), Wy, Wy, Wy, wg, Wy}, PAE 3NeMeHTaphOE COGHITHE
Wy — HCX0[ ONHTA, COCTOAMMA B BEIMAZennn k oukob. Ecan coburue A cocrouT B
NOABJEHHH HEYIETHCOY 4HcAa ovKoB, TO A HACTYNRET TOT XA, KOT'Ad HCXOOOM OMLITA
ABJIALTCA OXHO M3 DAEMEHTAPHHY cOGEITUH wy, Wy, wy-

Co6bITUA MPHEATO yCAOBHO H306PaKATH B BHAE HEKOTOPBIX GUryp Ha
IIOCKOCTH {AHAr paMM Jiisepa — BenHa), a 31eMeHTapHble COBLITHA — B
BHAE TOYEK, MPHHAAJMEKAIMX dTHM GHTYPaM.

Cymmot (o6vedunenuen) cobumuil A m B naspipaeTca cobulTHe
A+ B, koTOpO€ COCTONT U3 3MEMEHTAPHBIX COBLITHI, BXOAAIMNX XOTA Gbl
B oo u3 cobuiTuit A u B. Ipoussedenuen (cosmewmenuen) coburmut
A u B HaspiBaeTcA cofelTHe AB, KoTopoe COCTOMT U3 BNeMEHTAPHBIX
cobpiTult, BXodamux B c6a cobpiTuAd A u B, ITH nOHATHA OYeBHAHBIM
o6paloM 0Go6IATCR HA CIYYal TOGOT0 THCAA ¢OBLITHI.

Cobvimuest, npomuaonosoXcHbis cofnmuie A, HasuiBaeTca coOBBITHE
A, KOTOpOe HACTYNaeT TOT A3 H TOJBKO TOrAA, Korja cobuiTHe A He Ha-
cTynaeT. MuoxecTeo £ HaabIBaeTC docmosepHbin cOGbITHEM (B pe3yIh-
TaTe ONLITa OHO 06A3aTeNbHO HacTynaet). [lycToe MHOKecTBO & Haskl-
BAETCA HESOIMONCHLIM COOBITHEM (B PE3YIBTATE ONBITA OHO 3ABEAOMO He
HACTYIUT).
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Cobutia A u B pasnpawTca Hecosmecmubimu, eciu AB = &,
Cnpapefaupbt cooTHomenua AA =@ u A+ A ={). TopopaT, 4To coburTHa
Ay, Aq, ... A, 06pazyioT noanyw epynny cobbimut, ecau

AA; =2 (i#]), Aj+A 4+ A =0

Ecin xaxgoe noapaenue cobulTud A CONMPOBOXAaeTCA MOABJIEHUEM CO-
6uiTHA B, TO roBopAT, YTO A ABAAETCA YACTHBRIM ciydaem B (waum 4To
B annaerca caencrauem A, uau uro A paeder 3a cobon B). B sTom cay-
Yae NpHMeHAeTcd 3annce A C B, a kaxoe 3AeMeHTapHoe cobulTHe w € A
BxoanT H B cobute B. Cobuitua A u B HashiBaloTca pasHocuabrbluy
(A = B), ecnu xaxjoe U3 HUX ABIACTCA TACTHBIM CAY4aeM ADYroro.

p PasaudHEe OonpefeleHNA BEPpOATHOCTH,

Cmamucmusecxoe onpedeaenue seposmuocmu. IlycTs onLT Opose-
Aer N pas u npu 3ToM cobbiTHe A HacTynuio k pas. Jacmomoti cobur-
TuA A B A2HHON CepHH ONBITOB HAa3bIBAETCA OTHOUeHHE k/N . Bepoatho-
cThio P(A) cobulTua A HA3LIBAETCA MMCIO, OKOJC KOTOPOro KoJebeTcd
49acToTa CoOHTHA A B ATHHHBIX CEDHAX HCIBITAHHE.

Kaaceuvecxoe onpedeaenue geposmnocmy. IlycTh IPOCTPaHCTEO 36
MEHTapHBIX cOOBITHH §) COCTOMT H3 T PABHOBO3MOXHLIX BJIEMEHTAPHLIX
cobprruit. Tor ga nepoaTHOCTh cobbiTiR A pasHa P(A) = m/n, rge m—
TUCHC JEMEHTAPHLEIX COOGLITHH, BXORAMHX B A (MUCI0 Haaeonpusmuuly
ucxoqo). Tak, B npuMepe | BEPOATHOCTE BHIIAJCHUA MPAHH C HEMeTHRIM
“mMcioM ovkoB pasna P(4) = 2 = 1.

Npumep 2. B smuke 15 mapos, Ha xoTopux 5 Seanx m 10 4epnux. Hayrapg
PHIHMMAWT 6 wapos. Hafrn BepoATHOCTE TOTO, TO Cpeau BHHYTHX apoe 2 BejkIx.

Pewenne. Oﬁmee HHLOAO IACMEHTAPHEIX HCX0J0A JAHHOTO ONETAa paBHO YHCay

coyeTannit u3 15 no 6, Te. C5, = W = 5005. UYncao BaaronpuaTHex
MCXCA0B PaBHO Tponapexennw CZCTH, = ~§j—: - —l—fflsﬁ_—'.‘;%rv = 2100. HekoMan BepOATHOCTE,
COrMACHO KNACCHYECKOMY OMpPEeeHHIO, PABHA :;gg = 0,42, .

Teomempuuecxan sepoamuocms. Ilpun reomerpuyeckoM nogxoge K
OnpeeeHHI0 BEPOATHOCTH B KaYeCTBe NIPOCTPAHCTEA MEMEHTAPHBIX CO-
6urTHiE §) paccMaTpuMBaeTCA NMPOU3BONLHOE MHOXKECTBO Ha INPAMOH, Ha
IIOCKOCTH HAM B IPoCcTpakcTee. Henbrranue METEPIPETUPYETCA KaK CIy-
YallHeldl BREIGOP TOYMKK B 06aacTit {), a cobbiTie A — Kak MonajaHue TOY-
KM B HEKOTOpYW nogobaacthk A obaactu (). [lpegneaaraeTca, 4To Bepo-
ATHOCTH BHIGpaThL TOYKY B obiacTu A nponopumoHanbHa Mepe 06AacTu
(r.e. gnune, miomagn uam 06beMy) H HE 3ABHCUT OT DACTOIOKEHHA H
dopMEl 061acTi. BepoATHOCTE cOGHITHA A ompefenaeTca GopMyoi

Mepa A

pl4) = Mepa

OtMmeTuM, 4TO Bcerjga cupaBefauBm cooTHoulenns 0 € P(A) € 1,
P@)=0,P(Q)=1.
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14.3. YcnosHas BepOSTHOCTb. TeopeMbl
M opmyns Teopun BEPOATHOCTEM

» Ycaoppaf BepoaTHOCTE P(B/A) co6biTHd B Npu YCIOBHH, 4TO
Co6BITHE A NPOH3ONULIO, N0 ONpeAcAeHUIO PaBHA

P(B/A) = P{AB)/P(4)  (P(A) #0).
OTciofa ClIeAYET Npasuao YMHONEHUR SepoRmHocmel:
P(AB) = P(A)P(B/A).

IIpumep 1. [IycTE B YCAOBHAX NPHMERA 2, PACCMOTREHHOTO B pasyx. 14.2, 13 au-
Ka NocnefopaTeNbHo BRIHHMANOT ABa apa (l'[epBl:\lﬁ iHap B ALK He Bosapamae'rcn).
HaitTu B2POATHOCTE TOCG, HTO nepauﬁ BHH}"THﬁ HIap OKAXETCH GEJ'IHM, a BTOPOI‘i -_
YEPHEIM.

Pewenne. OSoinadum 4epes A coOuITHE inepBWll BUHYTHI Iap okKalancs
OemsiMe, Hepea B— lBTOpOH BHH{THH WAap OKAIANCH HEPHEIM». Hekomaa BEPOATHOCTh
P(AB) = P(A)P(B/4) = —-— ir =31

Cobritun A w B uasnBaloTCA wedastcumblmy, ecau P(AB) =
= P{A)P(B). Aaa ueraBucuMsix coSHTHE A # B BHIOJIHAIOTCA paBeH-
crea P(A/B) = P{A), P(B/A) = P(B).

Ja4 BEIMHCAERHA BEPOATHOCTM NpomapeldeHuf B coOHITHE (n > 2)
npuMeHAeTcH GopMyaa

P(AlAz"‘An):P(Al)P(Az/Al)P(AafAlAz)"‘P(An/AlAz‘”An—l)-

Cobrrrus A, A, ..., A, HAIBIBAIOTCA HE3AGUCUMBIML 6 COBOKYRHO-
cmuy, ecJ BEPOATHOCTD AIOG0Or0 3 HUX He MAMEHAESTCA IIPH HACTYILIEHHM
KaKore yrogHo 4ucia coSLITHA H3 OCTAALHEIX; A4 TakHX cOOLITHE Cpa-
BeAanBa GopMyla

P{A14; - - A,) = P(A))P(A;) - - P(A,).
» Teopema croXeHun BEP OATHCCTEH!
P(A+ B) = P(A) + P(B) — P(AB).
Jna vecopMecTHrIX cobulTun A u B 3Ta dopMmyla ynpolaeren:
P(A+ B) = P(A) + P(B).

Orcioga cregyeT GopMyaa 18 HAXOKACKUA BEPOATHOCTH POTHBOMOIOK-
Horo cobuitua: P(A) =1 — P(A). :

Jaa n nomapHo HecoBMeCTHHIX cobbiThit A, A,, ..., A, TeopeMma
CIOMEHUA UMEeT BHJ

P(A, + Ay + -+ A) = P(A)) + P(4y) + -+ P(A,).

HacTo yA06HO BEIYHCAATD BEPOATHOCTE CYMMEI COBLITHH, CBOAR AeI0
K BBIMHCACHHIO BEPOATHOCTHU NPOHIBEACHUA NPOTHBOIGIOKHEIX COOLITHI:

PA,+ dy+-+A,)=1-P(A,A4, A,
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Ipumep 2. Ha aByx opyzuit OpoUsROIAT (HE3ABUCHMO) MO OSHOMY BLICTPETY
no uesn. BepoATHOCTE NoNaftaHud B LGeab 414 NEPBOTO OPyAus cocTabaget 0.8, ana
proporo — 0,9. TpeSyerca HakTu:

18) BEPOATHOCTL TGMLKO OFHOTC NONAJAHHA B LEb;

'6) BEPOATHOCTH XOTH Gkl 0)IHOTO NoNagaHuA. -

Pemenue. a) [IycTh coSurTne A — menafanuie B Ueab U3 NepBoro opysus, B —ua
pToporo. Torga BepGATHOCTE TONBKG 0 THOTC NONAZAHKA B uelk pasaa P{AB+AB) =
= P(AB) + P(AB)} = P{A)P(B) + P(A})P(B}=08(1 -08)} + (1 — 0,8) 0,9 = 0,26.

6} BepoaTHocTs XoTs 66 oAHOTo Monaganua B ueas paea P(A + B} = P(A) +
+ P(B) - P(A)P(B) = 0,8+ 0,9 -08-09= 098,

3aMeTuM, 4TO OOCHEFHUI DEIYALTAT OGHMHO MPEANOMATAIOT MONYTaTh Tak:
P(A+B)=1-P(AB)=1- P{A}P(B)=1-0,2-0,1 =098,

IIycrh cobbiTiEe A MOXET UPOHIOHTH TOALKO BMECTE ¢ OFHHM M3 1 1O-
NapHO HECOBMECTHRIX cobuiTuit H,, H,, ..., H,,. B aToM ciy4ae Bepoar-

HOCTh COBRITUA A onpedeldaeTca N0 (opayac noaxod epoamuocmuy:

n
=) _ P(H,)P(A/H}).
i=1 .
Co6urrua H; No OTHOIIEHHIO K COGBITHIO A HAIBIBAIOTCA FHIOTEIAMH.
Ecau B pesyabTaTe ONLITa coGHTHE A NPOUIOIIO, TO BEPOATHOCTH
runoTes H, MOXHO (I€PEOLEHUTH?, T.€. HARTH yCAOBHBIE BEPOATHOCTH
runores P(H;/A) (npu ycasoBmu, uro cobbitHe A mpomsouuio). 3Tu
YHOBEIE) BEPOATROCTH BBHIMHCIAKTCA 1o dopayae Belieca:
H,)P(A/H, ,
P(H,/A) = — P(H;) P(A/H;) (t=1,2,...,n).
3 P(H)P(ALH)

IMpumep 3. B amuke cogepkaTca ofHHAKOBRIE HIEIHA, HITOTOBIEHHEE IBYMA
apToMaTamu: 40% uagenuit MIrOTORNEHO NEPBLIM ABTOMATOM, OCTANLHEE — BTOPHIM.
Bpak B npogyKIui nepporo aproMara cocTasaser 3%, sroporo — 2%. Tpe6yerca
HaMTIL:

a) BEPOATHOCTH TOrO, YTO cay4ailHo BHOpaHHOe HajelHe OKAXKETCA GPAKOBAH-
HEIM;

6) BEPOATHOCTb TOre, YTC CAYHAHHO BHIOpAHHOE M3felue UICOTOBACHO MEPBEM
ABTOMATOM, €CJH OHO OKAJBNIOCh GPAKCBAHHEIM,

Peuwenue, O6canaunm vepes A coGuTHe, COCTORLEE B TOM, YTO CAYHAHHO
BHIGpaHHOE HAfeNHe — GpakoBanHoe, a Yepea M, u H, — co6HTHA, coCTOAILNE B TOM,
YTO DTO M3 Je/INE HATOTOBSHD COOTBETCTREHHO NepekIM H BTOpWM asromaTamu. Torga

a) no dopuyfe MO0} BEPOATHOCTH

P(A) = P(H,)P(A/H,) + P(H,)P(A/H,) = 0,4-0,03 + (1 — 0,4) -0,02 = 0,024;
6) no gopmyne Beileca

P{H,)P(A/H,) _ 04-0,03

P(H,/4) = P(A) = T0024

1
=<
BBPOHTHOCTB TOr®, YTO B 7t HEIABHCHMEIX HCILITAHHAX cobriTite A

(¢ycmex») HacTYnMT posHO k pas, onpegenserca Mo Gopamyase Deprysau:

n!

; — kK _ pin—k k __
'Pn(k) - Cnp (1 p) L] rae Cn - k' (ﬂ . kl) '
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P —— BEPOATHOCTD YcTleXa B 0JHOM HCTbITaRMH, CF — qucao coveTanuii u3
7 3AeMeHTOB mo k.
Bepoaruoctu P, (k) B nocneguein dbopMylsie HaIBIBAIOTEN CuHOMUAAL-
uptay. Jlng HUX BRIMOAHAeTCA paBeHcTso . P, (k) =1.
k=0
IMpamep 4. HafiTi BeposTHOCTE TOro, uTo Npit 10 SpocaHtax MOHETHL sopens

BRINAageT 5 pas.
Peuwenue. Hmeem n = 10, k=5, p = % Terga no ¢gopmyne Bepuyann uckomad

5 108
—5 1 1 10-5-8-7.6 1 83
BepoATHOCTE papka Pyo (5} = CF, (?) (?) = SaEsi  TIT = Sig

Ecau n Beauko, a p mane, To copaBefnusa Npubnmxennan @opsyaa
ITyaccona (zna mojcteTa BEPOATHOCTEH, OTHOCRILIMXCA K PEAKHM COOBI-
THAM):

k=X
CACYS R
B KOTOpOH A = np— cpefHee YHCIO YCIIEXOB B N MCHIBLITAHHAX.

Jaa npabanxkennoro seldacienuda P (k) npu GoabliuX n MOXHO
NpUMEHATE doKkaabHye dopmysy Myaspa — Janaaca:

2
Pt = e exp| ]
2mnp(l — p) 2np(1 - p)

BepoATROCTH TOTrO, 9TC B 1 HEIABUCHMMBIX MCILITAHHAX YHCIO YCHe-
xoB k HAXOAUTCA MeXJAYy k, u k,, TpuSIMKEHHO BEIYUCASETCH N0 uHme-
epaasoti hopayae Myaepa — Janaaca:

Pk, Sk<h)n q;(_kl'_’fﬂ__) _@(M)_
p(l - 7) np(l ~p)

3aecs ¥(z \/_ / exp dt — yukuuda Jamnaca, 218 KOTOpo#i

UMEIOTCA Taﬁ.rmu,bl

14.4. MaTemaTuveckoe oxugaHue
M AMCNEpPCHA

» CayvalHEie BeIMYHHEE U HMX YHCAOBEIE XaPaKTepPHCTHKM,
Miycrs Q = {w} — npocTpancTeo saemenTapuerx coburruit. Cayvaiinoin
peauquHCH X HaspiBaeTcA dHcioBad dyHxkuusa X (w), onpedencnnas na
MHOXecTBe {2, Takad, 4TO A JOGOr0 & OnpedeleHa BEpOATHOCTH
P{X < 2} = P{w : X(w) < z}. OTa BeponTHOCT:E P{X < 2} = F(z)
HasuBaeTeA Pynkyuett pacnpedesenus CAyYalHON BeNHYHMHEL X OHa
HMeeT CIeAyIolliie CBOACTBA:

1} 0K F(z) <L

2) F(-00) =0, Fl+o0)=1,

3) Flzy) S F(zy) mpw 2z, <ay,

4) - Plag X <8} = F(b) - F(a).
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Ecan X - duckpemuas clyvadHad BeAMMHHA, IPHHMMAIOIIAA IHaYe-
HHA 21, Ty, .., Xy, - -« C BEPOATHOCTAMU Py, Pyy - - 1 Py - - +» T.€. HMEIOIEA
pAR (3aKOH) paclpejeleHud, 3aJaBaeMblil TabauLen

X |za| |2l (Zp,:l),

Phpl lpz ,--“pn‘.,.

To GYHKIHA pacupeleleHHd UMeET BUZ

F(x)=P{X <z}= ) p,.

IpaL

Henpepotenas ciyvainan Beaudsia dajaeTca aubo GpyHKUHei pacnpe-
geaenuda F(z), au6o naomuocmoio eeposmuocmu f(z), KOTOpBIE CBA3AHBI
¢dopMyaaMHu

f(z) = F'(z), Flz)= f f(z)dz.

Ila0TEOCTEL BEPOATHOCTH AMEET CASAYIONINE CBOHCTBA.

) fl=) 20,

too
2) /f(;r:)dn::l,

b
3) Plag X gb} ‘_—/ f(z)de.
a3
» MaTemMaTHdecKHM OXKHIaHHEM CIYMANHOH BeMHYHHEL X HA3LIBa~

erca gycao M X | koTopoe BRIMHCIAETCA N0 GOpPMYyJIaM

MX = Z TP (gucKpeTHEIM Cay4aii),
i

MX = fa:f(a:) dz (HempepwBHEIA cay4ait),

rde pas* u HecOBCTBEHHHE MHTErPad NPeANodaraioTCh CXOAALMMUCH,
CpolcTBa MATEMATUIECKOrO OXUAAHHA:

) MC=C (C=const), 2) M(CX)=C-MX,
3) M{XxY)=MX+ MY, 4) M{(XY)=MX. MY.
B nocneaueit gpopmyne canTaeTcea, 9To X H Y — He3aBUCHMEIE CAVYANHbIE

BeIMMMHEl, T.€. TaKie, jAf KOTOPHIX NPU MOGHX T H y CIPABEAAHBO
Pasencree P{X <z, Y <y} = P{X < z}P{Y < y}.

*
Pag moxer cogepkaTh Kak GeCKOHEHNOE, TAK I KOHEHHOE MCNO WIEHOB.

5 A A Nonmaun, B. J. IMonauun 8 gp.
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p Jducnoepcmen cay9aiHoH BeauuuHbl X HadblBACTCA YUCAO
DX = M(X ~ MX)?,
KOTOpO€ BEIIHCARETCA 1O GOPMYyaaM

DX = Z(xi ~ MX)*p, (RucKpeTHBIA cly4ait),

1

+oo
DX = / (z— MX)*f(z)dz (nenpepbIBHBIN cIyHail).

,ﬂ;.ﬂﬂ Bh['-I'HCJIeHPIR AHCNEepCHA MOXHO TaKXKe HCNOABIOBATH EbIDaXECHHE
DX = M(X?) - (MX)2.
JucnepcHs uMeeT CAeAYOHHE CBOMCTBA:
1) DC=0 (C=const}, 2)D(CX)=C?DX, 3)D(X+Y)=DX+DY.

[locneauaa popMyaa CIPaBeAUBa AIA HE3ABHCHMEIX CAy4ailHbIX BEIHYAH
XuY.

Cpeduee keadpamuunoe omrAoMeNte CAYYadHON BeAn4uHLl X ONpe-
Aeasercd GopMmyaol o= DX,

bed
p HopMAIBHHN 3aKOH pacnpejeleHus CIYy4alHOW BeJIMTHHEL.
TopopAaT, 4To cayyafiHad BelWYHHa X pacnpefefeHa MO HOPMadbHOMY
sakony (uan zaxony laycca), ecld ee MMOTHOCTL BEPOATHOCTH HMEET BH/

i (z — m)?
z) = exp|— ,
/(=) avi2n p[ 202
rgem=MX,ec=vDX.
BepoATHOCTE TOro, YTO HOPMadbHO paclpegeieHHad BelmduHa X
NPUHEMAET 3Ha4YeHMe B MHTepBale (a,b), onpegennerca no popmye

Pla< X < b) =¢(-’i;—m) —e(2=1),

2

rae ®(x) — dynkmua Jannaca.

TIpumep. [Ipu var oToBIEHKUY HEKOTOPOT0 H3JEAHA €70 Bec X 10 XBEPKEH CAYHAll-
HEIM KoneGaniAM. CHHTAEM, 1TO CTAHAAPTHLIL Bec H3feiun pasen 30 2, ero cpeHes
KBAAPATHUHOE OTKAOHEeHUE pabHo 0,7 2, a caydahuad Beanunna X paclpegencHa no
HopMankHOMY 3akoHy. HaliTit BepoATHOCTE TOrO, YTO BEC HAYTAX BRIGPAHHOrC K3ge-
JUA HAXOZHTCA B Opegenax oT 28 po 31 &

Pewenne, [Tonaras p nocaegueit popmyse m = 30, ¢ = 0,7, 2 = 28, b = 31,
HOAY UM

31 - 30 28 — 30
= ®(1,43) - ®(—2,86) = &(1,43) + $(2,86) = 0,424 + 0,498 = 0,922,
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14.5. 3axon GonbLﬁux yucen

Hepuasencmeo Febviwesa. BepoATHOCTE Tolo, ¥TO OTKICHEHHE Cly-
4altHOH Beanuunbl X OT ee MATeMATHYECKOT O KM LaHNA 10 abCOMIOTHOR
BeJW4HHE MeHBIIe YHCAA € > 0, yIoBIETBOPAET HEPABEHCTBY

P{IX - MX{<e} 2 1-DX/e

Teopema Hebwuesa (saxon Gomvwuzr wucea) Myets X, X, ...,
X, — NOCAe0BATENEHOCTE OOMAPHO HE3ABMCUMEIX CIY4aHHEIX BeJIHYHH C
OJHMM ¥ TeM Xe MaTeMaTHYecKiM oxuganuemM M X =m » gucoepcuamu,
orpaHH4YeHHLIMH OJHOM ¥ TOH Xe KoHcTaHTOR. Torga ana moSoro £ > 0

HMeeM n
iZ)(,,—m<s}=1.
n
i=1

TakuM 06pa3oM, XOTA OTJAeAbHEE CAY4AHHEIE BEIHMYHHE MOTYT MpHHH-
MaTb JHA4CHHH, JaleKHe OT NOCTOAHHOM m, cpejHee apHpMeTHYeCKoe
AOCTATOYHO GOMBIIOTO YHCAA CIYYaHHEIX BeIWYKEH ¢ 60ALIIOH BepoATHO-
CThIO IPHHUMAET 3HAYCHNE, GANIKOE K MATEMATHYECKOMY OXUAAHHID.
Teopema Bepuyasu (ABnAeTCA creficTBHEM TeopeMu “e6Hinesa).
Ecau B kax0M M3 1 He3ABUCHMBIX MCTIEITAHNH BEPOATHOCTE P HACTYIIE-
HMA COBLITHA A NOCTOAHHA, TO CKOMB YIOJHO GAM3KA K eXUHHIE BEPOAT-
HOCTb TOT'Q, ¥TO OTK/OHEHHE OTHOCHTEALHOM YaCcTOTH k/n cobriTia A OT
ero BepOATHOCTH p Gy AeT 110 a6CONOTHON BeTEYHHE CKOMb YT0THO MANEIM,

lim P{

TI—+ 00

., . k
eCci YHCIO HCOBITAHWH ZOCTATOYHO Beauko: lim P{|—-— - p| < E‘} =1
) Ti—+O3 n

Teopema Beprynin o6backAeT, TO4eMy OTHOCUTEALHAS YACTOTA DA
60IbIIIOM FHC/Ie HCMBITARUA 06.1aJaeT CBOHCTBOM YCTOMYHBOCTH U OTIPAB-
ABIBAET CTATHCTHYECKOE ONpeJeleHie BEPOATHOCTH (cM. pasj. 14.2).
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HOpMaJbHOS B TAHIMEHUHANBHOE YCKOPEHHA,;

MATHMTHAA WHAYKLHA;

MOZYIb MAarHUTHOH HHIYKUMY; APKOCTD;

[TocToauunan Buna;

TENAOEMKOCT b, 3TEKTPOECMKOCThR,;

CKOPOCTE CEETA B BakKyyMe; YA¢IbHAA TENN0EMKOCTR]
MEKTPHYECKOS CMELIEHHE,;

JHEeprHA; OCPEUEHHOCTE,;

HATIRPAKCHHOCTh QACKTPHYECKAT O NIONIA;

3NEKTPOLBHXYWAR ciaa MeTo4auka (D JC);

3NEMEHTADHENT 33pA L,

cuIa;

¥YCKopeHHe cBoBoAHOTO MajeHHA; HANPAXMEHHOCTE I'DABHTALHGHHOTO
nonn;

MIOTHOCTE COCTORHME;

HAMPAKEHHOCTE MATHUTHOTO f1048;

nocToaHHas [Inanka;

CHAA JAEKTPHHECKOTO TOKAa, HHTEHCHBEHOCTE BOAHE], HHTEHCHBHOCTL
CPETOBEIX KoAeSatuil; HHTEHCHBHOCTD AYHHCTOrC MOTOKA]
MOMEHT MHEPLHH OTHOCHTENBHO OCH 2;

ﬂHHEﬁHaﬂ OACTHOCTE NOBEPXHOCTHOI'O TOKA;

AHCPreTHYCCKAA CHAR HCTOYMHNKA CHETA, CHIA CBETA HCTOMHHKA,
HaMariuH<4eHHoOCTE MBrHeTHKA;

OAOTHOCTE MCKTRHYEeCKOM O TOKA,

MOAYAb BCECTOPOHHETO CKATHA)}

MECTKOCTS; BOSHOBOS YHCIO; NnocToAHNaR Boasumana; koagpduunetT B
aakotte KyaoHa;

BORHOBOH BEKTOp;

HHIYKTHBHOCTD,

MOMEHT HMIOIYABCA OTHOCHTE/NBHO TOYKH,

MOMEHT HMIOYABCA OTHOCHTSABHO OCH 23

MOMEHT CHJAH OTHOCHTEARHO TOYKH;

MOMEHT CHJH OTHOCHTEeABHO OCH 2|

Macca MaTepHAIEHOH TOYKH, Macca Teaa;

YHCAO YACTHL;

uncao ABoragpo;

KOHUEHTPauHA; NOKAIATEAR MPLNOMAEHHA,
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BEKTOP HOpMAaJH;

MOMIHOCT}

NMOAAPHIOBAHHOCTE ANIAEKTEHKA,

AapaeHne;

HMIIYJIEC] MEKTPHHECKHH JHUITOABHAIT MOMEHT;

MArHHTHEIH MOMEHT BUTKA C TOKOM;

KOAMYECTRO PLIOTH;

INEKTPHYECKHI 3apaj;

YHHBEpCANbHAR PAIOBAA MOCTOAHHAA] SHEPreTHYECKAA CRETHMOCTE;
CONPOTHBASHHE;

paiHyc-BeKTOop;

HAAYHATLAbHAR CHIOCO GHOCTE;

IHTPONNA;

pexkTop [TofiuTunra;

alcomoTHak TeMIIepaTypa; Depuo] KoaeSaHum;

IAOTHOCTE AY4HCTON BHepruy;

BHYTPEHHEAA OHEPrHA; HANPAKEHHE;

BeKTOpP YMoBa;

ofibem;

ckopoete, ¥ = {v,, 2, 2, }i

JHEPrHA 3AEKTPOMATHITHOT O TT0AN;

06BEMHAR TACTHOCTE FHEPIUH MK TPOMATHUTHOT'O 10IK;
KObPHMUHEHT TENAOBOIO PACIUNPEHNHA;

Ko pHUMEHT JATY XAHHA,;

CpaBHTAUHOHHAR MOCTOAHHAA; MOKAIATEMR annaﬁaru;

¥LOOROE YCKOpEHMe; BHEepPTHMA MONEKYIR, LHINeKTPHHECKas TIpoHHUA-
EMOCTh]

MNMEKTPHYSCKAA TIOCTORHHAN;

Ko DHUHEHT NOACIHOr0 JEHCTBHA] BAIKOCTD;

IHINEKTPHHECKAR POCIPHEMYHBOCTS;

AJAHHA BOAHEL AAHHA CBOSOAHOrG Mpofera; AHHEHHAR TAOTHOCTL 3apf-
44; NorapudMH4EeCKHI JeKpeMeHT 3aTy XaHun;

MOMAPHAA MACCA; XHMUYECKHH (MOTEHLNAN; MATHHTHAR ((POHHIASMOCTD;
MArHMTHAA TOCTOAHHAR;

KOJH4ECTEO BEIECTEA; YACTOTA Kote SaHul;

cMeuIeHHE TOUYeK BONHE;

MAOTHOCTE MACCH; ¥ICNBHOS COHP_OTHWH“C; OAOTHOCTE dAapAaa,;
NOBEDPXHOCTHAA MAOTHOCTE JapAla; Kod¢hIHUMEHT NopepXHOCTHOTO HA-
TAXeHUA; nocTorHas Credana — Boabumana;

NOTOK BEKTOPA HANPAMKEHHOCTH; MOTOK AYMHCTOI IHEPIUM; TEPMOIU-
HaMHYecKkHil noTenunan I'n6sca;

YACAbHEH TepMOTIHHAMHYECKUN MOTeHIHAT;

noTeHnyal Noas; ¢basa KoaeSaHu;

MArHHTHAA BOCHIPHHMYHBOCTE;

cpo 50 AHAR 3HEPIUA; NOTOKOCULMLIEHHE;

TENECHEIH YI0O;

YLA0R2A CKOPOCTh; UMKANYECKAR YACTOTA KoNe GaNiH;

nepbaR IPOHIBOAHAA, £ = ——;

BTOpag NpoHapoIHad, & = “dtz ;
CKANAPHOE (MPOHIBELEHHE BEKTOPOB;
BEKTOPHOE NIDOHIBEIEHNE BEKTOPOD;
CAeLYET, CleJOBATEAbHO;

cpedHee IHaMEHHE.
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1. ®Duauveckne 0CHOBbI MEXAHUKU*

M&Z‘GHE‘CECKHM 8eu:w:enue..u HA3RIBASTCH HBMCHCHHE NOAOKEHHA Teada
10 OTHOIDEHKIO K APYrMM TenaM. Kak BUAHO n3 ollpefejeHHA, MeXaHH-
yeckoe JBHXKEHHe OTHocHTeabHo. Han onucanus ApMxeHUA HeoOXOAUMO
oNpedeluThb CUCTEMY 0MMCYema, KOTOPpad BKIGIaeT B ce6a Teao oTcHeTa,
WECTKO CBA3AHHYID C HUM CHCTEMY KOOPAMHAT ¥ Halop CHHXPOHHEMPO-
BaHHEIX Mex Ay coboit yacoB. Mexanuka uay4aeT JBMKEHHE MOJENBHEIX
obbeKkToB — TovueK H TBepAnlx Tea. Iloroxenue aTux o6BEKTOB onpeje-
JACTCA KOHEYHEIM HC/IOM HE3aBHCHMLIX MapaMeTpoB (T.e. oM 0614 JaloT
KOHEYHHIM YHCIOM cmeneneti céobodut). KnneMaTuKa 3anrMMaeTCA ONUCa-
HHeM IBHEKEeHHA fHe3 BHIACHEHUA €ro MPRYINH.

1.1. KusemaTuka To4ku

» Ocxopumrte onpefeaeHHA. CKOpOCTE U ycKopeHHe. Mamepuaab-
not mouxot HA3ZREIBAETCA TERO, PA3MEpaMM KOTOPOro NpH ONHUCAHUKE €ro
JBYKEeHHA MOXHO npereSpedb. [lonokenue TOYKH B MOMEHT BpeMeHH i
3aJaeTCA paduycom-aeRmopos ¥, IPOBEAEHHBIM,
K DToil Todke W3 Hayaia xoopAmHaT (puc. 1. z
B npoliecce gBnXKenun KoHEL pajuyca-BeKTopa
ONMCHLIBAST OPOCTPAHCTBEHHYIO KPHBYIO — mpa-
exmopur. B nupAMoyronzHo#l JekapToBoit cH-
CTeMe KOODAMHAT TMOJOKEHHe Pafuyca-BeKTopa
33JaeTCA TPEMA €rO NPOEKIMAMH Ha OCH — Ko- _
OpAMHATAMHY Z, ¥, z. JBHXKeHWe TOYKM MOJHO- / 1
CTRIO ONpefendeTCA 3ajJaHHeM 30KoHa Jsudce- —_——
HUR — OJIHON BEKTODPHOM (YHKUMY T(f) WK TPeX y Pue. 1.
ckadapHeIx Gyrxuni z(t), y(1), z{t). Jaa kom-
NaKTHOH 3allMCH pagHyCa-BeKTOpa (Wiu moboro BekTopa) 1€pes ero npo-
EKLMH UCHOMBIYIOT eARHWYRBIE OPTH: 7 = 21 + yj + zk. Hyms — Jauna
y1aCTKa TPaeKTOpPHH, IPOHAEHROIO TOYKOH 34 pACCMaTPHBAEMEE HHTEP-
Bagx Bpemenst, [IyTh -—— peanynaa CKalApHAA, HEOTPHUATEALHAA ¥ He yO&I-
Baollag CO BpeMeHeM. [lepemeujenues TOUYKM HAILIBAETCA BEKTOp AF,
COSAMAAIOIINNA HATAILHOE IOJOKEHNE TOUYKH ¢ KOHEYHEIM M PaBHBIA pas-
HOCTH PAajHyCOB-BEKTOPOB B KOHEYHEI # HAYAALHEIH MOMEHTE] BPEMEHK.
Cxopocmbd TOYKH DaBRaA NpPOM3IBOJHON OT pajMyca-BeKTopa MO Bpe-
Menu: ¥ = dF/df. CkopoCTh HANpaBAeHa N0 KACATEIbROK K TPAeKTOPHH.
Cpeansaa {mo BpemeHH) CKOPOCTbL 33 KOHeYHOe Bpema At onpefenaeT-
CA KaK OTHOUICHUE MEPEMEIIERNA K MHTEPBaly BpeMerum: ¥, = AF/AtL.

*B KYPcax $PH3NKH, YHTaeMRIX b By3aX, OCHOBE MEXAHHKH HINACAKTCA HHAYE, HeM
B KypcaX TeopeTHYECKON MEXBHHK.
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(Cpeanas ckopocTh MYyTH PaBHa OTHOUIEHHIO MPOMAEHHOIO NYTH K MH-
Teppaly BpeMenu.) /IBuxkeHNe HAILIBAIOT PAGHOMEPHDBLM, eClIH T = const.
PaBHOMepHOE JBHMEHHE MPOHCXOJNT MO OpAMol, Pasromepubia deusce-
nuem no dadaxwol xpudoaunetivot MpaexmMopuy HAIHBAKT JBIKEHNE €
NOCTOAHHKM MoAyaeMm ckopocTu. {I[IpUMep — paBHOMepHOE IBHMKEHHE MO
OKDYXHOCTH.)
Yexopettue TOYKM DABHO MPOM3BOJHOM OT CKODOCTH N0 BpEMeHn:
d = dv/dt. Yekopenne aexuT B TOH ¥Xe€ IIOCKOCTH, 4TO W YHacTOK Tpa-
eKTOpHE, ¥ HAllDABAEHO ¢BHYTPH) TpPacKTOPHU (B 4acTHOM caydae, KOT-
Ja TPaeKTOPUA ABJIAETCA NPAMOR THHUeH, YCKOPEHIe HalPaBIeHo BAOAE
sToil npamoit). [Tpoekuro ycKopenks Ha HalpaBdAeHUe
CKOpPOCTH HA3BIBAIOT MAHZEHUUGALHBLA YCKODEHUEH K
o060aHaqaloT @,, OHa ONpefeadeT SHICTROTY M3MeHeHHA
MOJYAA CKOPOCTH H papHa NPONIBOIHOM OT MOZY.EHA CKO-
a, poctit: a, = dv/dt. [pyryio KOMIIOHEHTY YCKOpeHud,
NepNeH AUKYAAPHYIO CKOPOCTH, HA3LIBAIOT HOPMAAbHbIM
"~ ycxopenvest (pic, 2) B 060IHZYAIOT ¢,,; OHa XapaKTe-
pU3ayeT GBHICTPOTY M3AMEHEHUA HATpABJCHHA CKOPOCTH ¥
pasHa a, = v*/ R, rae R — paAuyc KpHBH3HbI TPaeKTO-
pun (T.e. pafuyc OKPYXHOCTH, HaubGolee 6AM3K0 NPUMEIKaOMeH K Tpaek-
Topuu B ZaHHOU Touke). CpefHee ycKopeHue aa BpeMa At onpefenserca
KaK d;, = AU/AL. IBrKeHNe HAIBIBAIOT PAGHOYCKOPERNBIN, €CIn &= const,
Pasnoycxaperswiy dsuxcenues 6doab 3adanroli mpaekmopuy HaIRIBAIOT
JBUEHHe ¢ ¢, = const.

=4

Puc. 2.

» IIpamas m oGpaTHas 3ajasn KUHEMATMKY. 3ajavyy onpefeleHna
XapaKTePUCTHK ABMIKEHHA 110 H3BECTHOMY 3aKOHY JABMXKeHHMA HAIBIBAKOT
npaMot aadauet KuKeMAMUKY.

Mpuwmep 1. Tlycrh 3akoH gABHXeHUa uMeeT BT £ = Rcoswt, y = Rsinwt. Hafiru
y¥PAaBHEHHE TPAEKTOPUU, CKOPOCTE M YCKOPEHUE,

Pewenne. Hckmouan spems gc nomoweie ToMAectea sind wi + cosf wt = 1),
HaxoAMM ypaBHenue TpaekTopun: 7° + y2 = R? (okpyxHocTh paguyca R).

JnddepeHiMpy & UCXOIHEIE BRIPAXKEHHA (10 BPEMEHH, TIOAYTHM

dx dy

vy = o = —-wHsinwt, v, = i wicoswt {KOMNOHEHTL CKGPOCTY),
d?z d? .
T —w?Rcosut, ay = E—% = —w?Rsinwi  (KoMnoHeHTH yeKopeHHa),

Mogyns ckopoeTit v = /12 +v§ = wR U Mogyse ycxopexua a = w’R ne
JABHCAT OT BpeMeHH H CBA3IAHH CCOTHCWIEHHEM a = 'sz"R. y'cxopenue HallpaBJ1eHO
NEPMeH HKYIAPHO CKOPOCTH K LIEHTPY OKDYXKHOCTH: & = —ulf,

3agady olpefefeHHA 23aKOHA ABHXEHHA 1[I0 M3IBECTHOMY YCKope-
HuK &(t) HaswBaloT o6pamuot sadaved xunemamuny. g oAnO3HATHOI O
perueEuA TON 3aJaYi HYXKHO 3HATEH HANGAbHLIE YCI06UR — IONONKEHHE H
CKOPOCTH TOYKH B HAMAABLILIA MOMEHT EPEMEeHH.



1.1. KHHEMATHKA TOYKH 137

‘MIpamep 2. Papnoycxkopenunoe gpmmenne. [IycTh HaBecTHR yekopeHie ToukH
& = const U ee HayaALHuE cCkopocTh iy i moaoskene fy. Halitu TpaekTopuio 1 sakon
ABHXKEHHA TOYKH.
Pemenne Hoc.ne,qona'renhuo HHTErpUpys, HaXCAUM CHAYANA CKOPOCTH TOWKH
t

= fddt = 1) + 3¢, a saTeM ee moNCKeHME T = fﬁdt = g + Tyt + -;5612.

to ta

Touka ABIKETCA B IIOCKGCTH BEKTOPOB ¥y, & 1o mapatone, 4To BUAHO B CHCTEME
KOOPAMHAT, TAE OCh ¥ HAMPaBAeHa Mo &, a 0ch T — MEPNeHAUKYLAPHe 4.

Bo mmorux cay4asax 3ajavya KMHEMATHMKH He CBOAMTCA HM K NPAMOIL,
HM k obpaTroi. B 3TOM caydae faa onpejeleHHA 3aKOHa JBUXKERUA MPH-
XOAUTCH peliaTs guddeperuuansHoe ypasaerue. MHor Aa »T0 ypabBREHME
MOXHO PeIUHTh pasfelerieM NepeMeHHBIX,

Ipumep 3. Jogka TopMOINTCR CHAOH, NPoNioPUNOHATEHOR KRaJPATY CKOPOCTH.
HﬂﬁTl’l JABHCHMOCTE CKOPOCTH JBHXCHWA NQIKW OT BpEMEHH, £C)TH HaMalkHaA CKO-
poCcTh PABHA Vy.

2

Pewexne. Bropon sakon HewroHa npuposnT K ypasHedmio dv/dt = —ov®.
Pasgenras nepemensute, noayanm: dv/1? = —odt, Murerpnpya nesyio 4acTh ypaBHeHHA

aT ¥ A0 ¥, & npasyo— oT O g0 t, HaxoguM (v — vo'lj = at, T.e. v = vy /(1 4 vpat).
WHTerpupys ganee, MOXHC oTIPEIENHTE 32KOH JBMKEHHA N0 JKH.

p smxensne no OKpyXKHOCTH, [BUXeHNe N0 OKPYXHOCTH MOXKHO
OIUCHIBATD C MOMOLIBIO YTJIOBEIX IEPEMEHHEIX: YIJ1a IOBOPOTA {9, YII0BOH
cKopocTdt w = di/dt u yraoBoro yckopewus £ = dw/dt. Ecaun yron
H3MEpAThL B pajuaHax, TO AJHMHa JIyry paBHa § = pH. Orcioga cregyer,
9T0
2
v=wh, a,= %ZER, a,.,:-%-:w2R.

Benuauna a,, HaSBIBAETCH HEHIMPOCTPEHUILEAbHbIM YCKOPEHIEM,

PopMyNH IR HOPMATEHO'O M TARTEHIHATEHOT'C YCKOPEHHI MOXHO BRIBECTH, ECTH
JanHuCaTh CKOPOCTE B BHAE ¥ = v7, Ile T — eZUHUYHEH BEKTOP, HAMPABIEHHEHN BA0Xb
CKOPOCTH, ﬂony‘mm &= (dv/dt)7+v(d¥/dt) u yuTeM, 4To dffdi = A{de/dt) = n[u,fR)
rae i — eTHHMUMKIL BEKTOD, NepReHIHKYTAPHEN K CKOPOCTH K HAMpaB/IEHHELT BJOTE
paguyca. 3ToT BEIBOA CNPaBEZANB H AAf IPOMIBOALHOH TPasKTODHH, €CIH MPUHATH
cooTHowenue df = R(ds/R) 3a onpegenenue Kak HAMPaBJIEHMA HODMANK 7, TaK K
pafuyca KpPHBH3HK R,

» OTHOCHTENLHOCTE ABHXeHUA, CaoxeHme ckopocred. Ecan
JBIKEHHE TOYKH PACCMATPHBASTCH 3 ABYX cHcTeM oTcyeTta K u K, ocu
KOTOPLIX OCTAMTCA BCe BpeMdA NapallelbHEIMH ApYT APYTY, TO MeXAy
CKOPOCTAMH TOYKH !-J‘ I U-r OTROCHTEABHO 3THX CHCTEM OTCYETA B Ka)KAbIﬁ
MOMEHT BpPEMEHH BRIMOAHASTCA COOTHOLICHUE

T=79"+ iy, (1)

rae i — CKOPOCTh cHcTeMBl K’ oTHocuTeabHo cucTeMur K. Takoe Xe
COOTHOIUEHNE BHIMOMMACTCA ¥ AAA YCKODEHHI: & = @ + &y
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1.2. KunemaTnka TBEPAOro Tena

» Ocunosuile onpegenennd. B mexanuke maepdtis mesom Has3HBAKOT
Ajeaali3spOBAHHOE TeaO, PACCTOAHHE MeX[JY JIOHMHM ABYMA TOYKaMHM
KOTOPOT'O He MEHAETCH (T.€. OTCYTCTBYIOT gedbopmannn). Bugeasior gsa
OpoCcTHIX ABHXCHHUA TBEPIOTrO TEAA — NOCTYNATEABHOE i BPALATEARHOL,
Ipu nocmynameasnost Jeuncenuu OTPEIOK, coeqUHAOUIME ao6He ABe
TOYKH T&lna, IepeMellacTCA NapalleabRO CaMOMY cebe, SHa‘{HT, BCE TOY-
KK Tela JBAXKYTCA OJWHAKOBO, T.€. JOCTATOYHO ONHCATE JBMXEHUE O JHOH
roukh. Ipn épawameavros Oeuscenuy BCe TOIKH TBEDIOrO Tera (man
€ro MEICICHHOTO NPOJOIKeHHA), IPURAZICKAIINE REKOTOPOH NpAMO#R —
oCU epalerus, OCTAKTCA HENOJBHXKHBIMHE, OCT&JIBHHB TOIKH TeAa JBH-
KYTCA 0 OKPYXKHOCTAM, NMEPNEHAUKYIAPHHM OCH BpAalleHUA. YDJIOBHIE
CKOPOCTH BCEX TOYEK B KaxJBIH MOMEHT BPEMERM OJAUHAKOBBL, OITOMY
BBOJAT SEXMmMop y2aos0t cxopocmy o, HATpABIeHMe KOTOPOTr0 BACIL OCH
BpalllecHNA olpejefdeTch No NpaBuay OypaBdumka. PacnpegeacHue JHHeH-
HBIX CKOPOCTEI‘:l TOYCK TEAA MOXHO NPEICTABNTE C NOMOILIEK BEKTOPHOTO
npouapeJeHnA™

T=u X F, (2)

rje PajHyCH-BEeKTOPH NPOBOJATCA U3 M060#l TOYKK Ha ocH. B cryuae
HEMOABMXKHON OCH BpAILCHHA BEKTOP YLJIOBOrO YCKOpPERHMA £ = du/dt
TaK¥Xe HalpaBjier BAOAb OCK,

» Ilnockoe gBMKeHME TBEPAOrO TEA ONDELSIAINT KaK ABKXKCHME,
OpH KOTOPOM CKOPOCTH BCEX TOYEK TEMa NapaireibHbl HEKOTOPOk NAoc-
kocTH. Ecan ¢ mo6olt Toukoll Tena (man ero MBICASHHOTO NPOAOIKEHNRA)
CBi3aTh HOCTYNATENLHO JBHKYIIYIOCH CHCTEMY KOOPAMHAT, TO OTHOCH-
TeNbHOE ABMAKEHHE ByJeT YUCTHM BPallleHUEM BOKDYT HENOABKKHOM OCH,
NepOeH ARKYIAPHON MAOCKOCTH ABHMKEHHA.

A g Ipumep 1. Kauenne koneca fe3 npockaibanipa-

D HHA €O CKOPOCTBIO ¥ YZ06HO NPeACTaBiTh KaK CyM-
BR MY MOCTYOATENBHOT'O IBHAKEHUA CO CKOPOCTBI ¥ H
BPALIATEAbHOTO JBINEHHA C YIMOBOH CKOPOCTBIO W
{puc. 3). CropacThk Mo6oit TOMKH OTHOCHTEILHO M-
ZH MOXHO HAHTH o 3aKoHY cnoxkelns ckopocTeit (1),

, Y B HacTHocTH, CKODOCTL HiKHeR Touku koreca OF

Z Bp AomxHa SLITH PABHA HYMIO, OTKYJa CAegyYeT CBA3b

Ea'p 13 Mexay v i wi v = wR. YckopeHHA Beex Touex Hampa-
Puc, 3. BACHHL K LIEHTPY Koneca.

» MrHaoBennan och Bpamenun. Ecin kakas-To Touka Tena (man ero
MEICIEHHOT'O MpPOJAONKEHHA) B JaHHEIL MOMEHT HENOJBIXKHA, TO CyIle-
CTBYET NPOXOAALIAd I€ped Hee MPpAMad HENOABIKHHX TOTEK, KOTOPYK

JTo ypaBHeHHe ABIACTCA YACTHLIM CIY43EM BANCHOH MATEMaTHHECKON HopMYILL
dﬁf dt = & x A, supamaroueit (POUIEOAHYIO, IO BPEMEHU OT M0GOre BEKTOPa A,
KOTOPHIL BPRILASTCR € YOIOBON CKOPOCTBIO W
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Ha3LIBAJOT MIHOBEHHOM OCBIO BpaueHusa. Pacnpegenerde ckopocTell B
3TOT MOMEHT oOHchiBaeTcA dopmynoit (2). MrrobeHHaA ock B & MOryT
MEHATH CBOE NOJOXKEHHE KAk B IPOCTPAHCTBE, TAK M OTHOCHTELHO TENa.
B 4acTHOCTH, B NpUMEpe 1 MOXHO MOMYYNTH CKOPOCTH BCEX TOYEK KO-
Jeca Kak peay JbTaT YHCTOrO BPALUEHHA-OTHOCHTENEHO MTHOBEHHOR OCH,
NpoxoAAiIel Yepes Touky Kacanum('. Yriosoe yckopenue & MOXKET SHTh
HeTAPANAeIbHO MIHOBEHHON OCH.

p CroxeHHe YrioBeX ckopocTed. JIBMxkeHHMe OTHOCHTENIBHO
PPAIIAICINENRCA CHeTeMBl orcdeTa. [ BUXeHUe TBEpJOTO Tela C He-
NOABHXHOH TOMKOH NpEICTABAAeT cobodl B KAaXAEIM MOMEHT BDEMEHH
4UCTOe BpallleHWe BOKDYP MTHOBEHHOHM ocH. Ecam 3To gBuKeHWe MOK-
HO MPeACTABUTEL KaK BpPallieHKe ¢ YTJIOBOH CKOPOCTHIO &/; OTHOCHTEIBHO
CHCTEMBI OTCYETA, BPALIAIOIENCH ¢ YTAOBOH CKOPOCTBIO &y, TO pPeE3Yilb-
TRPYWOLIAA YII0Bad CKOPOCTH paBHa & = &, + ;. [lnA JokasaTerbcTBa
Halo 0606MWUTE 3aKoR cloXkeHud ckopocTedl {1) Ha HEDOCTyUATElBHOE
ABMXKEHNe CHCTEMEl OTCHeTa! :

-

¥= ora T ﬁnep! (3)

rie Upo, ~— NEPEROCHAR CKOPOCMD JaHHOM TOYKM CHCTEMB OTcYeTa. B
clydae BPALIAKOINERCA CHCTEMEl OTCYETA

-

-_
V=g

+ExF (4)

Korga oTHOCHTEIbHOE ABMKeHNe NpelcTapaseT cobolt YMCToe BpalllcHHE,
noayInM ¥ =, X F+idy X 7= (T, +d,) X, T.€. peayaLTUpYIOLIee ABMKEHHE
npefcTaBageT coboll BpallleHke ¢ YraoBoll ckopocTbio (#, + &)

MpuMmep 2. PaccMoTpuM KPYroBod KOHYC ¢ YOJIOM IMOAYPACTEOPA &, KOTOPEH
NONOKHAK Ha G0K H NokaTund Ges NPOCKaALIHBAHHA TAK, MTO €00 OCh BPAIIAETCH
¢ yraomoil cxkopoctsio &) (pwuc. 4}, HaltTi yrioBywe cKopoCTe M yIAOBOE yCKOpEHue
KoHyca.

Powenue. Bo apamarwienca cucreme '

QTCYETA, B KOTOPOH OCh KOHYCA HEMOZBIK-
Ha, IPOMCXCINT BPatueHe BOKPYD 3Tol ocn
€ YrioBOH CKOPOCTRIO ;. CBA3L MEXKIY vy
H w; HAlJeM M3 YCMOPHA HENOIBMMKHOCTH
Teuki A wil = wyr, mIM Wy = wysina.
Mz storo cooTHoweHRA credyeT, 4TO Bek-
TOp @ = ) + &y HANPABASH MOPHAOHTANL-
HO, IO JAMHHHM COTIPHKOCHOBEHHA KOHYCA C
MAOCKOCTBIO, KOTOpaH, KOHEYHO Xe, ABIA-
eTcA MUCHOBEHMOW oChi Bpalekua. Bxmag
B YPROBOE YCKOpeHHe KaeT TOMbKO BRAle-
HHE BEKTOPA W, € YFAOBOIH CKOPOCTEIE W) !
E=dl/dt = & X @y, £ = wyw; cosa.

Dopuy:ta (4) ABIAETCH TACTHEIM CIy4aeM GOPMyAsi A UPOUABOALON
Iio ppeMeHHd oT Jboro BeKTOopa A

b -
dA _ { dA Lo _
“JE"’( i )m“’* A, ®)
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_' u
rie HepBHi 4IeH — CKOPOCTD H3MeHeHUA A OTHOCHTENBHO BpAIRaIOMIes-
CA CHCTEMBI KOODJMHAT {CM. TakXe CHOCKY K dopmyre (2)).

[lpu H3y4enus HeMHEpUHANLHRIX CHCTEM oTCYeTa (cM. pasg. 1.9) Ham nokajo-
GHTCA CBA3L MEXAY YCKOPEHUAMM TOYKH B HEMOJBHMHON M Bpawalmeics cHeTemax
oTcqera. Ee MoxHO Roay4nTe, npumMestis (3) kK Kax oMy H3 JBYX wieHoB B (4):

dit d7, . df av, - - o -
T rax = () 40X X (G + 0% ) =

= d g+ 22X T+ @ X (XA

lMocaegumin e npegeTapaieT cofol epeHOCKOe YCKOPeHHE AAHHON TOYKH CHCTEME
oTcveTa (LEHTPOCTPeMHTEARROE YekopeHHe). BuaHo, YTo kpoMe oTHOCUTEARHOrG W
NEPEKOCHOr0 YCKOPEHUH, BOSHMKALT AONOAKHTENLHOS CAATAEMOE, KOTOPOE HAIKBAWT
KOPUOAUCOBbIM YOKODERUEM.

1.3. [Annamnka

» Ilepeum 3axoH HEIOTOHA yTBEDXKJAaeT, 4TO CYIIECTBYIOT TaKHe
CUCTEMEI OTCYETA, B XOTOPHIX Moboe Teno, He BlauMoOJeHCTBYWOIIEE ¢
LPYTHAMH TEN1aMH, JBVXETCH PaBHOMepHO I npaMoanneino. CrcreMul oT-
cHeTa, CYIeCTBOBAaHMEe KOTODHIX NOCTYAUPYET STOT 3AKOH, HadRIBalOTCA
UHEPYUAAL HBLM Y,

U3 sakoHa cloweHuA CKopocTell BUAHO, 4TO M106ad cHcTeMa OTCYe-
Ta, ABMXKYIMAACA ¢ NOCTOAHHON CKODPOCTHIO OTHOCHTEABHO UHEpUUAIb-
HOU, TaKXe ABAACTCA HHepUHANEHOU. [IpakTHYeCKU TOMHO HHePUHAIBHON
MOXHO CYHTATh MeIHOLEHTPUYECKYIO CHCTEMY, CBA3aHuyio ¢ ComHueM u
yAalleHHBIMH 3Be3 JaMi. JeMJN ABJAAeTCA MHEPIUAIBHON CHCTEMOH TOMb-
Ko NpuOAKKEHKC, BCICICTBUE CYTOYHOTO BpPAllleHHA YCKOpeHHe ToveK ee
nopepxsocTu gocruraer 0,034 m/c2.

» Macca. Hunyasc. Hz nepsoro sakosa Heloroka caegyer, 49To B
HHEPIHANLHBIX CUCTEMAX OTCYeTa YCKOpeHHe Telnd BOSHMKAET TOJBKO B
pe3yabTaTe ero B3aEMOAeiCTBHA ¢ APYTUMH TeIaME. JTO YCKOpeHMe 3a-
BUCHT OT UHEPMHOCTIYU MeAd, T.€. ero CNocoSHOCTH CONPOTHBIATRCA Ha-
MEHEBHIO CKOPOCTH, a TaAKXe 0T HHTEHCHBHOCTH K HAIpaBJAeHUA JelicTBUA
Ha Hero ApYCHX Tel.

Macca Tera m — 3TO CKalApDHAA TONOKHTENLHAA BeJM4HMHA, Xapak-
TEPHIYIOUIaA HHEPTHOCTL TeXa. JKCHEPUMeHTHl NOKAILIBAIOT, 4TO IIpH
BIAUMOJEHCTBHY ABYX Tel HX YCKOPeHWA &; ¥ Gy B MHEDUUATLHOM CH-
CTeMe OTCYETa HANPABIeHHl B IPOTUBONONOKHEE CTOPOHEL, 4 OTHOLICHUE
MOJYyJell YCKOpeHu# a,/d, He 3aBHCMT OT XapaKTepa ¥ WHTEHCHBHOCTH
B3ayMOJeHCTBHA. JTO NO3BOAAET ONPeAeaUTh OTHOLIEHHE MacC ABYX Ipo-
M3BOALHBIX TeN KakK BeautuHy, 06PaTHYIO OTHOIIEHUIO YCKOPEHUH, BO3BY-
KaIOWMX IPY XX B3IAaUMOAEHCTBUE APYT ¢ APYroM: m, /m,=a,/a,. Trobu
ollpeAenuTh ABCOMOTHYI BETHIHHY MAaccH m, HeoBX0AUMO ONpPEeATh
FraioH MaccH. B cucreme CH 2a aradon MacCH NpUHUMAIOT 1 xuiozpass
(1 xr). Macca ofaajaer cBOHCTBOM ajAUTHBHOCTH: CYMMa MACC YacTel,



1.3. JrHAMUKA 141

Ha KOTOPHIE MOXHO pajfieAMTh Telo, paBHA Macce Bcero Tela. Kak mo-
KaaBlBaeT TeopHA OTHOCHTENBLHOCTH, 5TO CBORCTBO ABIACTCA NPUBAMKEH-
HBEIM M HAPYLIAETCA TIPH CHABHOM B2aHMOA€MCTBUE MeX Y YaCTAMH Tela.
Hanpumep, macca Afpa 0Ka3bIBAETCA MeHBLIE CYMMEI Macc oOpa3yromux
€0 HYKJOHOB.

" Haunyavcosm aCTHUB HA3HIBAIOT BEKTOPHYIO BEAHYHHY, PABHYIO Tpo-
M3BEIeHMIO MACCHl YACTHIRL Ha ee CKOPOCTE!

= m. (6)

Onpepenenue (6) neficTryeT TOABKO IPH ¥ <€ €, [ fe ¢ — CKOPOCTh CBeTa;
Ooaee oblee onpefeneHue, BepHoe Mpy MOOLIX v < ¢, BBOAKTCA B TROPUH
OTHOCHTEALHOCTH.

» Cunaa. Cuioll, JeliCTBYIOICH HA TEAO MACCOMR M IPH ero B3aHMOJeHl-
CTBHH C APYTHM Te0M, Ha3oBeM Beauyuny F —ma, rge & —— yckopeHue,
coobiietoe 3TON cUION Tely 1 B HHepPUHAJLHON CHCTeMe oTcYeTa. Bo-
Jee obinee onpeaeleHHe UMeeT BHA: F= dp/dt. B HBIOTOHOBCKOH AMHa-
mHKe 06a ollpejeieHUA SKBMBAJCHTHEI, HO B AHHAMMKE TEOPMH OTHOCH-
TeNbHOCTH ONpeleleHue HMNYILCA H3AMEHASTCA, M OKadLIBaeTCA BepHBIM
TOIBKG BTOpoe oupefetenue. B cicTeme CH cuina mamepsieTca B Howmo-
nar (H = kr M/c ).

Vismenente HMIIYAbCa TOYKH 33 BpemA 1 mog AEHCTRHEM CHJIBI F pap-
HO HHTerpady oT caibl: Ap = p(t) — p(0) = fo Fdt. JTyY BEIMIUHY HA3bI-

BAIOT umMnyAbcoM cudast. Cpelnan (10 BpeMeHH) CHIa PaBHA FLP = Ap/At.

» Bropon zaxon Heiorona. Ecan npa M&T%PH&J‘ILHyIO TOYKY OAHO-
BpeMeHHO ZeMCTBYIOT N Tel ¢ CHIaMi ﬁl, .o+, Fp, TO ycKOpeHHe Teqa @
onpegeaneTc eexmopno:i cymuoti IMuL cud:

B 1 g Nﬁ
a= :;:Z:: MAH —CH—:Z -

Cuny F uasupator pasxodeticmeyroweti {wim peayabmupylowed)} cHa

1+ -2 Fy. Bropoii 3axon HeI0TOHA HAIBIBAIOT ypasHeHuem deuncenta
Tefa, TaK Kak OH MO3BOJAET (B NPHHUNIE) PACCINTATh ABHKEHHE Tela
WIH CMCTeMBl Tedl, Ho TOALKO B TOM Cly4Yae, eClIi H3BECTHA 33BHCMMOCTh
CHII B3aMMOJEHCTBHA MEXAY TEIaMK OT MX B3aUMHOTO PacHoloReHMA
5 ckopocrell. Huxe MBl KpaTkO HamoMHMM CBOHCTBA CUI, KOTOPHiE
BO3HHKAIOT [IpM pellleHHM MeXaHH4YeCKMX 3a7ad.

TpeTun 3axon HelOTOHA yTBEpXKJaeT, YTC CHIBI ﬁAB i} ﬁBA, c
KOTOPLIMH JeHCTBYIOT APYT Ha ApPyra ABa B3aMMOJeHCTBYIOIHX Tedaa A
¥ B, HampaBaeHEB! B nodb 0JHON NMPAMOH B NPOTHBOMOJIOKHEIE CTOPOHE K
PaBHBI MeX Y cCOBOR Mo MO AYII0:

ﬁAB = "“FtBA'
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» JanenogencrBre n npuauHHOCTh. [loae. B HEIOTOHOBCKOR Mexa-
HuKe TpeTHH 2akol HboTona BEIDONUAETCA A8 TIOOHX BaauMoJehcTBYIO-
ILMX Ted He3aBUCHMO OT IIPHPOALI B3aUMOIeRCTBUA U OT TOT0, HAXOAATCA
JE Teda B HEMOCPEACTBEHHOM KOHTAKTE WIU B3AUMOJEHCTBYIOT HA pac-
CTOAHMH C MOMOLIBIO CPaBUTAIMOHHEIX HIH dAeKTPOMAPHHTHEIX ¢l Oa-
HaKo BRIMOJHEHHE TOr0 3aKoHa Aia JAlbHOAEHCTBYIOLIMX CHJI O3HAYAeT
MICHOBeHHYIO Mepenavy uHbopMaluun of u3MeHeHME MoJoXeHud Ted. Ca-
MO TOHATHe AAIbHOAEHCTEUA NPOTHBOPEYUT HOCTYAATaM TeopHH OTHO-
CHTEeABHOCTH, 3AaNPEAOWKM Nepeaady HHGOPMAIIHH CO CKOPOCTRID, IIpe-
BBILIAIOLIER CKOPOCTE cBeTa, CoBpeMeHHan GHIMKA OTKa3alack OT Jadb-
HOZEHCTBUA, BBeAd HOBOT'O Y Y2l THAKA B3aHMOAERCTBUA — MATEPHaIbHOE
cua080¢€ node (JMEKTPUIecKoe, IPABHTALHOHHOE M . ), 3allCJHAIOLLEe BCe
npocTpancTBo. Ha Teso B JaMHOK TOMKe MPOCTPAHCTBA AeHCTBYIOT He
vaaleHHEIE Tela, a ToJe B OKPECTHOCTH 5TON Xe€ TOYKH; B CBOIO 0Yepedh
3To fIoNe CO3AaeTCA YAAeHHBIME TeAaMi (ucmounurasau noas). Hamene-
HIE 110/ TIepefaeTea oT TOYKH K TOYKe K PACTPOCTPAHALTCA € KOHEYHOM
CKOPOCThIO (CKOPOCTHIO cBeTa). B HBIOTOHOBCKOH MexaHnKe (NpH MaJbIX
CKOPOCTAX ¥ <€ €) MOWHO MOJB3OBATHECA KaK AIbHOACHCTBYIOIMME CH-
JdaMu, Tak U noseM; yao6uo UayvaTh ABMmKEeHMEe TOMKH (MM CHCTEeMEl TO-
YeK) BO 6NEWNHEM CTRGYUORGPHOM NOAE, CO3JaBAEMOM HEMO\BHKHEIMH MC-
TOUHHKAMK (IpMMep; ToNe TAXeCTH JeMan). CunoBoe Moie HaILIBAETCA
YeNmPaAbHbLM, €CIN CHIA, ACHCTBYIOIAR CO CTOPOHLL MOAA HA [ICMELleH-
HYI0 B HEr0 MaTepUAlbLHYIO TOYKY, 3aBUCHT TOJLKO OT DAcCTOAHHA I OT
TOYKM J0 CHAOBOTO LEHTPa H HAIpaBleHa B CTOPOHY IEHTpA:

F) = Fir) =,

rae F(r) = F,(r) — NpoeKIWA CWIk! HA pajuaibHoe HampabieHue. [oge
Ha2BIBAETCA 00nopodubis B 06A8CTH IPOCTPAHCTRA, €CIHE CHAA CARHAKOBA
BO BCEX ToYKaX 3Toi o6aacTH: = const.

» Cunm npupoas. Bee pasHooGpase gefCTBYIOMMX B IPHPOJE CHA
MOXKHO CBECTH K HECKOJBKHM (DY HAaMeHTANLHEIM B3aMOSelCTBRAM (Ipa-
BUTALKOHHOMY, CI1a60MY, 31eKTPOMArHHTHOMY H CUAbHOMY). OnHako aus
NpAKTHYECKUX Ienell Takoll MoAXo) HeNpUrogeH, H KPoMe ¢byHIAMEH-
TATLHEIX AAALHOEHCTBYIONMX CHI (B MEXaHMKe 3TO CHIA TATOTEHMA),
HANC 3HATH CBOMCTRA PA3AMYHKIX CHJ, BOIHKKAIOIIMX MTPH KOHTAKTE Ma-
Kpockonndeckux Ted. IlepeMncanm KpaTko CHAbI, BO3HHKAIOWME 1P pe-
IEHHN MeXaHUYeCKMX 3a4a4 {MX CBORCTBA M3YYalOT B KyPCe BIEMEHTAap-
HOM (PMIHKH B 1IKOJE).

1. Cuaa maxcecmu mg (CHIA TACOTEHHA Y TIOBEPXHOCTH JeMJIK).

2. Cuae ynpy2ocmu IpA OpOJOIEHOK AehOPMAIMK TPONOPLUHOHAILHA
Aecpopmammu: F, = ~kz, rae k — xecTrocTs (3axon I'yka). B mpenese

y
6eCKOHEYHOW XECTKOCTH BO3HUKAIOT ¢hia (HOpMalbHok) peakuuu N Man
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ciAa HATAXEHHA HATH T, KOTOpble ONpedenAlOTCA U3 CAMUX yDABHeHMH
geukenns. (CuAbl Takoro THITA HA3LIBAIOT PEAKyUAMY CBATEH.)

3. Cuaa cyroezo mpenus. Cuia TpeHHHA CKOJNbXEHNA: F,,P =mN, rge
#, — KOI(hOUIKEHT TPEHUA CKoabxeHHA. CHia TpeHuA Mokos Foo SN,
L A€ ftg — Ko3G$GhHINEHT TpeHUA NOKoA (PH pellleHNH 3a a4 CIATAIOT, 4T0
f; = ftg). Ciaa TpeHNA MOKoA TakKike OTHOCHTCA K THIY peaKIHH CBA3ei.

4, Cuaa conpomuscAeHUl GaUNCERYI0 6 JCUOKOCMY UAY 2G3€¢ 3ABUCHT
OT CKOPOCTH H IIOMepevHLIX Pa3MepoB Tena. IIpn Malklx cCKopOCTAX M Ma-
JBIX pa3’Mepax CHAa MPONOPUMACHAALHA CKOPOCTH {CHia BA3KOTO TPeHHs),
Ipy 6OABIIMX CKOPOCTAX CHAA NPONOPLUAOHANLHA ILIGLAJN IONEPEUHOLO
CeYeHHA H KBAJPATY CKOPOCTH (Cuia o 60BOro CONPOTHBIEHHA).

» IIpuunun oTHocurenbrocTH Damnreds. llpunnun oTHOCHTEABHO-
cri Taxnnes yTBePXAaeT, YTO BCe IAKOHE MEXAHUKH HMET OJNHAKO-
BLIH B BO BCeX HHEPUMAAbHBIX cricTeMmax orcdera. Ilycre cucrema K'
ABHXETCA OTHOCHTENLHO CHCTeMBl K ¢ nocToAnnol ckopocThio V. Bri-
fepeM CHMCTEMEl KOOPANHAT ¢ [APAJLIeTbHBIMA OCAMH, TIPHYEM OCH & 1 &'
HampasuM BAOAL V; BpeMA 6yjeM OTCYMTHIBATEH OT MOMeHTa MOJAHOLO
copMemienun oceit. Torja KOOpAUAATH U Bpema coBLITHA B cHcTeMe K’
SyAyT BHIpAXKATLCH Hepes KOOPAHHATH ¥ BpeMmsa B K ¢ NOMOWBI npe-
obpasoeanutd I'asusea:

=z -Vi, ¥y =y, 7 =z, =1 (N

IIpu npeo6paszopanunx Taduies 0CTAIOTCA HEHIMEHHBIMH Pa3HOCTD CKO-
PocTell ABYX TGYeK M DacCTCAHME MeXJY HUMM; 3HAMUT, He MEHAITCH
CMJIEL BIAHMOJEHCTRUA MeX Y MaTepPHANLHBIMH To4kaM#. Kpome Toro,
npeobpasopanua laduies He MEHAIOT YCKOPEHRA TOYKU. SHAYUAT, HE Me-
HAIOTCA ofe YacTH PaBeHCTBa, BHIpAXawinero rropol sakon HewoTona,
T.e. YpaBHEHME ABHIKEHHA MMEET OJHHAKOBHIH BuJ B PAAHBIX CHCTEMAX
OTCYeTa (UHEAPUANMNO OTHOCKHTENLHO Npeofpaiosanui Tanuren}.

Ipec6paszosanna Fanunes ocHOBaHBE Ha YTBEPXKASHWIX O HEIABHUCH-
MOCTH XOJa BPEMEHH H JIKHEL OTPEIKOB OT CUCTEMEI OTCYETA, KOTODhIE
CINTANKCh HEOThEMASMbIMHE CBORCTBAMIA HPOCTPAHCTBA U Bpemenu. Teo-
PHA OTHOCHTENLHOCTH MEPECMATPHBAET MPEACTABAEHUA O NPOCTPAHCTRE
K BpeMeHM W NMOKa3BIBaeT, YTO npeobpazopanua [alunes BEePHBI TOABKO
npu V < ¢; ux saMeunoT npeobpasopanun Jlopenua, sepable npi Mo6HIX
ckopocTax V < e

1.4. 3akoH coxpaHeHns uMnynsca

» Cucrema MarepuanbHHX Todek. IenTp macc. Ilyers cucTe-
Ma cOCTOMT u3 N MaTepMalbHBIX Todek. CMAH, AeHCTBYMOIIME HA j-10
TOYKY, TOAPa3Ae fAlOTCA Ha BHYTDEHHHE j},, AeNCTBYIONIME CO CTOpPO-
HBl OCTAMBLHBIX TOYEK CHCTEMBI, M BHENIHME, PE3YALTUDYICILYIO KOTOPRIX
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oBoanauum* F;e. B ccoTreTcTBME C TpeThMM 3akonoM HeloTona cym-
Ma BHYTPEHHUX CHJI paBHa HYJNIO, T.¢. CYMMa BCeX CUJ, JeHCTBYIOIKX Ha
TOYKH CHCTeMBEI, paBHa CyMMe BHemHuX cuit. Eciu Tena cucTeMu He Baa-
HMOJEHCTBYIOT ¢ BHEIUHHMH TedaMH, TO CHCTEMY HA3RIBAIOT 3AMKNYMOoU
(MM H3ONHPOBAHHON).

Ilenmpon macc (UEHTPOM KHEpUMH) CHCTEMB MATEPHAAbHEIX TO-
€K My, ..., My HAJLIBAIOT TOYKY, MOMOXeHHe KOTOPOH ONpefelaeTe
pajuycoM-BeKTOpOM :

- m1171+'-‘+mNFN‘ (8)
" my+ o+ my
CBA3aHHYIO C HEHTPOM Mace MOCTYNATeNLHO ABMKYILYIOCH CHCTEMY OT-
cyeTa OyJeM Ha3BBATh CUCMeEMOl YERMPE HACC,

Ecnu macca pacnpefenena HEMPePHIBHO (B MPOCTPAHCTBE, MO MAOCKO-
CTH, BAOIL JHHIHK), TO COCTAB/AIILHE CHCTeMY MATepHalbHble TOYKH MO-
AYHaIOTCA MPH MBICAEHHOM padjeleHul o6beMa Tela Ha MaJeHbKMe o6/a-
cTH. Pacnipeaenenne Macchl 06 06beMy DAJAIOT € MOMOIIBIO NAOTAHOCTAU:
dm = p(F} dV. Hanpumep, onpegenenue (1) Ana HempepblBHC pachpeje-
NEHHOGU Macchl NPHHAMAET BUJ

= - Jpl7)dV
T [p(Frdv
Testo ¢ NOCTOAHHON MIOTHOCTBHIO HAIRIBAIOT 0OHOPOOKBIM.

» Hmoyaec. HMmyasc cucTeMBl onpefienseTca KaK CyMMa UMIYAbCOB
COCTABIAIOIHX er'o JAaCTHIL:
p= E p;.

[Tpoaudihepennposas ypaBHuenne (8) o BpeMenH, HalgeM, YTO UMITYThC
CUCTEMEl BRIPaXKaeTCA Yepes CKOPOCThb UEeHTPa Macc:
F=mi,, (9)

rfle m -— Macca CHCTeMEl. 3HA4YKT, B CHCTEMe IEHTpa MacC KMIYABC
CHCTEMEl TOYEK PABEH HYJIO.

[IpocymmupyeM ypaBHenne BToporo 3akoHa HetoTona dp/dt = F mo
BCEM TOYKAM CHCTEMBL B YyYTeM, YTO BCe BHYTPeHHEE CHJibl YHMYTOKAE-

IOTCH: . .
b e
=L F (10)

(CKOpOCTE M3MeHEHHA HMITYIbCA CHCTEMEE PABHA Pe3YIbTUPYIOLIEH BHEIU-
Hel cuae).

* BepxHue UHAEKCH tis U 1€+ Yy CH DPOMCXGAAT OT MATHHCKMX CoB externus —
BHEWHMH H Internus — BHYTPeHHNH.
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» 3akoH coxpaMeHus ummynnca. U3 ypapHenua (10) cregyer, uro
UMNYALC 2AMKNYR O CUCTREMB! COLPAHALTCR, JAKOH COXPAHEHUA HMITY.Th-
ca ABAAETCH CAeJCTBHEM OAHOPOAHOCTH MPOCTPAHCTBA (PaBHONPABMA
BCEX ero TOYeK} K NMOITOMY HOCHT yHUBepCaJbHBIN xapakTep. O6racTb
JelCTBMA 3TOIC 3aKOHA BHIXOAMT 34 Upefeibl HEIOTOHOBCKOH MeXaHHKH,
B PAMKaX KOTODOH Mbl ero BuiBeaM. [[aike IpH y4eTe KOHEMHOH CKOPOCTH
PacnpoCTpaHeHNA CUCHAAA (ABJNeHMe 3amas3AkIBaHud), KOTOPOe NMPMBOJUT
K HapylleHHIO TpeTbero sakoHa HuloTOHA, 32KOH COXpaHeHHA HMILY.ILCa
BBIDOJHAESTCA TOYHC, €CIH YYECTh HMIYJABC NMEpefaTYnka CUrHala — CH-
JOBOTO NOJA.

Hunyave wezamxnymot] cucmemsl COXPaHAeTCAs B CAeAYIOUMX Ciy-
HAAK:

1. Ecaw ¢cyMMa BHEUWTHHX CHJ paBHa HYTO.

2. Ecan pesyinTUpyIOLaa BHELUHAA CHIA MEPUEHAMKYIApPHA HEKOTO-
POMY HANPABJCHHIO, TO COXPAHAETCA He BEKTOP MMIYJIhCAa CHCTEMEI, a
OpOeKUNA UMIIYAbCA CUCTEMEl HA DT HANpaBJAcHHE,

3. Ecau BaauMogelicTBHe MpOJONKAETCH 0YEHbE KOPOTKOe Bpema Af,
a BHellIHMe cHAbl ¢ orpaHm4eHe ¥, TO M3IMEHEHHEM MMIYIbCA CHCTEMBL

©At MOXHO TpeHeSpedb (cIuTaTh, 4To At — 0).

» Jpmxkenwe uedHTpa macc. [IpoguddepeHunpoBaB no BpemMeHH
ypaerenne (9), ¢ y4erom (10) monyvsM ypaBHeHHe JBMXKEHMA LEHTpa

Macc.
mi, = Ff (1)

(ueHTp Macc ABHXKETCA Tak, Kak ABHralach OB BooSpaxaeMad MaTepH-
albHad TOYKA ¢ MaCcOM, paBHOH Macce CUCTeMBl, eclid K Hel IPHICKHTH
Pe3YILTHPYIOLUIYEO BHELIHIOW CUILY).

Mpumep 1. PaccMOTPHM TOHKWA CTEP¥EHb JMMHOW { H MACCOH M, BPAILAIoILHE-
CA B MOPMICHTAMLHOMN NAOCKOCTH BOKPYT OJHODO M3 CBOMX KOHIOA ¢ YPAOBOH CKOpo-
cTbio w. HaliTy cuny HaTAmeHna B cepegHHe CTEDXKHA.

Pewenge. HenTp Mace aHeilnell NONOBUHE CTEPMHA SBHKETCR N0 OKPYKHOCTH
paduycom %I MoK GeHCTBHEM TOILKO OJHON BHELIHEN CH/L ~— HCKOMOMH CHJIE! HATAMXKE-

una. Mo ypasuenua (11) noayssm: F, = (—;-m) w’(%l) = %mwzl.

OTMeTuM, YTO UEHTp MacC zaMxuymoll cticmembl JBMXETCA PaBHO-
MepHO, CIeOBATENbHO, CHCTEMA UEHTPAa MACcC ABIASTCH KHEPHHAALHOH,

» PeakTuBHOe gpuxkeHmHe. VameHenue ckopecTu kopabid B ray6o-
KOM KOCMOCe BO3MOXHO TONBKO 33 CY€T BHIOPACHIBAHMA HAPYXY YacTH
MACCHl — PAKeTHOT'C TONAHBA. YPaBHeHUE ABHKEHMA KOCMOJeTa MpH Ha-
AMYWH BHEWIHEH CHAB F H peakTHMBHOH CTPYH JECKO MOAYHYHTH, 3aMKCaB

* TIpu 3TOM MY ARCE MACTUL CHCTEME MOTYT 3aMeTHO H3MEHNTHCA NOL JeHCTBHEM
OUeHE GOMBIINX BHYTPEHHHX cin (B3pue, yAap).
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3aKOH M3MeHeHMA HMIyJabca (3) B MHEPUUATLHOH CUCTEMe OTCYeTa, CBA-
2aHHOH B JaHHBIT MOMeHT ¢ KopabaeM:

mAT 4+ AME = FAL,

Ifie & — CKOPOCTh CTPYHK OTHOCHTENBHO Kopabiada, a AM — macca BriSpo-
WeHHOT'O 3a BpeMA Al Tonnuea. Pasjenup Ha Ail, MoaydiuM ypagreMue
Mewepexozo:

mi=F — ui,

rae = AM/Al = -Am/Al — pacted monsusa B ¢Tpye. BTopon 4iel B
NpaBoit YacTH HAILIBAIOT peakmbaHot cusod,
SamuiieM ypapHeHue Melllepckoro Anfi JBMXKeHMA [0 NPAMON B

OTCYTCTEBMe BHemmHed cuanl: midv/dt) = —(dm/dtju. Cauran u no-
CTOAMHOH, HalZeM 3aBUCHMOCTh CKOPOCTH Kopabla OT ero Macehl:
vfu = —In(m/mg) (ypeswenue Huoaxoscrozo).

1.5. 3akoH coxpaHeHus IHepruu

» Pabora — CKalApHad BeAWYHHA, ABIHHOLIAHCA Mepoﬁ H3MEHEHNA
JHEPrHH. Paboma suewnur cua POBHE UIMEHEHUN FHEPIUUY

A=E,-E,. (12)

Onpegenenne paGoTer (4epes MHTEIPak OT CKAKAPHOTO MPOM3BEEHHUA):

Azflz(p‘dﬂ=]12F,|dr'-]:/12F|dﬂcosa,

TAe F, — NpoeKuua CUABI HA HAMIPARIEHHE [BHKEHIA TOUKIF €€ MPHIOKe-
HUA, @ &~ YTOJ MeXKAY CHAOK K 3TMM HampabienueM. Pa6oTa u sHepruf
u3MepAIOTCA B dacoyair (Jx = H - m).

I[Ipamep 1, PaoTa nocroauHoi cunu F

A=-/1.2(I?‘dr'-')=(?-/zd?)=f'-(?2—?l)

PABHA CKANAPHOMY OROM3IBEAEHHI} CUARI HA NOJHCE NepeMelleHHe U HE JABHCHT OT
TPaeKTOPHN TOYMKH TIPHAGHKEHHA,

TIpumep 2. PaboTa ueHTpaasioil cuitl {CUIK €O CTOPOHW LEHTPANLHOTC IO,

cM. pasf. 1.3) pasHa
2 ry
A:f (F’-d?):/ Flr}dr
1 ri

(npoextma dF na paznaibHOe HANPABRCHUE PABHA MIMEHEHHIO PACCTOSHMA T Ao
neHTpa}. OHA 3ABUCHT TONBKO OT HAMAMLHOID T'; M KOHEYHOTD r, paccTosHwi Ao
CHMIGBOCO LEHTPA M He 3ABHCUT OT TPacKkTOpHMN.
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» MonmmocTs. CpefHaa MOIHOCTL — OTHOUIEHKHE PAGOTH K KHTEPBALY
BpeMeHu. MrHOBeHHad MeXaHUYeCKad MOLMHOCTh paBHa

dA (F .df
dt — dt
MomnocTs H3MepseTca B sammaz (Bt = Jx/c).

=(F.-9)=F,v

» KuueTideckol smepraeil HajkIBaeTCA SHepriA, CBA3AHHAA C JBU-
KeHnweM TOYKH M 3aBucAllan oT ee ckopocTi. CKOpoCTE Tesa uaMendeTca
noj AefiCTBUEM pe3yabLTUpYloUweH cuast F', paboTa kOTOpoH paBHa

2 2 2 dv w3
A:/ Ff|dr'-]=m/ a,vdt:mf Wwdt:m/ vdv=tmv}—Lmol,
1 1 1 v1
- (13)
BrAuo, YTO B COOTBETCTBAM ¢ OOWEM npuHUATNOM (12) KuHeTHYeckyio
aHepruK Hajo onpejeantsh Kak E, = mv?/2. Tlony4ennoe Toxaectso,
YyTBepXKaollee, TC HaMEHEHHe KMHeTHYeCKOM DHEeprHM paBHO paboTe
PE3YALTHPYIOWEH CHABL, HA3LIBAOT meopeasoti 0 Kunemuuecxotl snepeu.
Kunemuyeckar IHEpeuR CucmeMmbtl movex ONpefeldeTcA KakK CyMMa
KMHETHYECKHX BHEPIrMil BCeX TOYeK CHCTeMbl. MaMenenne kKuHeTHYECKOK
JHEPrHH CHCTeMbl paBHC paoTe BceX Cua, AeHCTBYIOMMX Ha &€ TOYKH.
KuneTuweckan JHeprus CHCTEMEl paBHA!

2
muy
EK = 9 = + Eo-rm (14)

rge m — Macca CHCTEMHl, v, — CKOPOCTb ee NeHTpa macc, E .. —
KHHeTHYeCKaA 3HEPTMA B CHCTeMe IIeHTpa Macc (meopena Keénuza).

» Koncepsarupnruie cmian. IloTerumanbuoe moae. Cuna Baaumo-
JeHCTBHA MeX Oy TOYKaMM Ha3hlBAaeTCA KoncepeamusHol, eciu paboTa
3TOM CHJEL 3aBMCHT TOABKO OT HAYAMBHOIO H KOHEHHOI'G MOAOKEHHA TO-
YeK, HO He 3ABHCMT OT TPAeKTOPMH HX NMepeMelllenus. Brellffee ¢Tauuo-
HapHOE NCHe HA3BIBAETCA ROMEHYUGALHELN, eCAH paboTa Mo IpH Hepe-
MelleHWM TOYKH 38BHCHT TOABKO OT €€ HAaYaJbHOTO M KOHEeTHOIo MoJoXe-
HU{A, HO HE 3aBHCUT OT ee TPaeKTOPUH. (JKBUBANCHTHOE yTBEPKJeHHE —
pafoTa NMoJA [pH OepeMeIleHHH TOYKH [0 3aMKHYTOH TPaeKTOPHE pPaB-
Ha uyao.) ToTennuantuoe note — 3To nofe KOHCEPBATHBHBIX CHJ Blau-
MOJEUCTBHA, CO31aBaEMOE HENOABUXHEIMU BHEITHHMY HCTOYHHKaMH. M3
npuMepa 1 cregyeT, 4¥ToO OJHOPOAHOE MOMAe MOTEHIMANLHO (IpUMeEp — To-
ne Taxect). M3 npuMepa 2 caegyeT, YTo mofoe HeHTpalbHOE TCJe TO-
TeHuRaAbHO. [loTeRiManpHEIM GyAeT TakxKe Mode, ABIAKINEEC CYMepIIo-
3uIKel HeCKOABKMX UEHTPATBHEIX Moell (Co3JaBaeMoe HeCKOJIbKUMH HC-
TOYHUKAMH ). SHATKT, JAEXMPOCMATRUNECKOE NOJAE M CIRAYUOHAPHOE NOAE
MAZOMEHUA ABAAIOTCA MOTeHIUAARHEIMU, Ua npuMepa 2 Takke creayeT,
YTO cldd Ynpyzocmy, CO3JaBaeMan JerKoi NPYXKUHOH, ABIAETCA KOHCED-
paTHBHOK. CHoTeMa TOYEK, MEXAY KOTODLIMH AeHCTBYIOT TOJBKO KOH-
CepBATHBHbIE CUJEI, HABLIBACTCA Koncepsamuenol cucmemotl.



148 PUIHYECKHE OCHOBBlI MEXAHUKH

» IlorenmumancHas sHeprua. [loTenunarbnan sHeprMn XapakTepuay-
eT B3aMMOJelCTBHE MeX Y TOYKAMM K 3aBHCUT OT MX B3aMMHOT'O Paclo-
JOXeHNA. Homeuuua.nbnaﬁ SHEPEUR TNMOUKY B0 SHEWHEM NOMERYLURABHOM
noae onpee’dAeTCA CaeayoUUM obpazoM. CHavana onpegenuM pajsHocTh
NOTEHHHANLHBIX SHEPTHE M4 HBYX MOjoXKeHHH To4YKK Kak pafoTy Noia
G ee MepeHOCY K3 OJHOTO MONOoXKEHUA B APYToe:

E]'[(F].) - EU(FG) = AIB (15)

(3Ta paoTa He 3aBHCHT OT TPAaeKTOPMH). SHAUUT, UIHEHERUE NOTNEHYU-
aavnotl anepauu E, — E| pabHO paboTe cun monR, easamot ¢ oGpamubis
anaros. Lony NepeMellleHNe YaCTHIE B TOAe OCYIIECTBAASTCA 04eHb Mel-
JeHHO € IOMOMIBIO 8HewHet! CUIBL, T¢ paboTa BHelUHeH CHAR GydeT paBHa
10 BeMYUHe H TPOTHBONONCKHA 10 3HaKy paboTe moad, T.e, A}, =E,—E,
B COOTBETCTBUM ¢ o6iuM npununioM (12). PaeenctBo (15) onpegeaser
NOTEeHIMANLHYIO PHEPrHio ¢ TOYHOCTBIO 0 KOHCTaHTHI. ITOGH chelaThb
onpencteHue OfHOIHAYHBIM, Ha Q0 33 JaTh 3HaAYeHHe TOTeHIHANLHOMH SHep-
I B KaKOW-TO TOUKE NPOCTPaHCTEa (0ORIYHO 334al0T TOYKY, B KOTOPOH
MOTeHUHAALHAA DHEPTHA paBHa HyI0).

TIpumep 3. PaGoTa cHARl TAXECTH M7 IDH NepeMenieHHH TOYKM MACcod m ¢
BRICOTH hy HA BRICOTY hy pabHa mgh, — mghy. 3HAYNT, MOTEHUMANLHAR IHEPTHA
TOYKH B NOJE TAXKECTH pabHA B = mgh, rae BRCOTA OTCUHTHBALTCA QT OTOROPEHHONO
Hynesoro yponha. [loTeHUNANLHAR JHEPOUA CHCTEMBL TOMEK B II0JE TAKECTH DABHA

m.gh; m R
E, = Z :'n B =mg|Z:mJI L = mgh,,

2

rhe m — MaCCa CHCTEMK, hlt — BEICOTA €¢ UeHTPA Macc.

3
Mpumep 4. PafoTa ciikl YOPYCocTH paBHa f(—kx}daz = %kx% - %krg, rae
2y, £ — HAYANLHAA ¥ KOHEMHAA AehOPMALMA ITPYIKHHEL OSHAYMT, [(OTeHUHANLHAR
sHEprHA YNpyrol npysunm pasua E, = +kz?, rie sa Hylb NpuHATA SHeprua
He (e GOPMHPOBAHHOM [IPY KUHE].

ITpumep 5. PaGoTa cna Tpeuns, CoNpoTHBACHUA OTPHMIATENBHA KAK HA KX IOM
YMACTKE IYTH, TAK M BAO/L 32aMKHYTOH TPACKTOPHN. SHAMHT, 3TH CHIL He ABIAKTCA
KOHCEPBATHRHKIMM.

'Homenuua.albﬂym IHEP2UN KOHCEPBAMUGHOZD 630“&06&‘&6?’1’36“3 ABYX
HacTHU MOXHO ONpelelUTh KakK MoTeHINHAIBHYIO JHEepruio OAHOI‘:I HacCTH-
[EI B I1OJE r1![[:))"1"01“-'1 YACTHIIR. OTBeT He 3aBHCHT OT TOT'Q, KAKYIO U3 YacTHIU
BhlﬁpaTb B KavdeCcTBe MCTOYMHHKA ITOJA.

» CraAdh CRAH € NOTEHUHATLHOM JHepruel, JalHcaB pabBeH-
¢TBo (15) AnA AByX GAHIKHX TOYeK, JeXalOuX HAa HEKOTOpO ocH !, moay-
wum E_({) - B, (I + dl) = F, dl. 3Ha4uT, Npoekuyua cuibl Ha IPOM3BOIBLHOE
HalpaB/eHke BEIPAXAeTCA Yepe3 NPOMIBCIHYIO OT MOTeHUHATLHON JHeD-

Ul
_8E,
ol

F = (16)
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(4acTHA® NpOU3BOgHAA O3HAYAET, YTO E,, paccMaTpHBaeTCa Kak GbyHKUHA
ofHOl mepemenmol l). BexTop cuan NoAydYaeTCs DaBHRIM epaduenmy
NOTEHNUANLHON JHEPIHHU!

ﬁm—(6£";+ 3;;,1}.-+ 6£"E)=-—grad5’n‘ (27)

Jas uesTpanbHOro noad ¢opmyaa (16) npunumaet Bug

aE (r)
F o=z 18
» Mexanuueckad 3Heprua CHCTeMEl ONpPeJelseTcas Kak CYMMa ee
KMHETHUYECKOH JHEPIMH, NOTEHUMANLHON IHEPI UM B3AHMOJEHCTBHA Mex-

Oy ec JacTMUaMHM 1 HOTEHHHMLHOﬁ JHEPI'HH BC BHEIIHEM MOJe.

2
. ye
Buex = 3, —5 =+ 2 Ejnt 3 E5. (19)
; i#n j
Tleperie aBe CYMMEI OGDAa3yIOT cobcmaeHHYI MEIAHUUCCKYIO IHEPEUIO
CHCTEMEL.

» HaMenenme Mexaumteckon dHepran. MaMenenne KMHETHYECKOM
JHCPI'HH pPaBHO pa.ﬁo're BCeX CHA, NPWIOKEHHEIX K TOYKaM cHéTEME]
(ypaBueHue (13)). MaMeHeHMe NOTeHUMANLHOH DHEPrME papHO pafoTe
BCeX KOHCEPBATHBHBIX CU/A (BHYTPEHHUX H BHEUINHMX, BKIOYaR paboTy
MOTEHITRANBHBIX [0JeH ), B3ATON C 0GPAaTHHIM JHAKOM. SHAMUT, U3MEHEHNE
MexaHH"IECKOﬁ JHCPI'HM DABHO paﬁou‘e BCEX HEKOHCEPBATHBHEIX CHJI, KaK
BHEIUHMX, TakK U BHyTPeHHUX:

AEMEX = AHEKOHC' (20)

p 3akoH COXpaHeHHd MeXAaHHYeCKOM JIHEePruM: MexaHW4eckad
SHePIHA 3aMKHYTOM KOHCEPBATHBHON CHCTEMEl OCTAETCH IOCTOAHHOH,

STo yTBepXKJeHHE ABJAETCA YACTHEIM NpossicHueM obmero dyHAa-
MEHTAJNLHOT O NPMHIKNA COXPaHEHHA DHEPIMH: ROAHUA FHEPIUR 3GMKRY-
motl cucmendt corpanfemcs. IHoJHAA 3HepIHA, KpoMe MeXaHHYeCKOH,
BKJIKOYAET B Ce0f Takike pasiuyHEIe BUIH sHympennell aHepauu: TENMc-
BYIO, XHMHYeCKYIO, AaepHyo. OGN NMpUHLMI COXPAHEHHUA DHEPI UM BbI-
XOAMT JAJMEKO 32 Tpefelsl HHIOTOHOBCKOH MEXaHMKM, B PaMKaX KOTOPORK
MBI OONYYHIM 3aKOH COXDAHEHHMA MEXAHWYecKOHW 3MEprud. JTOT MOpUH-
LHII TECHO CBA3AH ¢ PyHIaMeHTANLHEIM YCIOBHEM odnopodnocmy epese-
Hu (paBHOTIPABMEM BCEX MOMEHTOR BpeMeHM), OH ABJACTCA OCHOBaHHEM
BCErO 3JaHEA COBpeMeHHONH (PUIAKH.

YcaopMe KOHCEPBATHBHOCTH 3KBHBAMCHTHO TPeGOBAHNIO He3aBMCHMO-
rO COXPaHEHHA ABYX CAACAEMEIX HOIHCH DHEPIMH: MEXAHHYECKOH H BHY-
Tpernel. Eciu, HampuMep, BHYTPH CHCTEMHl JEHCTBYIOT CHAK TpEHHA,



150 PHIKYECKHUE OCHOBEI MEXAHHUKH

paﬁo'ra. KOTOPEIX OTPHOATE/ABHA, TO MEXaHNYEeCKaA JHEPI'HA YMEHLIIAET-
ca (ypasnenne (20)), mepexo4a BO BHYTPEHHIOW (B 3TOM Clydae FOBOPAT,
YT B CHCTEME BEIAENAETCA Tel‘l.l'IO). Mexannveckan JHEPrHA MOXET TaKXe
WIMeHATBLCA B TOM CIy€ae, eClu B CHCTeMe MPHCYTCTBYeT Kakoii-HuSyab
MeXaHMaM, CNOCOBHEIN NPOHIBOAUTL paboTy 3a CYeT BHYTpPeHHed dHep-
ruy (TonAuBa): ABHTaTelb BHYTPEHHEIO CCOPaHHA, YeIOBEK,

Mprmep 8. Ynpyrxit ygap. [lpu nesrpassioM ygape yOpyrix WIapos coxpa-
HASTCA H HMIIYALC CHCTEMEL, U € MEeXAHHYeCKAA JHEPTHAL

2 A 2 2
MyViz - Mat3, T Mplss
MUy, + Malipy = MUy, + Mplig,y, 2 t—7 = + y

BumecTo BTOPOro ¥PagHeHHA YAcOHO HCNOAb30BATD YCAGBUE, YTG CTHOCHTENLHAR CKO-
POCTH 1IAPOB HE MEHACTCH (10 BeAH-HHE, HO HIMEHACT CBOM JHAK: Uy — Uy = Uny —tiy.
DT ypapHeHHe MOXHO BHIBECTH M3 TTEPBHIX H8YX, HG OHO CTAHOBHTCH OMeBH SHLIM TIpH
nepexofe B HHEPUMANLHYIO CHCTEMY UEGHTPA MAce (OTHOCHUTENLHAH CKOPOCTb NPM Ta-
KOM TIepexoAe He MeHAeTca). B 5Toll cucTeme oTceTa NoMHEI UMY ALC CHCTEMEL pa-
BEH HYNIO, M NCCHE YAAPR CKOPOCTH LIAPCE NPOCTO MEHAKTCA Ha NPOTHBONCAONHEIE
(062 3aKoHa coxpaHeHNA PH 5ToM BrNonHAOTCA). Penrar faa IMHEHHEIX yDABHEHUSA,
HAXO UM KOHEYHEIE CKODOCTH [APOB!

{my = my)uy, + 2mgry, ” (mg = my)up, +2myvy,
+ -_— +
my +my * my +my

Ui =

[pu ynpyroM yAape o ABHXYMIYIOCA CTEHKY (1 2P m ) Moay4um
Ugy N Ugy, Uy, & —t, + 2vy,.

Ipamep 7. Heynpyruit yaap. [locae abconwTho HeynpyToro yHapa WApH
ABHXKYTCA MOCTYNATENRHG ¢ OJUHAKOBOH CKOPOCTEIO, T.6. KAK 0JHO COCTABHOE TeNo
(Bpamenns He BO3HUKHET, ECIH B CHCTEME LIEHTPaE MAcE ¥ [(ap UeHTpatsHbLl). CkopocTu
CDABHUBAIOTCA B PEIYALTATE IEHCTBMA HEKOHCEPBATHBHEIX CHIN, T.¢. NPH HEYNpPYros
yaape o GHIATENLHC BELASNASTCH TeNno, YTo 61 yHeJUTRCA B 3TOM, HAHAEM € (IOMOLIKIO
38K0HA COXPAHEHNA UMY ALCA KOHETHYIO CKOPOCTS Wapon: my ¥ +mydh = (m, +my )i,
NoCIE Yerc BRMHCAUM YMEHBLEHHe MEXAHWYeCKOR SHeprifu:

my n myud  (m) +mylul — M (f - %)°
2 2 2 e

Ewwe npoitie NoAYYHTE 3TOT OTBET B CHCTEME KOOPANHAT, CBAZAHHOW ¢ HEHTPOM MACC,
rge WNaph 0oCAe Y iapa MTOKOATCH,

» IloTenumanhHele KpHBHE, YCTOMYMBOCTh., EcIWw u3BecTHa
L, NOTeHIMAIBHAA PHEPLHA OJHOMEPHO-
ro JBUXKEHMA B NOTEHUKAJLHOM TIO-
ne E_(r) {puc. 5}, To, onupaack Ha co-
oTHoweRue (16} Mexay cuaoir u alep-
CHeM, MOXKHO BLEIRCHHTD:
a} Hanpasnenue cuael (£ > 0 npu
O<r<ry, MOpa r > .. ).
6) ‘Touku paesoBecus (F = 0 npn
r= T‘min Hr=r

max)‘
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B) YCTOMYUBOCTL PaBHOBeCHA. B OKpPECTHOCTHM TOYKM P CHIA Ha-
NpaBJcHAa B CTOPOHY 3TOH TOYKH, T.e. PABHOBECHe ycToMumee. B Tou-
Ke r,,, PaBHOBeCHE HEYCTOMYHBO. YCTOHYNBOE DaBHOBECHE COOTBETCTBY-
eT MUHHUMYMY MOTEHIHANLHON SHEPTHH.

r) Ilo 3nadeHnio MeXaHU4YecKON HeprHu F MOXHO YCTaHOBUTH Xa-
pakrep ABMXeHHA, JBIKEHUe MOXET HDOMCXOJUTE TOALKO B 0faacTH,
rge £ > E, (kuHeTHYecKad sHeprua HeoTpuuaTeabHa). [Ipn E < E (oo)
(aax puc. & E_(o0) = 0) aBuxenue gunumnoe, T.e. NPOUCXO AT B Orpa-
HUYeHHo# obnacTH r. Ha puc. 5 gBHXeHHe TIPOHCXOIUT MeX Iy mouxa-
MU NOSOpOMa rq, ry. llpn E > 0 aBuxenue aubo uxdunumuo, T.e. TOY-
Ka [ocle OTpaXeHHd OT TOYKH IIOBOpROTA Fe ¥XoIHuT Ha fecKoHe4YHOCTD
¢ KHHeTHYeCKoiT sHepriet E, mnbo 3anepTo NOTeHUHANBHBEIM SapbepoM
M JBUXETCHA MeXJy TOYKaMM MOBODOTa T, r,. B KIaccHueckoll Mexa-
HUKe TIOTEHUMATBHEIM Gaphep HEMpeoJoauM; B KBaHTOBOH MeXaHUKe Cy-
WECTBYET BEPOATHOCTL NPOHMKHOBEHHA CKBO3b IOTeHIMaABHEH 6apbep
(TyHHeapHEI DheKT). '

1.6. 3akon coxpaHeHns momeHTa UMMyAbca

» MomenT cnael. PapHoaeHcrayroman. Momenr cuant F orsocn-
TEJIBEHO TOYKH O OnpefelAceTCA DABCHCTROM

M=rxF, (21)

rje ¥ — paguyc-BeKTOP TOYKH MDHJICKEHMA CHILI. MOMEHT CUAEL He Me-
HACTCH TIpH TEpeMellleHUH CHABL BACAL AUHUM ee feficTBua. Moayas mo-
MéMTa pase M = Frsina = Fd, rqe o —
YIrod MeXAy CUA0U U PaJUyCOM-BEKTODPOM,
d — paccToAHue MexJy Toukod O W au-
HHell feACTBHA CHAEI, KOTOPOE HAJIHBAIOT
naguos cuavt (puc. 6). Baxsellmee ceoiicT-
BO MOMEHTA CHILI 3aKNIOHAETCA B TOM, ITO
JAHR J'IlOﬁOﬁ CHCTEMEL TOYEK CYMMA MOMEH-
MO8 GHYMPERHUL cud pagHa Hysw. Clpa-
BEJAMBOCTE 3TOrO YTBEDXKZEHHA ocHoBaHa O
Ha TOM, 4TO 10 TPeTheMY 3akoHy HreloToHa Pue. 8.
{cm. pasg. 1.3) cuanl BIAHMOJEHCTBHA MEXJY TOMKAMM He TOALKO Dab-
HH 110 BENMUYUHE M TIPOTUBOIIONMKHEL [10 HANMPABIEHUIO, HO M HAlpaBAeHBI
BAONE COEIUHAKINER 3TH Touku npamoin. OrMernM eille ogHo cBofcTRa
MOMEHTa CHJI: €CJIH CYMMa CHJI DaBHA HYJAX, TO OHH CO34aX0T O,E[HH&KOBBIﬁ
CYMMAPHEIH MOMEHT OTHOCHTEABHG MOBOH TOYKM MPOCTPAHCTEA.
Pagrodeticmeyoueil CHCTEMB! CHA HAYLIBAIOT CHIY, PABHYIO MX BeK-
TOpPHCH CYMMe ¥ MPUIOKEeHHYIO TakiM o6pa3oM, YTO ee MOMEHT OTHOCH-
TeALHO JI060H TOYKN MPOCTPAHCTBA PABEH CYMMAapPHOMY MOMEHTY TOH
CHCTEeMEl CHII,
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[Mpumep 1. BRMHCAKM CYMMapHEN MOMEHT CHA TAMECTH, ALHCTBYIOIINX HA
TOYKH CHCTeMEL:

ﬂ:z:’"j xm;§= (ij?j) x § =y x (m@)

TAe M — MACCa CHCTEeMH, 7 ~— PafHyc-BeKTOp UeHTpa Macc. BugHo, uTo ﬁasuogeﬁ-
CTBYKIUAA CHI TAXECTH HPDXOIII;HT Yepeld UEeHTPp MACC, T.€. HEeXMP MalL AGARECMCA
MAKHCE YEHTPOM TRANCECTIY.

MoseHmon cuabl GIMHOCUMEAPHE OCU 2 HA3LIBAIOT NpoeKnuo M, Ha
3TY OCb MOMEHTa CHJ OTHOCHTEIbLHO MKGOH TOYKM Ha »rof ocu., Ecin
Pa3foXKUTL Kak 7, Tak 4 F B (21} Ha Be COCTABAAKIUNX, MAPALAETBHYIO

OCH M TepNeHAHKYNADHYIO K Hel, & = r'-'" +7,F = | + £, To cocra-
BJARKIINE, napa.rmenbnme OCH He A T BKJdaJa B [IpOCKIINK MOMEHTA Ha
ock. CrnefopatensHo, M, ), B naockocTu, nepnedAuKyanp-

HOH OCH, TOAYMHM TaKkyIo )xe Ka THHKY, KaK Ha pHC. 6, TOIBKO BMECTO
R HaJo OGOIHAMHTE T % CoOTBEeTCTBEHHO MOJYIbL MOMEHTAE
OTHOCHTEABHC OCH TaKXe pabeH IPOUIBEJEHUIO CUIBL Ha MIeYo, & BHIOOD
MONOKUTENLHOr O HANPABIEHUA BJIONb OCH MOXHO 3aMeHUTh BEIGopouM So-
Jee HarJAAJHOr O MOJOKHTEALHOIO HanpaB/leHHA BPallleHHA BOKpYT OCH.

» MoMEeHTOM MMOYJbCA MATEPHAJLHOH TOMKM OTHOCHTENLHO TOY-
K O Ha3LIBAIOT BeANHHHY

I =fxp (22)

rhe ¥ — pajuyc-BeKTOp MaTEPHalbHOM TOMKH, TPOBEeeHHEIH 13 Touku O,
P — ee uMnyasc. IIpn JBHXEHUM ¢ MOCTOAHHON CKOPOCTBI) MOMEHT HM-
MyiLca He MeHAeTcA. MoJyab MOMEHTa HMIOYILCA pPaBeH TPOM3BEJeHUIO
UMOYIBCA Ha Ie10. MOMEeRTOM UMITY1BCA OTHOCHTEABHO OCH 2 HA3LIBAET-
cA mpoexuuA L, Ha 3TY ock MOMeHTa uMnyabca L oTHOCHTENRHO A10600
TOYKH Ha 5>TOH OcH. MOMEHT UMNYAbCca OTHOCHTEILHO OCH OTpeeldeTCa
npoeKuuell ABUNEHUA TOYKH Ha MMOCKOCTL, MEpHNEHAHKYAAPHYIO K OCH:
. = (Fy x 7)), Bce a1 cBOlicTBA afCOMOTHO AHANOIMYMHEI COOTBET-
CTBYIOLMM CBOHCTBAM MOMEHTa CHALL.
IponsBoAHaA MO BDPEMEHM OT MOMEHTA HMMYIhCa MaTepHaTbHOH
TOYKH OTHOCHTEILHO TOUKE O

-
dL d?‘ dy
dt —df P+7 xd._t— Xp-l'?'XFt H (23)

PaBHa MOMEHTY pPe3yAbTUPYIOIel CHIBI OTHOCHTEILHO ToukM O (4ien
7 X = 0B cany napaateibHOCTH BEKTOPOB ¥ i P.)

Ilpumep 2. [JoHxenue p NeHTPadbHOM nofe. Tak kak Ha MacTHUY B uen-
TPalLHOM NoJe JeiCTRYeT CHAA, HANPABIGHHAR B CTOPOHY UEHTDA NOIA, TO MOMEHT
2TolH CHIK OTHOCHTEABHO UEHTPA TOXK JECTBEHHO PAREH HYIIO. SHa4NT, BekTop L Mo-
MEHTA UMNYJbCA OTHOCHTEILHO UEHTPA coxpaHaeTcd. Ha onpegeacHua (22) caegyer,
HTO JEHAEHHE OPONCXOOUT B O,IHOH [MMACCKGTTH, nepneH,:[MKy.lmpHou L H 4TQ coxpa-
HASTCH BEAHRHA L = mursino. 3"[‘5. BENHYHHA nPO“QPuHQHMbH& CKOPOCTH #3aMe-
TARUA TOWAAK PAJUYCOM-BeKTopoM 7 dsfdt = r(vdt)sina/dt = L/2m, Tak 4ro
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YTBEPKISHUE O COXPRHEHHH MOMEHTA MMNYJALCA TPH ABHXKEHUU B LEHTPAlsHOM noje
OKA3RIAAETCA IKBUBANSHTHRM IHAMEHHTOMY smopoMy aakony Kenaepa.

Momenmos UMARALCE CUCmeMbl OTHOCHTEABHO TOYMKH O Ha2BIBAETCHA
CyYMMa MOMEHTOB HMIYAbCa MATeDHAABLHBIX TOYeK, COCTABIAIIUMX 3TY
cucTeMy. MoMenT HMIYIbCa CHCTEMEl PABEH

. Lo
f =r, Xp+ Lom‘ (24)

Oano u3 CNEJCTBHA YTOT0 PaBEHCTBA: €CIH HMIYJILC CHCTEMEl PaBeH Hy-
a0, To L He 3aBucuT oT Buibopa Touku . Cymmupys ypasuernue (23} mo
BCEM TOYKEM CHCTEMBI U YYNTHIBag, ITO CYMMAapPHEIH MOMEHT BHYTDEH-
HUX CUM PABEH HYJTI0, MONYYHM

dl .
=, (25)

.8, ﬂpOU‘?GO&HG\R 0 GPEMEHU O MOMEHMA UMNYADCH CUCIMEMBI PASHA
CYMHMAPHOMY HOMEHMY GHEWHUT CUAL.

p 3akoH COXPAHEHUS MOMEHTA UMITyabca. 13 ypaBrenus (25) cae-
AYeT, YTO MOMEH UMNYALCE FaMRRYMOU CUCmeMbl COTPANAEMCR. 3AKOH
COXPaHeHHA MOMEHTa MMIOYALCA ABASETCA GYHIAMEHTAIEHLIM 3aKOHOM,
OTPaXKAIUM HIOTPOHOHOCTE MPOCTPAHCTBA, T.€. PABHONpABHE BCEX €10
HanpapieHni. Kak # B c1y4ae 3aKOHOB COXDaHeHMA HMITYJIbCA M DHEprHH,
JefCTBHE 38KOHA COXpAHeHHA MOMEHTa MMIYJIbCAa BEIXOANT 33 Rpefentl
HBIOTOHOBCKOM MEXaHUKH, B paMKaX KOTOPOM OH 6L BHBE/EH.

MOMEHT UMIYABCE HezaMxHYymOot CUCTEME COXPAHAETCA B CIelyio-
KX CIydaix;

1. Ecau cyMMapHEIA MOMEHT BHEIIHMX CHI Me paBen myaio. (Fpumep:
JBHKEHME YaCTULH B LEHTPAILHOM [TOJE. )

2. Ecay paBeH HYMO MOMEHT HMIYJILCE BHEHMX CHJ OTHOCHTEALHO
HEKOTODOM OCH, TO COXPAHAETCA MOMEHT MMILYJLCS OTHOCHTENLHO 2TOH
ocu.

Ipumep 8. Ecay rpyanx Ha KoHOoe HeBeCOMOil HUTH ABHXETCA IO TOPHIOHTANb-
HOM OKPYXKHOCTH, TO MOMEHT HMITYILCA OTHOCHTEAEHG 060 TOUKH Ha OCH BpalleHnA
(kpome HeHTpa OKPYHHOCTH) HE COXPAHASTCA, & MOMEHT MUY NLCA OTHOCHTENLHO OCH
BPALIEHUA COXPAHAETCA, TAK KAK MOMEHTH CHA TAXKECTH K HATAMKEHHA HWTH OTHOCH-
TeNLHO OTOH OCH PaBHE HYIIO,

3. Ecau Buemnue cHan OrpaHUYeHH, TO HaMeHeHHeM MOMEHTa HM-

nyarca A L = M®Af 3a npemn yaapa Af MOXHO npeHeSpeds.

1.7. 3apa4a ABYX Ten M gBuKeHHue
B UEHTPanLHOM none
» IlpusegeHHan Macca. PaccMoTpum 3aMKHYTYIO CHCTEMY JBYX Baa-

RMOJeNCTBYIOWMX Mexdy cobol dactuu. Pemmrh 3agavy 06 UX JBHXe-
RUH {33724y ABYX TCH) — IHAYUT CUPeJe]UTh MONOKeHUe TOHYEK BO BCe
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MOMEHTHI BpEMEHH HCXOAA U3 23 JaHHEIX HAYAAbHEIX yc.uonuﬁ. Tonoxenne
TOYeK BHPAKAETCA HePed MONOKEHUE LeHTPa Mace Fu(t) (cM. (8)) u mx
OTHOCHTEILHOE DACIOAGKEHNE Ty = T — Fy!

Fy =7+
1 n m1+m2’

Myt s —m M
" omy +m,

~
(X

,HBH)KCHHG LUEeHTpa MaccC ARJACTCH PABHOMEDHEIM, & €I'0 HAa4aJBHEIE ITOAO-
KeHie 1 CKOPOCTh ONpeAeSAIOTCA U3 HavalbHRIX YCIOBHN {CM. YpaBHEHUA
{8), (9)) Ioaydaem, 4T0 pewerue 3adadin ABYX Tel CBOANTCA K Ompefe-
NEHHIO T 5.

Ha YCAOBHA OJHOPOJHOCTH H UIOTROMNHOCTH NPOCTPAHCTEA H OJHO-
POJHOCTH BpeMEeHH CIeIYeT, WTo YaCTHILL AO/KHE B3aHMOJAEHCTBOBATH
LUEHTPalLHHMY CHIaMH, T.e. Fio = — fp = F,rjge F napalsentHa ry,,
a ee MOAYAb F 33BUCHT TOALKO OT [F),]. SanuilleM ypaBHeHNA JBIKEHHA
KaX g0 TOYKH:

Pasfennm meppoe ypaBHeHUe Ha my, BTOPOe Ha m,, 8 38TeM BHIYTEM
BTOpOE YpaBHEHMe U3 epBOro. B peayarTaTe monyqum:

_— T Hian p =
(ml + mg) dt T
r'ie NpubefeHHAA MAcCa U ONpPeJeNAeTCA PAaBEeHCTBOM

1 1 1
—_—= 4 — (26)
H my M
Buauo, 4TO moBefeHNe BeKTOpa Ty, ONpeAeNfeTcH pelleHHeM 3ajayH o
pPa Typ CLPeEA P g
JBMXKEHHN YacTHUBE MACtCOR i B IEHTPAALHOM MOJeE.

p OddexTHBHAn noTeHnuannHas dHeprud. [IpuMeHenue 3aKoHOB
COXpaHeHHHA OJHeprmM B MOMEHTa UMIOYARCA [I03BOJAAST YCTaHOBUTD,

I)r Eal KaK 3aBHCHT OT Bpeme}m DPacCTOAHHE

3 AC LeHTpa r, TOYHee, CBECTH ITY 3aja-

\v" 4y K OJHOMEpHOMY ABHXeHuio. Jas aTo-

P s ro Hajo Pa3fOXHTbL CKODOCTEL YAaCTHUR

7 Ha JBe KOMIIOHeHTH (puc. 7): paduaap-

Hywo v, = dr/dt ¥ nepneHAMKYAAPHYIO K
0 Puc. 7. Hell aaumymaavnyio v,. MoMeHT uMmyns-
Ca BHIPaXXaeTCA Yeped a3uMYTalbHYIO CKO-
POCTh: L = mry,,. BHa4YNT, MEXAHUYECKYIO JHEPIUIO TOYKH MOXKHO Mpes-
CTaBUTh B BUJe:
m(v} + v2)

=T g )= 3 (5) + e+ Bl
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BuanO, 4TO 3aBMCMMOCTL r{f) Takas e, KAk NpH OAHOMEPHOM JBMXKe-
HUM C 3QDeKTHBHOM NOTEHUH- ¢

aJBHOl SHePTHel, onpegease- =n
MO paBeHCTBOM
LZ
gt
=B+ ST (27)

Bug adxbekTHBHON NOTeHIU-
alTRHOH KPMEOM onpefedfeTca
3HadeHUeM L, KOTOpOe MOX-
HO BBIYUCANTEL W3 HAYATBHEIX
yCIoBRiL,

Ha puc. 8 kadecTseHHO
RiobpaxeHa 3aBICUMOCTE 3¢
heKTHBHOH  NOTeHUHAIbHOU
SHEPIHH E:f 0T paccToH-
HUA © JAA pa3HBIX JHadeHnn L
(Ly=0, Ly < Ly < Ly} B cnyvae E, = —b/r. Bugso, 4To npun awbom L
yenopHe GHHUTHOCTH ABUXEHHA OCTAETCA OAHUM U TeM xe: B < (.

Pue. 8.

1.8. Mone TaroTenns

» 3axOoH BCEMEDHOI'C TAroTeHMA. [IBe TO4euHble MacCHl My, My,
HaXOAAIKECA HA PACCTOAHKY r APYT OT ApYra, IPUTATMBAIOTCA C CUJIOH
TAroTeHus (CpaBUTALMOHHOM CHION), PABHOM

F=+ m1m2

(28)

rde ¥ % 6,67 10~ H . m%xr? — rpapuTanuonnas nocrosusad. Cuna
TACOTEHNA — LEHTPaAbHAA CHI4, T.e, OHA HeACTBYeT BJOAb JMHUM,
COEUHAIOWIEN YaCcTHIIEL.

Cuay, JefcTBYOUIYIO HA MATEPHAILHYIO TOYKY MACCOH 1M B HEHTPAE-
HOM IO/ TATOTeHNA (TPaBRTAUNOHHOM M107€), CO3 ZaBacMEIM HEIo JBHX-
Moil ToveyHolt Maccot M, MoxHO 3anmucaTh B Buge (cM. pasg. 1.3):

mM r wm  F(r)=— -nl-ﬁi (29}

p

TeM caMBIM poab «3apAgas AMA MOAA TATOTEHHA UTPaeT MHEPTHaA Mac-
ca . HHorga 3To ¢BORCTBO QPOPMYANDYIOT KaK PageHcines 2paeumani-
ool 4 unepmuotl macc. IloTeRnUaIbHYIO 3HEDCHIO TOYKHE B LEHTPAJE-
HOM NOJIE TACOTEHNA MOXKHO HAMTH, HCIIOAL3YA COOTHOLIEHHE MeX Y Cl-
JOM K NoTeHUMaALHOM oHepruel (popmyaa (18)): —ymM/r: = ~dE,/dr,
T.€. B = ymM/r+const. KoncranTy o6EYHO NOTAraloT PABHOM HYJIO,
T.e. IPHHUMAIOT 33 HYNb NOTEHUHUAJIBHYIO JHEPIUI0 Ha 5eCKOHEIHOCTH:

mM (30)

"

E =-«
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p» IIpuruun cynepnoauuun. Ecan mofe TATOTeHMA co3faeTCH He-
CKONBKMMH TOYEYHBIMM Maccamu M, ..., My, To cuaa, feficTBywwana
Ha MaTEPHAIbLHYIO TOYKY MacCOl m, H ee NOTeHIUAIBHAA JHEPI UA BEIYU-
CIAI0OTCA IO hopMyaaM:

M

F=3F= Z”(F-ij -7

mM;
En=ZEnj='z7'|?——%|’

rge ¥ — paguyc-BeKTOp TOYKE Maccolt m, F; -— Pajuyc-BeKTOp TOYKH
maccoit M. Ecau ucTouHUK OAA HpeAcTaBIAeT coB0oll HempephIBHO pac-
IpefeNeHHYI0 Maccy, To cyMMupoBatue B (31} Hajo 3aMeHUTHL UHTErpH-

POBaHMEM.

S,

La,

(31)

p HanpmxenHHOCT: M ODOTEHUHAN NOaA TAroTeuua. Ha ypasue-
Huit (31) BUAHO, YTO KaK CHaA, AeHCTBYOIIAA HAa MATePHAAbHYI0 TOYKY
Maccol m B IION€ TACOTEHUH, TaK M ee NOTEHIUAIBHAA JHEPTNA IPONOD-
LUMOHAKBHE! M. JHAYKT, YAeNbHEE 3HAaYeHUA Macchl ¥ SHEPruu (oTHOoLle-
HuA F/m n E,/m) He 3aBUCAT OT BeINYMHB 1, T.e. NPEICTABIAIT CO-
Goit xapakTepucTHkH mond. MX HasHBalOT, COOTBETCTBEHHO, HANPAXKEH-
HOCTBIO H MOTEHLHAOM 1047 TATOTEHNA:
__F E,
= T
HanpaxeHHOCTE N0AA UMeeT MPOCcTOl PU3UYecKHl CMEICA: OHA TIPEACTa-
BJAET COBOH ycxopenue ceobodnozo nadenus MOS0H TOYEYHOH MacCH,
NoMellleHHON B JaHHYIO TOYKY Noad, HanpAxenHocTh u MOTeHIHAI NOaA
TArOTEHHA, CO3ZABAEMOr0 TOYEYHON Maccolt M, HMEIOT BUJ:

- MTF M
g=- 2 p’ ‘P—_'Yr (32)

HanpaxkeHHOCTE M NOTEHIUAN [OJH, CO3JaBaeMOro HeCKONBKHMM MAacca-
MM, BHYUCIAIOTCA ¢ MIOMOUIBI0 MPHHIUINA CYNEPIO3RUMM. JalNch YPap-
HeHuA aHajoru4Ha {31}, An18 pasaHoo6pa3uf 3amuILeM OTBET JAf CAydan

pacnpefeleHHON MACCHL:
7 ™)

1) = - [ g v el == [ v v Gy

Mpuamep 1. [lokasaTe, Y70 HANPAXKEHHOCTE MOAR
TACOTEHHA BHYTPW TOHKOTD C¢pepHYecKOT o CAod paBHA
HY N0,

Pemenne. Jaa 1okazarelsCTsa paccMOTDPHM BKIA X
B HANPAXEHHOCTL NOAA B TouKe A HeGobIKX Y YACTKOB
B n C cdephl, oTCexagMEIX OT Hee TOHKHM KOHYCOM C
BepwrHol B Touke A (puc. 9). Orhometive naowagen
2THX YHACTKOB, 3 3HAUHT, B OTHOWIEHNE NX MACC, PABHO

8 OTHOKICHUI0 KBAIPATOB PACCTORHKE OT 3THX Y4ACTKOR

a0 Todku A. CnegoparelsHo, HATPAKEHHOCTH, <03 JABA~
Puc. 9. eMile 3THMU YHACTKAMM B TOYKe A, PABHH NG BENHUKHE,
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HanpaxennocTh Noaa, codgasaeMoro Toukol ciepoit maccoit M BHe ee, okasu-
PAETCAH PABHOW HANPAKEHHOCTH, CO3ABAEMON TodeuHON Maccoll M, nomemenmoli B
uentp cpepht. JokasaTenncrno 5Toro peaylbTaTa TpeSyeT POMO3AKOr'0 UHTECPHPO-
paHus {nepaem ero npofeaan Heiorou). B ra. 3 aro yTeepxgenune 6yeT gokasato
¢ nomounkic Teopemu Faycca. Takoil ke oTBET FOgHTCR Oat Ao6ol chepudeckn pac-
npegenelci MAcck, B MACTHOCTH, QAR Mobol chepruiecKo MaaHe Th.

Ipumep 2. llycTe Macca M pacnpegenena no oTpesky gansod !. Burdumcnnrs
HanpfKeHHOCTL U noTedNal Ha NpoJolkeHUMH O0Tpe3Ka, Ha PACCTOAHHH T OT ero

HeHTPE.
Pewesne. Macca dm, sakmoqeHHas Ha oTpeske fauuoit dy, pasma M dyfl.

HaTerpupy4a, moayvuM

PRy PRSYT)
()= Mdy M (2)= Mdy M| 3412
glEr= 2 '@ - T w1 "e-iz
—1{2 z—=if2

Buane, 4re cummeTpiuuioe, Ho hecdepHueckoe TeA0 Helb3A JAMEHMTh TOYEYHON
Maccol, MOMEeLeHHOW B ee USHTp. JTOT NpHMEp ABIASTCR TaKiXe HAMOCTpalMeit
TOTG, 4TO HANPRKEHHOCTB W MOTEHUMAN CBA3AHH COOTHOWeEHHeMm g, = —Jyp/dr,
aHANOTNYHKM CooTHOWeRKIO (16).

» /IpnikeHue B HEHTPAILHOM mode TiaroTeHus. Jakonw Ker-
jepa. JBiXeHNe B UEHTPAILHOM IIOJE TATOTEHUA MOAYHHAETCA O6IUM
33KOHAM JBMXKEHUA B UEHTpanLHomM mone. OgHako oHo obrajaer HEKOTO-
PHIMH 0COBEHHOCTAMH, OTPAXKEHHEIMH B NEePBOM H TPETHEM H3 JAKOHOB
Kenaepa, chopmyanpoBauusix uM Aad mnaneT CoaHedHOR CHCTEMEL.

Ilepabiti saxon Kenaepa yTBepxfgaeT, 4TO HUHUTHOE JBIKEHME
(E < 0) MaTepHalbHOH TOYKH B HEHTPAILHOM IOJE TATOTEHUS IXPOMC-
XOSUT IO 3aMKHYTOH TPAacKTOPHH — JJLIHNCY, B OfHOM U3 (hOKYCOB KOTO-
poro HaxoAHTeA HeHTp cuibl npurAxennd (Coanue).

Bmopot saxon Kenaepa GHKCHPYeT IOCTOAHCTBO CEKTOPHOHM CKOpPO-
CTH, T.€. CKODPOCTH ¢3aMETaHMA} [LIOMIAJH PAJHYCOM-BEKTOPOM ABHXKY-
wefica ToukH. OH OTHOCHTCA K AI060MY HEHTPAILHOMY NOJI0 M ARIASTCA
IPAMEBIM CAEACTBHEM 3aKOH3 COXD3HEHHA MOMEHTa MMMYJbca (cm. mpu-
mep 2 u3 paag. 1.6).

Tpemuii 3axon Kenaepa yTBepxAaeT, YTO KBaAPaTh IEPHOIOB JBH-
JXKEHHA OTHOCATCA KaK KyOhl GoAbUIMX MOAYOCed HAAMINTHYECKMX OpOGHT:
T2/TE = a3/ai,

Jonoannm mepeniil 3akon Kemnaepa yTpepx enneM, 4TO HHPUHATHOE
JABHKCHHE B LeHTPATLHOM [I0Je TATOTEHHA TIPOUCXOAMT aubo no napaone
(£ =0), aubo no runep6oae (£ > 0). B kauecTse JONOTHEHUA K TPETbEMY
sakony Kennepa npuBegeM cBAZk Mex Iy YASIBROH JHEprUel JBHXeHHA
# Goxpuroll moayocko: |Elfm = yM/(2e). Bugno, 4To nepuos ABMKeHHA
OJHO3HaMHO ONpeleIaeTcA yAeIbHOM JHEPLHeH ABHXYIIErOCH Teqa.

» Kocmuueckne ckopoctn. Iepaoti xocmunecxoll cxopocmeio Ha-
3BIBAIOT CKOPOCTDh ABHXKEHHA Mo KpyroBod opfHTe BEIH3M [OBEPXHO-
cru maageTs. Oua onpefefseTcd U3 ypABHEHMA ABMKEHHA CNyTHHKA

mg = mv?/R u pasua vy = +/gR = /YM/R. (11 3emmn v; & 7,9 km/c.)
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Bmopaa wocmuveckaa cxopocmb — MUHUMAJBLHAA CKOPOCTh, KOTODYIO
HaJ0 cOOBMIUTE Teny Ha MOBEPXHOCTH MAAHETHl, YTOOE GHO NPEOJOAeNo
CHIY TATOTEHHA U YILTO Ha SeckOHeYHOCTh. Kak BugHo ua pasjg. 1.7, yeno-
BUeM NHGMHUTHOCTH JABH)eHHMA ABIASTCA HepaBeHCTBo F 2 0, T.e. BTOpan
KOCMHYeCKadA CKOPOCTh HAXOAUTCA U3 ypaBHennd mvi/2 — ymM/R =0
u paBHa vy = /2YM/R = /2gR. {laa 3emau vy & 11,2 km/c.)

1.9. HeunepuunanbHbie CUCTEMbI OTCHETA

» Onpegenenne cun MHepunu. Bo MHorux cayyaax yfoGHO pelllaTb
3ajady AMHAMHUKH HeIOCpeACTBeHHO B HelMHePIHATLHON CHCTEME 0TCYeTa
(HCO), a He mepecYNTHIBATE OTBET, MOAY4YeHHEIA CHAYala B UHEPIUATE-
HOH cUCTeMe OTCHeTa. (A 3TOro BECAAT cldbl UHEPHUY, ONPeIcAeHHBIE
caegywolinM oSpazom. Bo propom aakcHe HeoToHa BLLAEAAIOT K3 YCKOpe-
HUA TOYKH & B BUJe OTAEABHOrO CIaraeMoro ee yckopeHye OTHOCHTEIBHO
HCO &, a Bce ocTarbHOe MEPEHOCAT B APYTYI0 YacTh PABEHCTBA M Ha-
3BIBAIOT CUAOH MHEPLUH:

S Fi=mi = 3 F = me,+&) =
= Y B+ (-mE") = miyy, = 3 Fi+ F,, = mi,,
TIpuxoduM K caedyiollleMmy ONpeieteHHI0 ciAl HHEPIEHM:

F

HH —m&*, (34)

rie &.‘ OHDP.AEJIHGTCH KHHeMaTH4YeCKHM COOTHOILUSHUCM
0= Gy + (35)

1 sapucnT oT mapamerpoB HCO u mojoeHUA M CKOPOCTH HacTHLH B
HCO. Pasbepem xohikpeTsble crywan.

p Ilocrymarensno apmxyumect HCO. B sroM caydae d* paBHfeT-
CA YCKOPEHMIO CHCTEMEL 0TcyeTa (cM. dopmyay (1)), T.e. 114 CHIBI HHEP-
HUH OOAYYUM BHIpaXeHue
ﬁm{ = —mi.

BugHo, 9To cMAa WHEPUMH NOJHOCTHIO DKBHBAJEHTHA CHUAe TAXECTH.
Mpu pemwennn s’agaqy mx yA06HO o6beIuUHATE BMeCTe, T.6. BBeleHHE
CHAL WHEPUHH OKA3bIBAeTCA 3ZKBHBANEHTHHIM 3aMeHe HAMPAXeHHOCTH
noss TAroTeHus (T.e. yckopeHud cBoSogHoro mafemud, cM. pasa. 1.8):
= §=j+a=g-iy

IIpamep 1. Cocys ¢ MMAKOCTBIO ABHMKETCA € MOCTOAHHLIM TOPH3OHTANLHLEIM
yekopeHHeM &. HaiTu yroa § mex gy NoBepxHOCTLIO MBIKOCTH H FOPU3CHTAALK.
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Pemenue. [lepefigem B cHCTEMY OTCHETA, CBAIAHHYIO ¢ COCYAOM, Dl HETIOABAXK-
HaA TOBEPXHOCTD MNAKOCTH JOMKHA GLITh fLOPHIOHTANLHAY, T.C. MEPREeHIHKYARPHA
BeKTOpY §* = § + 8% = § — & Orcoga caeayer, wro tg§ = a/fy.

IIpnHIMI 3KBUBAIEHTHOCTH CHI HHEPUMM B CUJI TATOTEHHA ORI
NOIOWKeH ODWHIITEHHOM B OCHOBY ofwetl MEOPUU OMHOCUMEALNOCTIU,
KOTOpaA ABIACTCA PEAATHBUCTCKOH TeODWeldl TpaBUTANMU U OOBACHAET
BO3HHKHOBEHME I'DABNTAUNOHHBIX CHI HCKPMBJIEHUEM NPOCTPAaHCTBEHHO-
BpEMEHHOr O KOHTHHYYMa B IPHCYTCTBMM BHEIIHHX MAacc.

» PapmoMepHO Bpamammaica cHcTEMa OTcIeTa. B aroMm cay-
Yae KMHEMATH4YecKoe COOTHOWEHHWe Mia yckopennA (35} umeeT BHI:
8 =08, +G X [@ X F]+20 x T, ., (cM. paag. 1.2). Bropoii 41eH cBA3aH ¢ NOBo-
POTOM BEKTODaA NEPEHOCHOH CKODOCTH (J X ¥ BMECTE ¢ CHCTEMOM OTCHeTa,
HAIIPaBJeH B CTOPOHY OCKH BpameHus u pased w?R (R — paccTosume fo
OCH), T.e. IpeJCTaBAAeT COGOH HEHTPOCTDEMUTENEHOE YCKOPeHHe JaHHOH
TOYKH CHCTeMHl oTcyeTa. TpeTuit 4aen (yckopenne Kopnoanca) ceasan,
BO-TIEPBEIX, C MOBOPOTOM OTHOCHTEAbHOH CKOPOCTH YacTHLLI BMECTE C
CHCTEMON OTCYeTa U, BO-BTOPHIX, ¢ H3MEHEHNEeM IEDEHOCHOH CKOpOCTH
3a CYET MepeMelleHUA YacTKubl M3 ofHol Tovyku Bpamabowetica HCO s
Apyryio. CooTBeTCTBeHHO ciia uHepunu (34) npedcraBafer coboi cyM-
MY ABYX WJIEHOB, MEPBhI H3 KOTOPBIX HAIKIBAIT HexwmpobeacHotl cuiot,
a BTOpOil — cuotl Kopuoauca:

Ft}m= puﬁ"'?x

op = MW R4 2mi,, x &, (36)
Heurpofexnan cuia UHEPIUYM HAMPABAEHA OT OCH BpaUICHUA (fi Hampa-
BJEH OT OCH BpAIlleHHA NepHeHIukyAapHO K Heit). Tak kak oHa He jaBu-
CHT OT CKOPOCTH YaCTUNH, TO €€ JAeHCTBHE HEOTIMYUMO OT (HeOAHOPOJ-
HOT'O} MOAA TATOTeHnA. HampnMep, Ha MOBepXHOCTH 3eMAN U3MEPAeMan
CIVla TAXKECTH NPEACTABAAeT cO60M CYMMY CHILI TATOTEHMA H HEHTPO-
6excrolt cunnl unepuu. Cuta Kopronuca HampapiieHa MepreH JUKYAAPHO
ckopocTH. B ceBepHOM MoaywapHy 1A JBMKEHHA BAOAL NOBEPXHOCTH
COPH2OHTANBHAA COCTABAMIOIMAA Cuisl Kopuosmca HalipaBieHa BIIDABO,
4TO NpOABIAeTcA B 06pazoBaHil UMKIOHOB, Pa3MBIBaHUN npaBore Sepe-
ra pek  Ap.

IIpumep 2. TpeSyerca naliTn oOTKAOHAKIGES TelicTBHE CHAR KopHoaKca Ha Teao,
cBOSOLHO MaJA0Mee C BLICOTHI A Ha PKBATOpe 3eMIH.

Pemenne, Tak Kak 0TKAOHEHIE MaNeHEKOS, TO B [IEDBOM NPUSIHIKEHNH MOXHO
nocTasaaTs s ety Kopuoauca (36} ckopocTs sHeposMyuieHHOr O a Jenua & = Jt. Tak
KaK BEKTOp & nepnengukyaapes ¥, To cuna Kopuonnca Hanpasiesa B cTOpoHy BOCTO-
Ka, paBHa 2w i 006UaeT FOPHIOHTATRHOE YCKOPEHNE dy,., = 2wgl. Mnrerpupys,
HAXO UM TOPHIOHTANTLHYIO CKOPOCTE Uyper = gWi? M MOPHIOHTAMLHOE MepeMellierue

Spocr = %gwta. Hogcranus cioga speMA nagenwna ¢ = 4/ 2h/g, nangem KoHeaHoe oT-
xkaonenmne. Hanmpumep, gaa A = 300 M oTKaoHeHKHe cocTaBaaer &3 10 cm.
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1.10. lwnamuka TBepporo Tena

» Bpamrenme pokpyr HeImOgBHAKHOM Oci. MOMEHT MMMYabCa TBEp-
JOTO Teaa OTHOCHTEIbHO HEeNOABUXKHOH OCH BpaweHus z (cMm. pasj. 1.6)

paBeH
}Li_ZRmv _me R2 Luw, (37)

rae R; — paccTosERe OT TOUKH m; AC OCH BPAINEHUA, H MBI HCTONB30Ba-
AM COOTHOLIEHHE vy = wRJ-. Hampap#eHne MpoeKltnn COBagaeT ¢ Halpa-
BJCHHEM &J, T.e. ofipedeideTca Mo mpasuay Sypapuymka. Benudnna

= ijRf = /dem (38)

HA3BIBAETCA MOMENTOM UHEpHUY TBEPAOTC TENa OTHOCHTEALHO OCH Z.
MTpoaudpepernuposas (37) no spemenw u yurd, wro dL,/dt = M,
rae M, — MOMeHT BHEUIHMX CWJI OTHOCUTENLHO OCH BpalleHuA (ypabHe-
une (25)), noayuum -
M, = Le, (39)

rae € = dw/di — yraosoe yckopeHHe. JTO ypaBHEHHE HadblBAIOT 0CHOE-
HLLKM YPAGHEHUEM CUMAMUKU 6DPAUjATMEABHO20 Jsudcenus maepdpao mead
a0Kpye HEnodeudcHol ocy, BRIMMCIUM el KMHeTHYIECKYIO SHEPIMIO BDa-
IAKILEeroca TBEPAOro Tela:

E,=Y sz =1 mR = LLw? (40)

H paloTy BHeWwHeH CHJAB OPHM NOBOPOTE Tena:

A:fdr‘-‘-?:./(thxﬂ-?:/(ﬂdt)-(ﬁ'x ﬁ):/(ﬂ‘dﬁ),

rae dg = ddt.

[Ipamep 1. K KoHuy HUTH, HamoTaHHON HAa GJOK ¢ MOMEHTOM uuepuuu [ W
pagnycom H, npusasann Teno maccoil m u oTnyceTuas. HaiiT yraomoe yckopesne
Tena.

Pewesne, 3anumem aTopoil sakon HeoTona gta Tema: mg -~ T = ma u
ypaBHeHue (39) gan Baoka: TR = Jr. Yarem Takke KMHEMATH4ECKOE COOTHOWEHKE
o = eR. Pewan ot ypanuenns, noayuum a = g/(1 + IfmR?).

» CaonrcTsa MoMeHnTa mHepuunr. MomenT nnepuuu (38) — ckaaap-
HAaA af JHTHBHAA BeIHYHHA, XaPaKTepHIYIOlad pacnpefefeHie Macchl Te-
Ja mo orHolleruo K ocH. Ha ypapmenmit (39), (40) BugHo, yTo MOMeHT
HHEDIHH ABJIAETCA MepOil HHEDTHOCTH TBEDOrO TeAa IO OTHOMICHHIO K
BpallaTEIbHOMY JBHKEHHIO, T.€. UIPAET TY XKe POilb, 9TO Macca Ais No-
CTYNaTeAbHOTO JBHEHHA.

Mpumep 2. BunucanTs MOMEHT HHEPUMH OJHOPOLHOTO JHUCKA MACCOW M M
paguycom F OTHOCUTERBHO OCH CHMMETPHK,
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Pemrenne, Pasbup AMCKk Ha TOHKHWe KPYTOBHEC MOJMOCKH H HHTETPHPYH, TIONYYHM

R 2
I= | dmr?= ( s )2:—'rrdr=i§-—-.
o nR? 2

TakoH XKe OTBET BEPEH M AIA CIMDUIHOTO GAHOPOIHOrO UIWINHAPA.

Teopesma [Hmetinepa cBA3bIBAET MOMEHT MHepuwn [ OTHOCUTENBHO
NPOUABOABHON OCH ¢ MOMEHTOM HHepUnH J; OTHOCHTeIbHC NapallielbHOM
ell OCH, HPOXOZALISH Yepe3 USHTP MACC TBEPAOTO Teda:

I = Iy + ma®, (41)

Tfle T’ — MAcCa Teda, @ — PACCTOAHNE MexX Ay ocaMi. Hanpumep, MoMeHT
HHEPUHH AUCKA OTHOCHTEILHO OCH, NepOeHAHKYJIAPHOH MIOCKOCTH AMC-
Ka W NPOXO/AAIeil Yepes ero Kpail, papeH 3mR?. MunuManbHLIi MOMeHT
HHEPUHY CPeiM BceX MapaelibHbX ocel MOAY4aeTcA A4 OcH, NpoXoi-
el Yepea HeHTP Macc.

Teopema o s3aumne nepnendukyJapHBIT GCAT; MOMEHT HHEPUHAH TAOC-
KOIro Tela OTHOCHTEAbHO HpOU3BOALHOM OCH 2, NEepneHJAKYJIAPHOH ero
DIOCKOCTH, PaBeH CYMME MOMEHTOB HHEPLHNHM OTHOCHTENLHO ABYX B3aHM-
1O NEPHEHANKYAAPHLIX 0cell T M ¥, JSKAMMX B MJOCKOCTH Tela U nepe-
CEKAIOWMXCH C OCBIO 2!

i, :fx+fy.

Hanpumep, MOMEHT HHEPUMH TOHKOTO JMCKA OTHOCHTENLHO OCH CHMMe-
Tpuu, MexXallieil B ero mICCKOCTH, pabeH [, = Iy = %Iz = %mRz.

ITpuBeseM MOMEHTH! HIEPLUHH HEKOTOPHIX Tel PasiuvHoN dopMEL

1) Touxuit 06pyy (oTHOCUTEeALHO ocu camMeTpun): | = mR2. Taoil
Ke MOMEHT HHeDUMH MMeeT TOHKOCTeHHBIN UnanHap (6es Topuos}.

2) Toukui cTepkent AAMHON ! (OTHOCUTEALHO NeplieHAUKYAAPHON K
CTepXKHIO OCH; HpOXOHAWEH dYeped ero cepeiuny): I = —%ivmlz. Takoi
Ke MOMEHT HHEPLMH HUMeeT MAOCKMN NPAMOYTOJALHHUK OTHOCHTEILHO
OCH, TPOXOAALel Yepea CepefHHH NPOTHRONGAKHEX CTOPOH JuuHoH I,
OTHOCHTeAbHO KPaf CTePXHA MOMEHT HHEDHHM paseH | = +mi?.

3) Taockuit HPAMOYTOALHAK OTHOCHUTEABHO OCH, NIepIeH JNKYAAPHOR
ero MIOCKOCTH M NpoxoAsuledl wepes ero mentp: | = {ymia? + b%).
Takoli e MOMEHT WHEDPIMM HMeeT HPAMOYIOALHLIN HNapallelenyues]
OTHOCHTEIBHO OCH, TIPOXOAALIEH uepea cepeiUHEl MPOTHROMOJOKHEIX
TpaneH.

4) Touxad cdepa OTHOCHTEALHO OCH cHMMeTpuu: [ = %mRz.

5) OAHOpOAHN AP OTHOCHTEARHO ocH cuMMeTpun: | = £mR2.

6) Lmampapudeckuit cioil ¢ BHYTpeHHMM pajnmycoM R, H BHel-
anM Ry: I = Lm(R? 4 RY).

6 A. . Tonauwk, B. A. oamuun & gp.
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» Ilnockoe gemxeHne TBepAoro Tena. [liockoe gBMMNeHHE €CTh CY-
NEPHO3ULMA MOCTYHATENBHOrO JBMXKEHHA UEHTpPa MAcCC M BpallaTeXbHO-
ro ABWXeHHA B CHCTéMe LeHTpa Macc (cM. pasg. 1.2). iBmxkeHme meH-
Tpa Macc ONKCHIBAETCA BTOPHM 3akoHoM HbloToHa M onpefeadeTcA pe-
ayabTHpyoweR BHewsed cunoi (ypapHemne (11)). BpawaTeasroe gBH-
KeHHe B CHCTeME LEHTpa Macc NofunHAeTcA ypabBHeHmio (39), B xoTO-
POM HaJO YYHTHIBATH TOALKO pEaJbHEE BHEIIHUE CHJIBL, Tak KaK MOMEHT
CHJ MHEPIMH OTHOCUTEALHO LEHTPA Mace paBeH Hyalo (aHaJOTHYHO MO-

MEHTY cma TAXecTH, npuMep 1 us paag. 1.6). KnneTuueckad sneprua

IIOCKOTo ABHXeHnA pasHa B, = tmvl + 1w} (cM. ypabuenue (14)).

MomenT HMIIYJAEBCA OTHOCHTEJNEHO Hel’IO,I[BH)KHOI?I OCH, nepneH,qHKy.rmpHoﬁ
NJOCKOCTH ABHXEHHA, BEIYACAACTCR mo ¢opMyse (cM. ypaBHeHHe (24}):
L, = tmuy,d £ [jw, rae d — nneyo CKOpOCTH LEHTPA Mace OTHOCUTENb-
HO QCH, & 3HAaKH oNnpefeadlTCch BblﬁopOM NMONOKATEIBEHOrO HAIpABACHHA

BpalllcHnA.

Hpamep 3. TpeSyercs HalTH yCKOpeHHe KPYDODS TeAa, KOTOpoe CKATHBA-
eTCA 663 TIPOCKATRIMBAHNS MO HAKAOHHOA naockeceTH (puc. 10).
Pewenie. YpaBHeHHA ZOMMEHNA HME-
” T Bug: mgsin — F = ma, FTPR = Je.
Yenomue o'rcy'rc'rnua NpocKanh3LBaHUA
(v=wR) npuBoAUT k ypaBrennw a =R (cm.
. npumep 1 13 paag. 1.2). Pewman ypasnenus,
F a HaxoAHM ycKopenne: ¢ = g sin 8/(1+/mR?).
™ \ Tak xax chna TpeHWA NokoR PAGATH He Co-
BEPmIAET, TO MeXaHMYECKAA IHEPLUA COXPA-
HASTCH.
[Ipumep 4. [lpu ynpyrom yxape wmapn-
Ka MAcCON m O Kpall HeMoABUKHODO CTEn -
Ha aannod [ » maccoit M, pachnodcKenHoro
NEPHEH ANKY TAPHO €T CKOPOCTH, KOHEYHLE
Prc. 10. CKOPOCTY MAPHKA %, UeHTpa ¢Tepxkua V n
YCIAOBYIO CKOPOCTE €M'0 BPallleHHA W ONPEeJendIoT 13 TPeX yPaBHeHHH:
1} 3akoua CoxpaHedud HMnyneca: myv = mu + MV,
2} a2aKoHa CoXpaHeHnn sHeprum: mu?/2 = mu?/2 + MV3/2 4 (MI%/12)u?/2,
3) 3aKOHA COXPAHEHUR MOMEHTA MMNYyabca (HATIPMMEDP, OTHOCHTEABHO TOHKH
yaapa): &= MV(i/2) — (MI*/12)w.

mg

» Jdpixenne ¢ HENOABMMKHOM TOYKOM. YTJOBad CKOROCTb Bpatle-

—=  HH#A, HanpaBleHHas BAOAL OCH BpallleHHA, Me-
":_| | L:  uger cmoe HalpaBJeHHe KaK B NpOCTPAHCTRE,
- Lz T, T2KH 10 OTHOLIEHUIO K CAMOMY TBEpAOMY Té-
L T ay. YpaBHEHNE ABHXEHMA
—
4L _ e
dt ~
f_: KOTOpO€ HalBIBAIOT OCHOGHBLM YPaaHeHueM
—_ deusicenUyn maepdozo meda ¢ HenodguxcHoll
m, I |__£ mouxod, T03BOJAET, Y3HATh, KaK M3MEHACTCH
MOMEHT HMIYIbCa T . Tax kax BeKTop I Bo06-

Puec. 11, IeM caydae He napallieiet BEKTOPY o, TO Aad
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3aMLIKANUA YPaBHEHHI IBHXKEeHUA HaJO HayuMThCA CBAILIBATL 5TH BEIH-
4UHBI ADYT C JPYTOM.

IIpamep 5. Ilpn BpalleHny HAKMOHHOH TaHTENRKH BOXPYD BEDPTHKANLHON ocu
{puc. 11) MomMeHT umnyabca L= Fy % B + 7 % B, nanpasnen TEPIIEH AWK LAPHO
raHT¢ABKE, OH HANpaBlcH Nojg YOAoM K OcH BPAI¢HNA W caM BpallaeTch ¢ YFJIDBOH
CKOPOCTHIO .

TipoGuemy cBA3M MeX Ay Tud pPeliaeT MeopeMa O SAGEHBIT OCAL
ynepyuy, YTBEPXAalolad, 4To Jad Aol TOYKH Tena cyLlecTBYIOT TpPH
BIAMMHO NepneH JUKYJAPHELe OCH, NP BPAlleHNH OTHOCHTEALHO KOTOPBIX
BEKTOP T napazlelet OCH BPALIEHNS: L = I,&; (i = 1,2,3). MoMen-
TH HHEDLWH OTHOCHTEIBHO 3ITUX Ocel Ha.BHBa.lOT 2AAGHBLMY MOMENTNAMY
unepyuy. Ecu BpalueHHe NpOMCXOSHT BOKPYT npon:saonbﬂoﬁ ocH Bpatlle-
HUA, TO, PAANOKHB YLAOBYHO CKOPOCTD MO TIABHEIM OCAM G =+, iy,
MBI CMOXKEM BEITHCIHTL MOMEHT HMIYIbCa! = T16y 4 Lo+ Iais. (AHa-
JAOTHHHO, PA3JIOKHE BeKTOP L MH HalizeM BekTop &.) Ecau rnapaele ocn
HpOBEJEHEl YepPe3 UEHTD Mace (LWeHTp HHEPLMM) Tela, TO UX HAa3BIBAIOT
caobodnbimu ocamu. IIpH BpallleHnn BOKpyr mi06ofl U3 cBo6OAHKIX oceil
COXPAHAIOTCA KAK UMIYAbc, TAK ¥ MOMEHT HMIYJILCA Tela, T.e. JA4 NoJ-
JAepXKaHHA BPALICHHA K Texy He Hajgo NPUKIAJLIBATL HY BHEIIHIOW CHIY,
HH BHEUIHHMH MOMEHT cua. (B mpuMepe 5 peayAbTHpyiolllad ciia paBHa
HYJIO, HO B TOYKaX KPEINIEHNA OCH BOIHHKAET Napa CHA, MOMEHT KOTO-
phiX ofecneunBaeT HaMeHeHuwe I co Bpemenem.) Ilpu ceoGogHoM Bpa-
WeHUH YCTOMYHBLIM OKA3LIBAETCH TONLKO BpalileHHe OTHOCHTENLHO JBYX
cBoBOIHEIX OCell -— ¢ MEHEMAALHEIM i MaKCHMAJILHEIM TIaBHLIMA MOMEH-
TaMHi HHePLHH.

» Tupockonm, [MpockonoM Ha3pIBalOT TBepjAoe Teno, BHCTPO Bpalla-
I0IIEECA OTHOCHTENLHO CBOEH OCH CUMMETPHH. 3ajaqy o ABUKEHHA OCH
CUpOCKONA MOXKEO pelllath B 2upockonuveckos npubauncenuu: L = Id,
00a BekTOpa HaNpaRleHbl BHOAbL  ——

OCH CHMMETPHM. YpPaBHOBEILIEHHEIN
rupockon (3aKpenieHHEIA B HeHTpe
Macc) obnajaeT CBOMCTBOM &eabi-
HEPYUOHNOCMU: ero OCh HepecTa-
eT ABUCATHCA, KAK TOABKO HCYela-
eT BHeluHee BOd AeiicTBue (M olpa-
IIAeTCA B HYIb), JTO NOIBOAAET U~
NOIbLIOBATE FHPOCKOI A8 COXpaHe-
KRHA OPHMEHTALMH B TPOCTPAHCTHE.
Ha maoceasti 2upockon {puc. 12),
¥ KOTOPOro LEHTP MAcC cMelleH Ha
PaccTOAHME d OT TOYKHM 3aKperie-
HHR, JelCTBYeT MOMEHT CIIE TAXeCTH, HAIpaBJeHHEIA eplieH JUKYASp-
no L. Tak kak dL Jdt L L, To L ® ocb r'MpocKOna coBeplUalT pe-
TYAApHOE BPAIUCEHe BOKPYT BEPTUKAILHOM OCH {npeyeccua eupocxona),

Puc. 12,
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'—’ i
Konen BexTopa [ BpailaeTcAd no ropHIOHTAJIBHOH OKPYXHOCTH pajny-
coM L sin o ¢ yraoBod CKOPOCTHIO

Q= |df/dt1 mgdsina _ mgd

Lsine Jwsina fw

Yraopad CKOPOCTE HpeleCCHH He 3aBUCHT OT YIJa HakKJoHa OCH «.

1.11. CneuunansHas TeopUa OTHOCUTENLHOCTH

Cneyuasbral meopua omuecumedsnocmy Jnwmeting (CTO) pac-
IUMpAeT IPAHUULI KNACCHYECKOH HbIOTOHOBCKOH (PMAHKH, AeHCTBYOmEH B
061aCTH HEPEARMUGUCTRCKUL CROPOCMEl, MAJRIX [0 CPaBHEHHUIO CO CKOPO-
CTBLIO CBETA €, Ha MIOGbIE, B TOM YHC/IE PEeARMUBUCTICKUE, T.€. CDABHUMEIE
¢ ¢, ckopocTu. Bee peaynbTaTh penaTusucTckoit Teopnn npu v/c — 0 ne-
PEXOJAT B PE3yALTATH KNACCHIECKOR HepeNATUBUCTCKON dHanKK (npun-
Yun coomeemcmaus),

» Tocryaarm CTO. CneumannHas TeopHA OTHOCHTEILHOCTH OHHpPa-
eTcd Ha gBa NOCTylaTa:

HIepsvii nocmyaam (npusyun omuocumesbrocmu Junuimedna): Bee
¢pHInYecKHe 3aKOHEl —— KAK MeXaHHYecKHe, TaK M DJIEKTPOMATHHT-
HEl¢ — HMEIOT OJHHAKOBHIM BHJ BO BCEX MHEPUHAABHLIX CHCTEMaX OT-
cyera {MCO). HHBIMEM cloBaMH, HUKaKHMHM ONBITAMH HeAb3A BhIJCIUTH
KakKylo-TO OJHY CHCTEMY OTCYMEeTa H HadBaTh MMEHHO ee HOKOAIIEHCA.
DTOT HOCTYJ4T ABIAETCA PactiipelneM MpUHLKMNA OTHOCHTeabHocTH [a-
naaea (cM. pa3g. 1.3) Ha aeKTpOMATrHUTHEIS IPOLECCHL.

Bmopoid nocmyaam Slinwmetdna; CKOpocTh CBeTa B BAKyyMe OfHHa~
koBa Aaa Becex MCO u pasHa ¢ &~ 3.10°M/c. 3ToT nocTyaaT cofepXHuT
Cpa3y ABa YTEepXJeHUA:

a) CKOpPOCTL CBETa He 3ABHCUT OT CKOPOCTH MCTOMHMKA,

6) CKOpOCTBL CBeTa He 3aBHCHT OT Toro, B kKakoil MCO uaxoautca
HabaloJaTedb ¢ NpubopaMi, T.e. He 3aBUCHT OT CKODOCTH NPHEMHHKA.

TTocToRHETBO CKOPOCTH CBETA M HE3ABMCHMOCTE €€ OT ABMMEHNA NCTOHHUKA Cle-
AYIOT U3 YPABHEHNH 21K TPOMAIHNTHOT 0 ok Makcseana, Kaaanock o4eBNIHEIM, 4TO
TAKOE YTBEPK/AEHHE MOXET GHITh BEDHEIM TOALKO B OAHOH cHcTeMe oTcyeTa. C Toy-
K} 3DEHNA KAACCHHECKHX NPEACTARNEHUN O NPOCTPAHCTRE — BpeMenn, nobaklt Apyron
HabAOAATENL, JBUMAACE CO CKOPOCTHIO U, JOMAKEH IAA BCTPEMHOCO YA MOAYIHTD CHO-
pPocThb ¢ + v, & EAA HCNYWEHHON O BEPE] MY4Ya — CKOPOUTh ¢ — u. Takol peayanTar
o3Hatal §kl, 4TO ypaBHeHNA Makceeana BuMmoAHATCH ToABKo B ognon HCO, aanon-
HEHHOM HEMO ABMXKHEIM ¢3pupOMe, OTHOCHTENBHO KOTOPOI'o M Pacl pOCTPAHAICTCA CBE-
TOBHE BOJAHE, OIHAKO NOMHITKA 0GHAPYKUTE HIMEHEHHNE CKOPOCTH CBETA, CBAIAHHOE
€ ABMIKEHHEM 3eMIK OTHOCHTENBHO 3¢Npa, Aaja OTPHUATENEHEI pe3yabTaT (onuT
Maiikenscona -~ Mopan). DiHwTeln npegnonmkul, vTo ypaaHeuns MakcBenna, kak
K BCE 33KOHL PHINKH, MMEIOT OHH M ToT Xe BUY Bo Beex UCO, T.e. wTo ckopocTs
cseta 8 awboit HCO pasna ¢ {BTopon noctynar). ITo HpegnonoXKenne rpuseno K
NEpecMOTPY OCHOBHLIX IPEACTARIEHNI O NPOCTPAHCTEE — BPEMEHH.
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p IIpeo6pasosanua Jlopeuna. [IpeoSpasosanua JlopeHna cpaauba-
10T MeXJIy coboll KOOPAMHATE U BpeMA COOLITHA, HIMEpeHHHE B ABYX
HCO, ogua m Ko'ropuxéfi") ABMXeTCA OTHocHTenbHo gpyrol (K) ¢
nocToAHHoH ckopocThio V', TIpn TakoM e BHGOpe 0cel KOOpAMHAT M
OTCYeTa BpeMeHH, KakK B NpeobpasoBanuax [aamaes {dopmyna (7)), npe-
ofpazopanus JlopeHla UMelOT BUS:

-Vt t~(V/ich)z
o ————, Y=y =2z ==
NI - Vic

HacTo ygobHO MoAb30BATLCA HpeofpaloBaHUAMH AAA PAadHOCTH Ko-
OPAMHAT M BpemeH ABYX coBhITHH:

A =y(Ax-VALl), Ay =Ay, A=Az, Af=y[At-(V/P)Az],
(43)

(42)

rje AAd KpaTKocTd BBejeHo ofo3nadetde
1

= e > 1. 4
1= e 2! (44)

Ilpec6pasosanua Jopenla nepexoJaT B npeobpasopannd [alduied npu
V € c. OHu pripogaTcd u3 sToporo noctyaaTa CTO u ua rpeosannd
JAUHEHHOCTH Npeolpa3oBalui, BHPAXAWIErO YCIOBHE OJHOPOAHOCTH
npoctpanctea. (6pamusie npeobpaioaonus w3 K’ 8 K MoxHO nony1uTs
u3 (42), (43) samenoft V wa —V:

Az=v(A'+VAY), Ay=Ay, Az=AZ, At=y[At'+(V/cH)Az'].
(45)

» Cokpamennre AmuHE. J11HA IBRXKYWETocd 0OTpe3Ka onpeelaeTc
KAK PACCTOAHME MeX,1y TOUKAMM, T e KOHIEB! OTPe3Ka HaX0AMAMCH OAHO-
apemeHHO (T.e. At = (). PaccMoTpum TBepgoe Tedlo, KOTOPOE JBHKETCH
AOCTYMATEALHO ¢O CKOPOCTRIO ¥, H CBAXEM ¢ HAM cHCTeMy oTcueTa K.
W3 ypabuenus (43) (B KoTopoM Hajo NOAOKHTH V = v, At = 0) noay4um,
YTO NPOJOALHBIE PA3Mephl ABMKYIIErocd Telad COKPAIAITCA:

L=1y/y =g/ 1 —v¥cl, (46)

rae Iy — coGemaenneidl IpOAOALHEIM Pa3Mep, T.6. M3MePEHHLIN B CHCTeMe
orcueta K', B xoTopoH Teno HemoammkHo. [lomepeysitle pasMmepsl ABH-
KYUIETOCA Tela He M3MEeHAKTCA.

IIpamep 1. Ecan kBagpaT ABMKETCA €O cKOPOCTRIO v = 0,8¢ BAOAL OZHON N3
CBOWX CTOPOH, TO OH NPEBPAMAETCA B NPAMOYCUOALHNK € YIIOM MEXIY SHATOHATAMI,

paBHuM arcctg 1/ 1 — v2/c? = arcctg0,6 & 59°,

b OTHOCATEABHOCTE X044 BpemeHn, Hz npeobpa3zopannit JlopeHia
BUJHO, YTO BPeMA NpOTeKaeT Mo-padHomy B paankix UCO. B HacTrO-
¢TH, coBHITHA, MPOUCXOALLAe B cucTeMe J ofHOoBpemenHo (At = 0), Ho
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B Pa3HBIX TOYKaX MPOCTPaHCTBa, B XK' MoryT 6HITL He OAHOBPEMEHHEL-
M At = —yV Az/c? MoxeT 6BITE Kak TOAOKHTEIBHEIM, TAK H OTPHLA-
TeabHEIM (omHocumeavrocmb odHospesennocmu). Hack, ABHXyLHecH
BMeCTe C CHCTeMOH 0TCYeTa (T.e. HENOABHXHBIE OTHocHTelkHO K', mam
Az’ = 0), nokazeiBaloT cofcmsennoe apesms oToit HCO. C Touku ape-
HHA HabaoaaTend B cucTeMe K, 3TH Yachl OTCTAIOT OT €16 COOCTBEHHBIX
(samedsenue zoda epemenu). PaccMaTpupad ABa oTcHeTa ABUXYWMXCA
YacoB Kak ABa COGHITHA, W3 {45) nomyvum:

Ar
NGk

rae Ar = At' — co6cTBeHHOE BpeMs APMXKYIUUXCA YacoB (TodYHee, CBA-
aannoil ¢ mumu MCO). Pasronpasue scex HCO npoasasteTcd B ToM, 9TO
¢ TOYKH 3peHud Habnwgarens K’ dacel, HEMoOABUXHEIE OTHOCUTEABHO K|
6yayT OTCTABATE OT ero coScTBeHHbIX. (3aMeTHM, YTO 414 KOHTPOAA 38
ABRXYUIMMHCA YacaMH HEMOJBMHBIN HafJIOATelb B Pa3Hble MOMEHTHI
BpPEMEHM HCNOMBIYET pasuute dachl.) Hapadoxe 6ausneyos sakmoyaeTca
B ToM, 4To CTO npeackasbiBaeT pasantye B Bo3pacTe ABYX GAN3HELOB,
OZMH H3 KOTOPBEIX OCTaBajcA Ha 3eMie, a Apyrolf OyTellecTBOBAN B DAY-
fokoM KocMoce (KOCMOHa.BT Syaet MOJ]O}KE); xasaJock 6k, 3TO HapyllaeT
paBHONpABHE HX CHCTeM oTcdeTa. Ha caMoM fene, TOIbKO aeMioH Gaua-
Hell Bce ppeMmA HaxoAgmaca B ofuou MCO, xoemorasT %e nomensa HCO
A4 Bo3BpallieHHA Ha JeMao (ero ke cobCTBEHHad CHCTEMa OTCYeTa He-
HHepLHATLHA),

Ipumep 2. CpegHee coOGCTReHHOE BPEMA KHKIHM HECTASHALHOID MIQOHA
7=2,2-10"% ¢, T.e. &7 ~ 660 M. Bnarogaps sqekTy 3aMeaieHus BpEMeN ], ¢ TOUKH
3peHHA 3EMHOI0 HABNIOJATENA KOCMHYECKHH MICOH, JETALIMN CO CKOPOCTEIO ¥, Gana-
KOH K CKOPOCTH CBETA ("r 4 1), KHRET B CpegHeM 4T, IIpOIeTAST OT MECTA POMASHHA B
BEPXHUX CAOAX ATMOCh EPE PACCTOARNE MOPAAKA C¥T, WTO NOABOJIRET DECHCTPHPOBATL
€0'0 Ha HOBEpPXHOCTH BGMJHL

At = yAr = (47)

» Caoxenune ckopocren 8 CTO. Feay yacThua ABMAKETCR CO CKO-
pocTeio ¥ oTsocuTearno HCO K, To ee cKopocTh oTHocHTenmHO K
MOXHO HaiiTH, Bolpasus dz, dy, dz, dt na (45) n nogcrapus B v, = dz/dt,
vy = dy/dt, v, = dz/dt:

e = lj-xvj-V‘;c'? W T - L +lv" ;/c/; PN E ”zl +1v’ 1}'//13/; - (48)

Fr r I

Ipu v,V & ¢ NpoUCXOJUT mepexod K HEPETATUBUCTCKOMY 3aKOHY
cAoXeHUa ckopoctell (dbopmyaa (1)). Baxioe cBoiicTBo dopMmyan (48)
COCTOMT B TOM, 4To0 e¢cin V m v’ Mekbpwe ¢, 10 B v 6y4eT MeHLLIE c.
Hanpumep, ecau MBI pasroHuM dactuny go V = 0,9¢, a aaTem, nepeitga B
ee CHCTeMY 0TCYeTa, CHoBa pazronum e¢ go ¢' =0,9¢, To pesyanTHpyIoiland
ckopocTh okaxeTca He 1,8¢, a (1,8¢)/1,81 < ¢. Buauo, 4To npessoiiTu
CKOPOCTh ¢BeTa He ygaeTcd. CKOPOCTBH CcBeTa ABAACTCH MAKCHMAJALHO
BO3MOKHOH CKOPOCTHIC NEPe]adl BIaHMOAENCTBHR B IIPHPOJe.
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» Hurepnan, IIpmunnrnocte. lIpeobpasropanns JlopeHua He coxpa-
HAIT HU DEAMIHHY MHTEpBald BPEMeHH, HM JIMHY NpPOCTPAHCTBEHHOTO
oTpeaka. OHaKo MOXHO NOKa3aTkh, YTo npu npeodpasopanuax Jopenna
COXPAHACTCA BEIMYHHA,

52, = (cAt)? — (Ax)? - —(Az)? = (cAt)® - (AF)2, (49)

rAi€ 5); HAa3EIBAETCA uHmepsasos Mexay cobuTmama 1 u 2 (At =1, —1,,
A7 =Ty — 7). Ecau 82 > 0, To MHTEPBAT MeXAy COSHITUAMY HA3HIBAFOT
gpesmenunodo Subis, TaK Kak B oToM cay4ae cymectsyeT HCO, B koTopoit
AF =0, T.e. cOGLITHA NPOACXOIAAT B OJHOM MeCTe, HO B pa3Hoe BpeMA.
Taxue cobriTua MoryT ORTE HNPHYHHHO cBAzaHHLIMKM. Ecam, nao6opoT,
§2, < 0, To HHTEPBAL MEXAY COBLITHAME HA3BIBAIOT NpPOCMPANCMEERHO-
nodoOnbla, TAK KaK B 2ToM ciydae cymecTsyer HCO, B koTopoit At =0,
T.e. cOGBITHA NPOHCKOJAT OJHOBPEMEHHO B PA3HEIX TOYKaX NPOCTPaH-
¢TBa. Mex gy TakuMmu COSBITUAMY He MOXKET CYLIECTBOBATL NPUYMHHOM
cBsi3n. Yeaopue ¢|Al| < |AF| osHadaeT, YTo LyY CBETA, HCOYIUEHKEIN B MO-
MeHT GoJee palHero coGBITHA (HalpHMep, t;) H3 TOMKM 7|, He yclleBaeT
JBOCTUTKYTH TOYKH ¥y K MOMEHTY BpeMeHH ¢, CobLITHA, OT/IeNeHHEE OT
coOuiTiA | BpemMeRMIOACCHEIM NHTEPBAICM, NIPEICTABIAIOT IO OTHOIIE-
HMIO K HeMy miM abcoaomuoe npowaoe (i, —t; < 0), nam abcosomuoe
6ydywee (ty—%; > 0); nopagok crefoBaHAA ITUX COSLITHI OANHAKOBLIA BO
scex UCO. Tlopajok cregosanua coSHITHI, OTASIEHHEIX OPOCTPAHCTBEN-
HOHOZ0SHEIM MHTEpPBANOM, MOXeT OHITL pa3uuIM B pasuux UCO.

p JlopeHnnops 4-BeKTODH. HeTBepka BeamduH (A, Ay, A, A=

:(X, A.), xoTophie Tpu Nepexofe u3 cucreMbl K B cuctemy K’ mpe-
o8pasyloTcA Tak Ke, Kax (2, y, z, ct), T.e. (e, (42)):

AJ’:AE_(V/CJAT A,‘:A A.‘=A A-F:AT._(V/C)A&‘
‘ V1-VZE2 T Y v’ * * T V1= Ve

(50)
HA3RIBAETCA 4GP EHYOSbLM UEMBIPELMEPHbIM GeKTOpoM (KN, KOPOTKO, JO-
peHRoBEIM 4-BexkTopom). Benndunn A, A, A, Ha3HIBAIOTCA NPOCTPaH-
CTBeHHHIMH KOMIOHEHTaMH 4-BexTopa, A, — ero BpeMeHHOW KOMIOHEH-
Toi. CyMMa ABYX 4-BeXTODOB M NpoH3BeleHHe 4-BeKTopa Ha M0 —
‘Toxke 4-BexTopsl. IIpH HaMeHeHMH HCO COXpaHAeTCA BelM4HHA, aHalo-
PHYHAA UHTEPBALY: A? = A% - (A , @ TaKXKe CKaiApHoe IPOHIBeeHMUe
(A B, — A. ). Puanveckoe paBeHCTBO, 3ANMNCAHHOE B BAJE DaBeHCTBA
ABYX 4 -BEKTOPOB, OCTaeTca sBepHrM Bo Beex HCO.

» Hwunyaec u aHeprusa 8 CTO. KomnoHeHTH ckopocTH npeofpa-
3YITCA He TaK, KAK KOMIOHEHTH 4-BekTopa {cpaBHuTe ypaBHenud (48)
u (50)), noToMy 4To B BRIpaxeHun ¥ = dF/dt npeofpasyioTca Kak MHCIH-
Telb, Tak W 3BaMeHaTelb. [loaToMy BeanvnHa ijﬁ'j, COOTBETCTRYIO-
Ilaf KIACCHYECKOMY ONPEJeJeHRi0 UMIYILCA, He MOXET COXPAHATRCA BO
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Bcex UCO. PeaaTuBucTCkMil 4-BeKTOp UMOYJALCA ONPEJLIAIOT KAk
_,_mdF _ m dr _md(ct) _ e
p= dr — 1!1—92/192 dt’ Pr = dr \/1,_”2/62’

rae dr = di /1 — v?/c? — BeckoHeuno Maoe MaMeHeHUe cOBCTBEHHOTO
apeMcHM dacTHull {cM. {(47)}, T.e. namepennoe B HCO, ckopocTs KoTo-
poil paBHa CKOPOCTH YaCTHIE! B falHEI MoMeHT (d7 He 3aBUCUT OT TOrO,
i3 kaxoin MCO mu pabmogaem 2a vactunei.) IpocTpascreentrle koM-
[IOHEHTHL 4-BeKTOPA 00PasyIOT PEARMUSUCICKUT UMRYALC

- mi
P= V1-v3e?’

a BpeMeHNad KOMIOHEHTa p, oKalblBaeTcs papbHon E/fc, rjge B — peas-
MUBUCTNCKAR FHEPRUA UACMUYDL

(51)

me?

noatomy 4-Bexrop (f, /) HA3BIBAIOT {-aeKopos InepRul — UMNYAbCS.
OTMeTHM, YTO PEJIATHBHCTCKHE JREPrUA W UMIYALC CBAIAHH NPOCTHIM
COOTHOILIEHHMEM:

E= (52)

. Ev

k= 2 (53)
B cooTBeTcTBME ¢ (50}, D9Heprid ¥ UMITyabc TIpw nepexoae b apyrywo HCO
npeoSpasyloTes 10 JaKOHY

.r_I'}.":_V‘E'/c2 P P _ ¢ E_Vp::
Pr = m) py "pyt P, =P E _W (54)

Peasmusucmexas onepzus MacTHUH He paBHa Hymnio upn v = 0, T.e.
OHa COCTOMT U3 IHEPEUYU NOKOA MC> M KMHETHYECKON DHEpPruu:

2
E= —5 = mc+ E,, (55)

V1-v¥c?

ApUYeM PeTATUBUCTCKAA KMHETHYeCKaA DHEPrud npn v/c & 1 nepexognT
B K.JACCHYECKYIo KuieTudeckyio sHeprmo B, = mv?/2. Tak kax BemmunHa
(Efc)? — p? COXPAHAETCA, €€ MOXHO BHIIUCANTL B CHCTEME OTCHETA, I'Ae
4acTHIla B JABHEIE MOMEHT MOKOMTCA:

E? 2 2,2 2 _ 3.2 2

——— = _ - 4

3 = m‘c wm  E¢— pfef = méct, {(56)
[aa vacTun ¢ maccoit, papuoill Hyi0 (doTOHBL), CBA3L MEXIY JHEPTHEH U
HMIYJIBCOM NPMHRMAET BHM:

E=pec (87)
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(cm. Takxe (53)). TogcTanass B {56) E = mc? + E,, noayum yxo6Hoe
COOTHOIICHME MEXKAY MMNYILCOM H KHHETHYECKOH DHepruell:

= E (B, + 2mc?).

» Heynpyrus yaap. BaanMoOcCBA3L DHEPIUM U MACCHI. 3alyllem
38KOH COXpaHeHUA PEIRTHBHCTCKOM JHEPTHH JAA HEYNPYroro yAapa AByx
Tea Maccolf m KaxXJoe, TeTeBIINX HABCTpedY APYr APYry ¢ OUHAKOBOM
CKOPOCTBIO ¥

2 2
me 9

me
= Me*.

Tiedie | Sl

Bugito, 4To Macca COCTABHOH YacTHUEL HOAbLIE CYMMEL MACC HaYaJBHBIX
9aCTHL. YBEIUYEHUE BHYTPEHHEH 3HEPruM IpH HeynpyroMm yaape Ha AFE
HpHBENo K yhelnueHmo Macckl Ha AE/c?. DTOT npuMep MIMIOCTPUPYET
oflliee COOTHOIIEHNE DHHINTENHA MEXY PEeAATHBHCTCKOR DHEPrHed no-
KOALIETOCA TEela M er0 MACCOMH:

E =me. (58)

PeasTupucTckasa SHeprua BKAKOYaeT B cela Bce BHAH BHYTpeHHen
JHEPTHH. :

Ilpnmep 3. IlycTs oHeprus nokoAmerocs Tena yBeawumnace Ha AE. Hafiru
MMOYNLE 3TOMO TEA B CHCTEME OTCHETA, ABMAKYILEHCH ¢o ckopocTeic —V (V € ¢},

Pemense. B cooThReTcTBym ¢ dopMynamm pelATHEMCTCKoro NpeobpasjoBa-
uus (54) nmnynsc pasen p = (E/e2)V = (m + AE/c?)V. Bugno, 4To yseanuenne
Macchl cooTaeTCTEYeT dopmyne (58).

» OCHOBHOM 3aKOH PEIATHBMCTCKOR AUHAMUKK. [IpuioxeHHas k
HYacTHIE CHJIA PaBHa, Kak H B KIaccHYecKkoit MEXaHHKe, HpOHBBOAHOﬁ oT

HMILYTBCA:

¢
HO peAATUBMCTCKMH MMnyabc (51) oTandaeTcA oT kiaccuueckoro. Ilog
AeHCTBMEM TPHICKEHHON CHIBI MMIYALC MOXET HEOIDAHMYEHHO BO3pa-
CTaTb, Ho u3 onpeaeacHna (51) BUAHO, YTO ckopocTh OyJeT MeHbLIE ¢.
PaboTa cuast {59) '

f?-df:/-‘é%ﬁdt:]a-dﬁ:
=/\/1—v9/c2p;:p /\/I—v-*/-*EdE dE

PaBHa H3MeHENHIO PerfTHBHCTCKON :meprm: Saece GbLIM MCTOABIO-
Baubl popmyast mi = g/l —v¥c?, §.df = EdE/c® (cm. (56))

E = med/\/1—v¥c?,
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2. MonekynapHas ¢usuka
‘W TEPMOAUHAMHUKA

2.1. OcHoBHble NONOXKEHUS U ONpeAEnecHUs

» pa mogxoga K May4eHnIo pemiectea. Tepaodunamuuecruil nod-
%00 3aKII0YAETCA B TOM, MTOOEl YCTAHOBHTL CBAIN M COOTHOLIEHHA MEX-
AY IKCUEPUMEHTANLHO ompefenieMbiMi (PeHOMEHOIOTHYECKUMH) Napa-
MeTpami {MX HAdLIBAIOT MEPMOCUHBHMUNECKUMY NAPAMEMPAMY), ONADE-
ACH HA HECKOALKO MOCTYAATOB (Hauad mepmodunamusu).

Cmamucmuveckyit nodrod oNMpPaeTcA Ha MOJAEKYJIAPHO-KUHETHYE:
CKne TpeACTaBACHUA O CTPOEHMH BEHIECTBA {OCHOSHbIE NOAOHCERUA MO-
AEKYARPHO-RUHEMUNEcKolT meopuu):

1. Bce Tena cocTOAT M3 OIPOMHOLO YHCIa MEIhYaIINX YacTHYUEK —
ATOMOB H MOJEKY.

2. Monekyanl BeRleCTBa HaXOJATCA B HEMPEPLIBHOM XaOTHUECKOM
JBHXCHHAN.

3. Monexyasl B3aMMoAelcTBYIOT MeX Ay cofoll: Ha HOMBLIIMX PaccTo-
AHHAX IPUTATHBAIOTCA, HA MAJBIX OTTaIKHBAIOTCA.

TepMmoHHAMHYeCKHE NapaMeTphl BRIYUCAAIOTCA B PaMKaX KOHKPET-
HOW MOJeNH BHYTPEHHErO CTPOEHHA BEllleCTBA (T.e. MOAEIH ABHKEHHR
M B3aMMOJEHCTBHA ATOMOB H MONEKYJA), NOCPEICTBOM YCDESHEHMA IO
OCPOMHOMY YHMCAY COCTOAHMIE cncTeMel. CTaTHCTHYECKAA PUINKE HCTIOA B
3YeT METOJH TEOPHM BEPOATHOCTEH H MATEMATHHECKOH CTATHCTHKH,
Krnaccnueckad TeopHa ONMMpPAETCA HA KAACCHYECKHE 33KOHBI JABHXEHHA
MOJEKYJ, KBAHTOBaA CTATHCTHKA — Ha DaKOHE KBAHTOBON MEXaHMKM,

» KomnuecTpo semiecTBa. Moan. Koauwecrso semecTsa B cucte-
Me, T.&. YHCIO COJePXKANXCH B HEH CTPYKTYPHEIX eIUHUL — ATOMOB WIH
MOJEKYJI, H3MEPAETCA B #0aRz. Moak no6oro BemecTsa COREpKHUT ONpe-
JeaeHHOE HHCIO MOJEKYJ, HaskBaeMoe uucdom Aeczadpo, pabHoe Yucay
aTtomoB B 12 r yraepoga: N, &~ 6,02 102 monp~!. s 4ncia monei no-
AYHHM!

V= —=—, (]_)

NA Fis

rae N —41ncao Molekya B cucTeMe, m = MmN — Macca CHCTeMBL (Mg —
Macca OJHOH MOAEKYJH), it = My N, — MOAAPHAA MAcCCa BElleCTBa,

» PasHopecHmE n HEPABHOBECHBIC COCTOAHHA. YPABHEHHE CO-
cToaHna. TepMoJuHaMuYecKad cUCTEMA, HAXOAAINASCA IPH HEH3MEHHBIX
BHELIHHX YCAOBUAX, MIPUXCIUT B PUGHOGECKROE COCMOANUE, B KOTODOM OT-
CYTCTBYIOT NOTOKH JI0GOro THIA (HanpHMep, IOTOKH MacChl H DHEPFHH).
TepMoAHHAMUYECKHEe TaPaMeTPhl PABHOBECHOIO COCTOARNA (AaBacHne p,
rTemnepatypa T, o6kem V' uan mioTHOCTE p, MOAAPHAA Macca g U Jp.)
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CBABAHE! YPaEHEHUEM COCTROAHUR, YDABHEHUE COCTOAHUA UACANBLHOrO Ia-
3a (ypaBHeHue KaanefipoHa — Mengeneena)

pV = vRT, | (2)

rae A =~ 8,31 Mx/(xmonb - K) — yHHBepCalbHad ra3zopad NOCTOAHHAA,
OBLIO TOJAY4eHO SMIHPHYECKH M XOPOIIO BEIMOJHAETCA AAA Pa3pekeHHRIX
rasos (cM. pa3g. 2.5). Ypasuenne Ban-gep-Baaanca

(V - vb) (p+ ‘;/L:) = yRT (3)

ABIAETCA OJHMM M3 NPUOIMKEHHEIX YPARHEHWH COCTOAHMA peaibHhIX
TLIOTHBEIX I'a308 (cM. pasjs. 2.8). [Ipouece MaMeHeHUA COCTOSHUA HadbiBa-
KT pasHoeeckblM (K6AIUPAEHOGECHBLM ), €CTH OH IPOHCXOAUT CTOIb Me/[-
JIEHHO, 4TO KakJoe IPOMEXYTOYHOE COCTOAHHE MOXKHO CHHTATH PARHO-
BecHEIM. PaBHOBeCHEIE IPOLECCHl ABAAIOTCA 06PAMUMbLMY,

Pastosecnas mepmoduneHurs PacCMaTPHBAET PaBHOBECHRIE COCTO-
AHMA ¥ uponecckl. OHA 03PONAET CAEAATH PAJA BHIBOJOR O XAPAaKTEpe
U HaOpPaBicHUY TPOTEKAHUA HePABHOBECHHX NMPONECCOB, MPOUCXOJANINX
MeX [y HaYaJbHLIM H KOHEYHHIM PaBHOBECHBIMH COCTOAHUAMM, HO He ja-
€T KOAMYECTBEHHOrO ONHCAHMA ITHX Nnpouecco, HepasHorecHwle cucTe-
MBl — npeaMeT (fugtiueckoll KUHEMUKY U HEPREHOBECHOT MEPMHOCUHaMU-
xu. OTMETHM, MTO BpeMd NPUXOJa B PABHOBECHE (8peMA pesaxcauuu)
YMEHBIIAETCA BMECTe C Pa3MEDAMH CUCTEME], IOFTOMY MOXHO TOBODHTD
0 AOKGALHOM PGREHOBECUU B MAJICHBKOH MACTH HepaBHOBECHOHN CHCTeME!
(HanpuMep, BBOAUTH TEMNEPATYPY, MEHAIOUIYIOCH OT TOMKH K TOUKE).

» IIpocThHe TepMoZuHaMHUdecKHe cucTeMbl. OJHOPOJHAA M H30-
TPOTIHAA TepMOANHAMHYeCKad CUCTEMa, XHMHUYeCKNH COCTAB KOTOPOH He
MeHAETCA, Ha3LIBAETCA {mepmodunanuvecku) npocmot. K npocTeM cu-
CTeMaM OTHOCATCA, B MACTHOCTH, OAHOKOMIOHEHTHEIE (MHCTEHIE) Ta3sl
xuakocTy. [IpocTas cuérema o6rajaeT JByMa CTeNeHAMH CBOGOJH, T.€.
TONBKC [Ba €6 TEPMOJMHAMUYECKHNX MapaMeTpa MOXHO CYHTATH Hela-
BHCHMBIMH. PaBHOBeCHHE COCTOAHMA NPOCTOR CHCTEMH MOXHO H3o6pa-
¥aTh TOYKAMH Ha NIOCKOCTH (HANpAMep, B Koopaunatax (p, V)), passo-
BeCHREIe MpoLiecchl — MAHHAMM Ha 3ToH naockocT. Paora, copepinaeman
NpocTod CHCTeMOH HPOTHE BHEIIHMX CHJ, paBHA

Va

sA=paV, A= a(V)aV, @
v,

rae p(V') HasniRaeTeA ypasHuenues npoyeccs. Tak kKak paGoTa He ABIALT-
cfl pyEKUHelt cocToAnNA, TO GeckoHedHO Magaf paboTa oGosHaueHa 6A,
yTo6bl OTAUYHTE €¢ OT GEeCKOHEHHO MANOTO M3MeHeHUs hyHKumu (qud-
thepeHuuana).
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Hannune coasn mMex gy MmoGuMy TPEMa NapamMeTPaMi HpocTol CUCTEMEL, Hanara-
EMOU YPAaBHEeHNEM COCTOAHMA, NPHBCOANUT TAKNKE K CBAZM MEXIY HX TPOHIBOIHLIMHU.

Brpazue uameHenne T depes mameHenma p n Vi d7 = (-a-?-:-) dV + (EI-) dp
8V /p 8p lyv

W RPHMEHUB 3TO BHPAXEHHE K HIOTepMUIecKaMy npoueccy {dT = 0}, monyyum

(57), (%), (5v), =
aT /p\Bp /v \aV /)™ 7
JTo COOTHOUIEHUE CBA3KBaLT Mex Y coboll Tpu KoadgdHumenTa:

1 ¢3V
a= (--—-) {memnepamyprntt xoaduyuenm obrvemnoeo pacuupenua),
r

V, \ 8T
I ap .
g =w—|—= {memnepamypusit xosPPuyuexm dosaexua),
pp \ 8T
- op
K==V ro (vaomepmunecxud modyas scecmoponxees cocamui).
T

2.2. Mepeoe Hauano TepMOZHHAMUKH

» Bayrpenuasa sseprusa. TenncoSmern. Temneparypa. B oTanine
OT Me&XAHMYECKON IHEPTHYM, KOTODAA MOXET M3MEHAThLCH TOABKO 33 C9eT
paboThl, BEYTPEHHAA JHEPIHA MOXET HaMEHATLCA KaK 3a CUeT paboTH,
TaK ¥ NMpU KOHTAKTE C TelaMH, UMEICIIUME APYTYI TEMIEpPaTYpy, T.e.
B npollecce TenJooSOMeHa. JHEPTUA, NepeatHad IpH TemwoobMene (moj-
BeJeHNH TeNIa), HadbIBAETCA KOAUMECTMGOM MEntomu WM mensomot u
oboaHadaeTcA Q. TemIoTa CYUTAETCA NOTOXKHTEILHOM, ecIn CHCTeMa [o-
AyYaeT SHEPLUo, ¥ OTPUUATEALHOM, ecan oTAaeT.

IIpu TenacotMeHe oHeprus NepexoAUT OT TeJa ¢ GOJABIIEH TeMIepa-
TYPOH K Tely ¢ MeHbIIel TeMmepaTypoil. Jlio6an TemnepaTypHan mkana
AGIKHA YAOBJCTBODATE 3TOMY CBOHCTBY. OMMUpHYeCKHe TeMNepaTyp-
Hble IIKaJXbl OCHOBAaHH Ha KOCBEHHBIX MIMEpPEHHAX, T.€. Ha HIMEepeHHAX
NapaMCTPOB, MOHOTOHHO 3aBUCALIUX OT TEMIEpaTypH. [B30Bas Ikara
TEeMNEPaTYp ONMMPAETCA Ha ypaBHEHHEe COCTOAHMA HAEATLHOTO Pasza (2).
TepMoanaamudeckad, nan aGCONIOTHAA IUKANA TEMIePaTyp ollpefeAeTcA
H3 OCHOBE BTOPOTO Hayala TEPMOJUHAMMKH.

C TOYKH 3peHMA KJaCCHYeCKOH MOJeKYAAPHO-KHHETHYeCKOH TeopHH,
BHYTpPEHHAA SHEDPTHA TEPMOJUHAMUYECKOH CUCTEME! paBHa CyMMe KuUHe-
THIECKOH SHEPTHN JBHXEHHA €€ MOJEKYJ] M MOTEHIMANLHOH SHEPTHU HX
B3auMoecTuA. BuyTpennan sneprua U = U(V, T, . ..) — dbyHxus co-
CTOANUA TepMOANHAMUYECKOH cucTeME* ABIAETCA BaXHelmel xapakTe-
PHCTHKON TepMOJUHAMUYECKON CUCTEME.

* 3apucumocts U = U{V, T, ...) HASHIBAIOT KOAOPUNECKUM YPRBHEKUEM COCMOUA-
WUR, B OTAHMNE OT MEPMuUNCCROeD Ypaenenus cocmoanus p = p(V, T).



2.2, TTEPBOE HAYAAO TEPMOAMHAMUKM 173

TepMmoguHaMHKa goM¥Ha onpeJeadaTh Mobylo BeIN4HHY PeHOMEHOIOTHYECKH, BHe
AABHCHMOCTH OT npe,qcmamenui't O BHYTPEHHEM yCTpOﬁCTBQ BEIIECTHA, HPHHHHHHML~
HYI0 BO3MOKHOCTh TaKOI'0 OIPegeNeHlR JaeT NpelcTamienie o rHbkol aduabamuve-
cxod o 6oa04Ke, KOTOpPAR NO3BONAET UIMEHATL GOPMY CHCTEMEL H COBEPIUATE HAJL Hel
paﬁo'ry, HO HCKJAIOMaeT €e TenaoodMeHn ¢ BHEIIHUMH TEAAMM, PGGOTG BHELWIHHX CHA Ae
0Py nepexoge CHCTEMEL H3 COCTOAHHA 1 B cocTOAHHE 2 OKAaLIBALTCA He 333“!:)"-“81“‘1 aT
OpoUecca Mepexofa, a 3ABHCHT TOALKG 0T HAYAABRHOTC H KOHEYHOI'O COCTOJIHHﬁ CHACTE-
MEL, 4TC NO3IBOIAET CNPEAEINTE PA3HOCT: BHYTPEHHUX JHEPI'UH CedYI0HM o6pasom;
U, - U, = A%(1 = 2).

» Ileproe Havano Tepmogumamuxkm. OO6IUME 3aKoH cOXpaHeHMA
3HePrHH ¢ y4eTOM Nponecca TeniooCMeHa M BHYTPeHHeH SHEPr UM UMEET
BUA:

—_ e
AE,  +AU=A+Q,

T.¢. U3MEHEHNEe MONHON (MeXaHWYeCKOH+BHYTpeHHeH) DHEPIMH CHCTEMH
PaBHO paf0OTe BHEIUHMX CHA U TenioTe, NMOAYYeHHOH NpH TendooGmeHe
C BHEIUHMMH Teramu. HHorga 3akoH coxpaHeHHA SHEPrUN HOPMYINDYIOT
KaK HeBO3MOXHOCTE CO3JaHuAl seunozo deueameds nepsozo pods (KOTo-
pellt npouaBoAuA 66 pabOTyY W3 HU4ero). Jlepeblu HauBAOK MeEPMOUNG-
MUKY Ha3BIBAIOT OGHIMHO IpHMeHeHte DTOrO 3aKOHA K TepMOIHHaMMYe-
CKOH CHCTEMe, MeXaHNYeCKad DJHepPris KOTOpoH He MeHaeTca. Kpome To-
ro, B TepMoguHaMHKe yJo6Hee HCnoNe3oBaThH pafoTy CHCTEMEL NMPOTHE
pHeurHnx cu1: A = — A%, [lonyuaem

Q=AU+A (5)

(noaBedeHHAA K TepMOJUHAMMYECKON CUCTEMe TeIoTa HAeT Ha HaMeHe-
Hie ee BHYTPEHHEH DHEPTUM U Ha COBEPIUEHHE CHCTEMOH pPaGoTH NMPOTHE
BHEIIHUX CHA).

» IlepBoe Hawamo gasa npocTolt cucTemu. Temnoemxocts. Hc-
noAk3yA ypaBHeHne (4), sanuiueM NepBO¢ HAYal0 TEPMOJNHAMHUKU AJs
NPOCTOI CUCTEMBI, OAY YMBIIeH 6ECKOHEMHO Majoe KOINYECTRa TeMAOThI:

§Q =dU +pdV. (6)

OTHomenne 6} x UIMEHEHHIO TeMNepaTyphl dI’ HajlLIRAIOT MENAceM-
xoemvio cucmesdt C B JAaHHOM PaBHORECHOM nponecce (usMepserTca B
A /K):

CdT =dU + pdV. (M

Cunran U B (7) dyHxnuneir gpyx nepemensuix (V,T), sanuuieM
au ou au
dU = (6_T) 4T + (av) dV = Cy dT + (av) av,  (8)
(é‘_fi
oT
ypasrenue (7)). Orcioga nony4mm:

rre Cy = )V — MendoemKoCmb NPU NOCMOANHOM 0bvese (CM.

CdT = CVdT+[p+(gg) Jav. (9)
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BuAHO, YTO TEMIOEMKOCTS A4 nponecca V (T) 3aBUCHT OT 3HaYeHNA IPO-
mpoguon dV/dT. Tak kak napameTpst (V, T7) MOXHO MEHATE HE3aBUCHMO,
TO 3Ta NPOM3BOAHAA, @ 3HAYUT, H TEILIOEMKOCTL B JAHHON TOYKE MOXeET
UMeTB J06oe 3HaYeHNe,

» Ouransnua. [Iponece Jxoyas — Tomcona. Eciy paBHOBecHEIN
MpOIECC M3MEHEHUA COCTOAHUA MPOUCXOAUT [P MOCTOAHHOM JaBAeHUH,
TO NoABeAeHHAA TENIOTa

Q=AU +pAV =AU +pV)= Al  (p=const) (10)

PaBHa pasHOCTH aumaasnull | = U +pV B KOHEYHOM M HAYAABHOM COCTO-
AHMAX. OHTANBIHA HCIOAB3YETCA TaKXke AJs ONUCAHHA npouecca Jawo-
AR — Tomcona — CTaUMOHAPHOI'O NNpOCA4YHBAHNA BelIeCTBa CKBO3b IO~
PHCTYIO MEPEroPoAKY {APOCCeIMpPOBaHHUA). JTOT NPOLECC NPUMEHASTCA
[J4 IOXY9EHYUA CBEPXHUAKUX TeMnepaTyp. B nponecce Jxoyaa — Tomco-
Ha COXPAaHAETCA SHTANbNNA BeIeCTBA, IPOUIESIEro CKBO3b EPErOPOKY:
Ui+ V) =0 + 01

» BuyTpeuHAa 3Heprua MACANBHOrC rasa. BHYTpeHHAs oHEprus
HJcalbHOTO Ta3a 3aBUCHT TOIBKO OT ero TeMHepaTYphl. JKCnepHMeH-
TalbHEIE NOATBEPX JeHNA ITOMY PaKTy:

1. Ilpu pacliuupeHWn rasa B NYCTOTY BHYTPH XKecTkoil ajuabaTHde-
CKOM 06GoNouKH PaBHE HYAK Kak paSoTa rasa A, Tak n noaydesHad Te-
moTa ¢, a caefoBaTenbHo, ¥ AlS; 61110 06HapYXEHO, YTO B 3TOM HepaB-
HOBECHOM [IpOIIeCCe TeMIlepaTypa HAeanbHOr O rada He MeHAeTCH (OIIHTbI
Tei-Jlioccaka u dxoyan).

2. TemnepaTypa BIeaIbHOrO ra’a He MeHaeTca B nponecce Jxoyaas —
ToMmcoHa, ,

BTopoe Havazo TepMOAMHAMHKH [03BOAAET AOKa3aTh YyPaBHeHMe

U
(-5‘7)7‘ = 0}, HCXO 45 M3 TepMUYECKOro ypaBHeHUA cocToauns (2).
» Ilponeccw B maeanrsnoMm rase. Ha ypaenennit (7), (8) monyuum
M3aMcHeHHe BHYTDPEHHeN oHepruyu M NepBOe HaYal0 TePMOJMHAMHKH 1A
HACaABHOIG I'ala:

dU =Cy dT, 6Q=CydT+pdV. (11)

OKCTIEPUMEHTH [10Ka3blBaloT, YTO B INUPOKMX IpPefelaX H3MeHEHHA
TemnepaTypsl () oT T He 3aBUCHT, ¥ MOxHO 3amucaTh {J = O T + const.

PaccMOTPUM KOHKpeTHEIE NPOLEeCcCh.

1) Hsomepamunecwul npoyece (dT = 0). B aTom cnygae dU =0, Tee.

6Q =pdV, Q=A_='/V?pg/)dV=VRTln(%) (12)

vy
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TeniceMKOCTE AAHHOrO INIpolLecca MOXHO CYHTATh paBHOU GeckoHed-
BOCTH.

2) HaoBapnnii npoyeec (dp = 0). Broas TennoeMKocTh MpU MOCTO-
AHHOM [JABJEHWM, C YY€TOM YPaBHEHHA COCTOAHMA (2} moaydum

C,dT = Cy dT + pdV = Cy dT + vRdT.

Coxpaman Ha dT", 101y4NM COOTHOMEHUA MEX 1Y TEIAGEMKOCTAMH (ypas-
nenue Matepa):

R
C, =Cy + VR, cp=cv+?, Cp=Cy, + R, (13)

rae ¢ = Cf/m— ydesvras menacenxocms, a C,, = C/p— moaspras me-
naoenxocme raza (usmepsiores B JIx/(xr - K) u Jx/(Moar - K} cooTBeT-
CTBEHHO).

3) Aduabamuuecxutl npoyecc. Ecan paBHOBECHBIH POLECC TTPOHCXO-
AuT 6e3 noaeoga Tenaa (8@ = 0), To

vRT dT R dV
Cydl=-pdV = chvdT___f/_"dV _ '-ST.,-——-E;;———I;-.

UrTerpupys, nolyduMm ypaBHeHue aamabaTuyeckoro npomecca (ypasue-
nue ITyaccona):

TVY! = const wim  pV7 = const, (14)

rjae Gespasmepuutit napamerp v = C,/Cy = 1+ (R/C,, ) nasniBaerca
noxasameses pduabamut. Yepea v, ¢ yuerom ypasHenus Maiiepa (13),
MOM(HO BHIPadHThH TEMIOEMKOCTH Faja: '

R ~+R

#V—.T_]_’ C‘"‘p_‘y—l'
4) Hoaumponwunl npoyecc. llofnTPONHEIM HAa3KEIBaETCA NPONECS, Te-
NAOEMKOCTE KOTOPOrO MocTofHHa (C = const):

Ilpoeens Takue ke BLHIMHCICHMA, Kak AAA aaMabaTHYECKOTO IpoLecca,
HOAYURM YpO6HERUE NOAUMPONHO20 npoYecca:

pV"™ = const,
R C,~C
rien=1+ = — MOKA3ATENL MOMTATPOMNLL.
Cuy — Cy Cy —-C

5) Huxs Kapro. LnkioM KapHo HadWBaeTCs 3aMKHYTHIE LIMKT, CO-
CTOAIMI M3 ABYX uaoTepy (npu Temueparypax 1) u T, T} > 7)) u asyx
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agnabat. Kos@duyuenmon noaesnozo delicmaus 3aMKHymozo yukaa Ha-
3HBAIOT BETUYHHY

q=i=—_Q1‘Q2=1_-92~, (15)
@ Q1 @,
rfe A — pa6oTa 3a nuK1, J; — TEIJOTA, NOIYUEHHaA OT HarpepaTend,
(), — TemioTa, OTAaHHAA XOMOAWALHHKY. B samxHyTOM mukne AU = 0,
noatoMmy @; — Q4 = A.
Hasa nuxna Kapro (puc. 13) ua ypasnenns (12) umeem:

Q= vRT;In( Yy ) Q= VRTQIn(-gg—).
4

v

W3 ypasuenna Ilyaccona (14) naxo- Pt
OWM:

W =T,V TV =T,V

Orciopa caegyer, ato V,/V, = V,/V,.

IMostomy ara K11/ nuxaa Kapro nomy-
THM:

p=1- =, 16 gl
Tl ( )
Puc. 13.

Buaso, yTo B gantoM caydae KII/l 3aBHCHT TOJBKDO OT OTHOIUCHHA
TEMNEPATYP XOIOAUILHAKA # HarpeBaTels.

2.3. BTtopoe Ha4ano TepMoAWHAMHUKY

» dopmyaupobxa proporo umagdana. [Ipupegem ase Hanbonee us-
BeCTHHEE (GOPMYJTHPOBKH!

1. HepoaMokeH npoilece, AMHCTBEHHBIM Pe3yApTaTOM KOTOPOTrO Bhl-
J0 5H coBepiienre paSOTH 34 CYET TEIOTH, BaATON ¥ TEIAOBOrO peaep-
Byapa NpH NOCTOAHHON TeMnepaType (dopMyaupobka ToMcoHa). JTa ke
$OPMYIUPOBKA, HO BhIpaMeHHasd ADPYTUMH CIOBaMH, YTBEpX JaeT HEBO3-
MOXHOCTh CO3/IaHMR 8€uH020 deuzameds smopozo poda (T.e. NPOM3BO-
Aslero paGoTy 3a ¢UeT BHYTpeHHel 3HEPPUN TelACBOr0 peaepByapa).

2. HemosMmoxkeH nponece, efMHCTBEHHEIM Pe3yanTaTOM KOTOPOro Ohl-
Ja 6n mepegada >Heprud OT SoJdee xolofgHOro Tela K GoJee ropAdeMmy
(popmyanpoexa Karayanyca).

dbopmyanpoekn TomcoHa i Knayamyca >KBHBaJeHTHH.

b Teopema Kapuo. [Juxaosx Kapro Ha3welBaloT OWKJI, B KOTOpPOM pa-
Sotee Teo NOIYHaeT TEMIOTY TOALKC OT pelepByapa NpH NOCTOAHHOH
TemnepaType 1) (HarpesaTeds), a OTAaeT — TOJALKO pe3epByapy NPH Io-
crosnuod Temunepatype I, (xonogunenuky). Teopema Kapro yTeepxja-
er, 410 KIIJI npomasoaruoro uukiaa Kapuo e moxeT npesrinate KILJ
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obparumoro uukaa Kapno, paboraomero npu Tex xe T u T,. Ha ato-
ro Hemenanenno ciegyver, 4ro KIIA o6paTumoro mukna KapHo aapucuT
ToAbko oT 1, u T, U He 3aRHCUT OT NPHpOAH pafoyero Tela.

Mokamem B 0OWHMX YepTax, KaK MOXKHO ZOKAIATE TeopeMy Kapno. Ilpesnoso-
xum, 1o KILJ o6paTumol MamiHel MeHewe, eM Heo SpaTumol. [log6epeM obmem
pafiovero Texa oGPaTHMON MAWMHR TaK, YTCOH CHA COBEPILANA 33 LUK TAKY XKe
paioTy, kak HeoSpaTiuman. C y4eTom (15) HepaBencTse 4aa KIIJ npuobpeTtaeT Bitg
AfQ3% < AJQY*°%, oTxyas mmeem Q9% > Q¥¢°%. Tlycrum oGpaTuMylo MaIlnMy B
o6paTHYIO CTOPOHY TAK, ¥To 6 paboTa Heo 6PATHMOI MallMHE noTpebiiack o6pa-
THMON. 3a UNKA ofbeauHen ol MAlUMHE ee paGoTa Sy deT panHa Hy K0, a HaI'peBaTelb
nonyuut aHeprute @3° — QY98 > 0, uenukom BARTYIC ¥ XoroguabHRKA. ME npuian
K NPOTHROpedHio ¢ dopMynpoekor Knayaunyca.

Tax xax Ham u3asecTed KI1J oguoit u3 mawnd Kapuo — rasoroii (16),
To TeopeMy KapHo MOXHO 3alMcaTh Tak:

Q-9 T-1 Q@
a; £ T, Hin T, T, £ 0, (17)

npudeM paBeHCTBO COOTBeTCTBYeT ofpaTHMoMy LUMKIY KapHo.

TepMogvHaMHYeCKad MKANa TeMnepaTyp. Teopema Kapno nossosnseT onpe-
Je/Th HIKanY TEMIEPATYD, He 3ABHCALLYI0 OT CBONCTE KOHKPeTHRX Teit. OTHomeHue
TeMIepaTyp ABYX TEA ONPEIeA0T, MPHCOEIHHNE K KM o GpaTumyo Mausky Kapho;
TaK KaK OTHOMWeHWe G, /Q, JaBNCUT TOIBKO OT UX TEMIEPATYp, TO €10 MOXHO NPH-
HATE PABHEIM OTHOWEHHIO TePMCINHAMUMECKNX TeMnepatyp: 6, /6, = @,/Q,. Kax
pugHO U3 (17), OTHOMEHItE TepMOIHHAMHYECKHX TEMIEPATYp PARHO OTHOWEHHIO Ma-
30BHIX TeMIepaTyp (B TOM 06JACTH, TZe Ma30BaA INKATA OMpedeneHa).

» Bropoe Hauamo: BLINHCIEHHE BHYTPEHHEH dHepruu. BTopoe
Ha4alo TepMOJUHAMEUKH MTO3BOJAET BHIBECTH BaXKHOE COOTHOLICHHE [AA
BHYTpeHHEN JHCPTHY NPOCTON CHCTEMH, KOTOPOE HE MOXET SEITh NOJAY-
4eHO B paMKax NepBOro Hayala:

@), (),

[MokaxeM, Kak MoXkHO nmony4uTs {18} ws Teopemu Kapno. Pacemorpum (Gecko-
HewHo) Manktit o6paTuMel Lk Kapho i nao6pasum ero B koopaumaTax (p, V). Pa-
60Ta CHCTEMEI 33 LHKJ, PABHA NAOWA AU MANeHLKCIC Napansenorpamma (puc. 14), ne
HIMEHHTCA MPH JaMeHe KYCOYKOR aHabaT BePTHKATLHEIME 0TPEIKAMN, JTHHA KOTO-

& 8
PhIX papHa (_p) AT. ¥YMHOMKHB Ha BricoTy AV, mony«wum dA == (_p) ATAV.
T /v 8T /v
TemnoTa, monyueHHad Ha BepxHell M3IoTepMe, pab- o
<150 .
Ha §Q, = AU + pdV = (W) AV 4+ pAV, rae T+dT
T
Ala npupawenna AV npu nocroaHHoH Temneparty-
pe uctionwackano (8). M3 reopemut Kapho u ypas-
Heraua (17) umeem |
t
)
A _ AT ($&), ATAV AT N
0, T Ty +av T 1 L -
T [(87), +elov T 7

oTKy ga hoxy-ism (18). Puc. 14.
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[pueeseM HeckoJBKO npuMeHeHMU (bopMyns (18).
1) Buympennar snepeus udeasvuozo zaza. Ilogcrapum B (18) ypas-

1 7]
HeHHE COCTOAHUA p= VURT' B pesyabTaTe noagyy4nm (3_3)7' =0,Te.

BHYTPEHHsAA S3HEPTAA HAEalbHOrO ra3a He 3aBHCHT OT o6neMa.
2) Buympennas anepeus 2a3a Ban-dep-Bagavca. BrIpasnp fapieHne
M3 ypaBHeHMA cOCcToaHuA (3) u noacTasus B (18), npuxogum Kk dopMyne

2
ar?
dif = CVdT'l' de.

Kpome Toro, uMmeem

(5 ), = (7)) =3 (7),] =5 (5),

T.e. Cy, He 3aBuCHT OT obkeMa. B ofaacTu Temneparyp, rae Cy crabo

v V

3) Obwas Gopayaa dar C, — Cy. llojcTaBass (18) v ypabuenue (9)
H HKCHDYA AaBJieHue (p = const), MONy4uUM:

dp v 8p 8V \?
C, - =T —= — | =-T{—=—— 1 =0
v (ar)v(af)p (av)y(a'r)p’
(3,qec1: HCHOAB3ICEAHO COOTHOLIEHNE MEX 1Y IPOH3BOAHBIME, PACCMOTPEH-

HO€ B KOHIe pa3f. <.1). COTPHUATEIRHOCTE MOJYHYEHHOPD BHIpaXXEeHNA
pasjg. 2.1). Heotp hi P

; Y d
CaegyeT U3 yCAOBUA MeXaHW41eCKOW YCTOWYMBOCTH! (%)T £ 0

» Hepapercrro Krayauyca. HeparencTBo (17) ABasieTcA 4acTHBIM
caydaeM Hepasexcmaad Kaaysuyca, OTHOCAET oA K N0GOMY 3aMKHYTOMY

nuray. Ecau B 3aMKHYTOM ITHKAe CHCTEMA NIOAYYaeT TeMIoTe (1, ..., Qu
OT BHENIHUX Pe3epBYapoB, MMelOUIMX TeMNepaTypel 17, ..., T, To yjgo-
BIETBOPAETCA HEPaBeHCTRO.
N x
; é
Z —,%:_— €0  um f—Q £ 0. (20)
]

i=]

rJI[J'I.I! DﬁpaTHMOPO apolecca HepaBeHCTBO NpEeBpalllaeTCA B paBeHCTBO,

a TeMIepaTypa peaepByapa, ¢ KOTOPHIM cHcTeMa B JaHHOH TO4YKe I[MKJA
oOMeHRRaeTCA TelnoM, paBHa TemnepaType cucTeMbsl: 15 = T. B sTom

CAYYaE NOAY UM 50
f T = 0. (21)

o6p
PapeHcTBo (21) cAyXUT OCHOBOM AIA ONpeAeIeHUsA eule OAHOH dyHK-
NN COCTOAHMA — DHTPONMY (cM. pas3g. 2.4}
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2.4. urponua. CsobogHas aHeprus

p Onpepfenenue >HTponuu. Ypasrenne Kinaysuyca 414 06paTmMoro
unkaa (21) MoxHO HepedopMYINPOBATH KaK YCIOBME HE3ABHCHMOCTH

HHTerpaia :
[
A T

OT NYTH pPaBHOBECHOro nepexoaa Ha COCTORHMA A B cocTosHHe B
3"1‘0 no3BOJAET ONpejeNTh qDYHKHHIO COCTOAHHA — FHMpont, TOYHLE,
Pa3HOCTL SHTPONUN B ABYX COCTOSHMAX:

FaQ 6Q
Sp=Sa=| =% ds=(F) . 99
[Ipn paBroBecHoM nponecce 6e3 1104802 Temla SHTPOMUA He MEHACTCH
(agnabaTudeckuil Npolece MOXHO Ha3biBATH W3oaHTponHuM). Ileproe
Hayano TepMojuHamuku (6) A8 PaBHOBECHOro Mpouecca B TMPOCTOH
cHcTeMe npuoOpeTaeT BUA:

TdS = dU + pdV. (23)

p IIpumMeprl BHIYHCACHUA 3HTPORHUM.
1. Iipouece ¢ nocmosnmo menavemxocmoio. aMeHeHNe >HTponun
npy uaMeHeHnY Temnepatypwt oT 1) go T, papuo

T
: gdT _ T,

2. 3nmponua udeasbrozo easa. HoacTarasa B (23) BripaxeHne fIA
BHYTpEHHEH JHeprun n,qeanbnoro raza (11), c y4eTOM ypaBHeHHA COCTO-
annA pV = v RT noayynm

ds = vCﬂV o + vRi‘i

25)

T, v, (
-8, = | Rln| =2 }1.

s (B) ()]

Hror ja yeaoBro samuckipaioT S = v(C,p In T+ RIn V), uMea B BuAgY, 4TO

B NPUIONEHUAX BCera BOIHMKAET Pa3HOCTE SHTPONHUI.

3. Dumponus 2aza Baw-dep-Baaawca. Tlogcraaas B (23) s3aBucH-
MoCcTh (19), ¢ y4eToM ypaBHEHMA cOCTOAHUA (3) HMeeM

dT av? dV  p dT" vRdV
7t vr PV EvCwem Yo

S$=v[C,yInT+ Rln(V - vb)].

dS = VCyV

» HampasieHne HepaBHOPeCHRIX DPOLECCOB B TEILIOMAIOIHPO-
BapHON cHcTeme. PaccMOTPUM HepasBHOBecHK npolece, Nepepo AN
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CHCTEMY M3 PABHOBECHOT'O COCTOAHMA 1 B paBHoBecHOe cocTosanye 2. Te-
nephs BepHeMca w3 2 B 1 npn noMomn Aforo paBHOBECHORG IpoLecca,
3allMIIEM AAA MOAYHMBUIErOCA {HKANYECKOrO Mpollecca HepaBeHcTBO Kia-
yanyca (20) n y4TeM onpejetenne sHTponun (22):

i JQ
<85 -5 26
) Te = W2 1 ( )
Ecan HepaBHOBE CHBIi npouece MpoHCXoJuT B a,qnaﬁaTHl!e cKol 060310‘“(3,
TO JIEBaA “acThk paBeHCTBa oﬁpa.m,a,e'rr:ﬂ B HYJbL, 9TO JasT

S, €5, (27)

T.e. B aofoM npolecce 63 MojgBOfa Telja JHTPONMA He yOBIBaeT.
PapnopecHoe cocTOARME TEMIOH3ONNPORAHHON CUCTEMBI COOTRETCTBYET
MaKCHMYMY 2HTPOINRY.

» IIpuMepr HepABRHOBECHRIX DPOLECCOB.

1. Tenaoobmen. PaccMOTPHM NpPOCTEHUINHA MPHUMED TeNacoOMeHa —
MeX Y ABYMSA TeAaMH ¢ OJHHAKOBOH TEMIDEMKOCThI ' H HavyaibHBIMH
Temnepatypamu T) n T,. 3 ypaBHeH#a Temiosoro GaraHca clegyeT, YTO
B pe3yibTaTe TenaoobMeHa o6a Tela JOCTHrHYT OJHHAKOBOHR TeMnepa-
typut T, = 4(T} + T3). Tlpu sTom cornacHo (24) uaMeHenye SHTpONUH
cHcTeMBl §YeT MONOKHTEABHBIM:

Ty TN _ 72
AS_CIn(Tl)+Cln(T2) —Cln(T1T2) > 0,

(apryMmeHnT norapudmMa Goablie efUHANUB], TaK KaK cpeinee apudmeTHYe-
ckoe GoJElle cpefHErC MeOMETPHUYECKOr o).

2. Pacuupenue udeaabnozo 2asa s nycmomy. BHyTpeHHAa sHeprud
U, CIeJ0OBATENLHO, TEMIepaTypa HACalbHOrO raja npH pacluipeHdH ero
B MYCTOTY OCTAWTCA NOCTOAHHBIMM. HaMelenue oHTDONHM HaXoguM H3
cdopmyan (25): .
Sy~8, = len(%-). (28)

1
BoapacTanne >HTponuM NIpn agMalaTHYecKoM PaclUMPEHHM B [YCTOTY
(yBeauyenun V' npu nocToAHHol /) MOXHO AoKka3aTk f4ia Mo6oi npocTol
cneremul. Ecan paCCMgTSpHBa.Tb S B (23) Kak DYHKUMIO NepeMeHHBIX
P
(U, V), To noayuum (W)U =7 > 0.

3. Cueuwenue zazoe. PaccMOTPHM TeNIOM30NMPOBaHHBIA cocyd, pas-
JeleHHEIH Neperopofxod HA jBe DABHEIE YACTH, B KaX/JOH U3 KOTOPHIX
COACPXKATCA 1O OSHOMY MOJIO H/IealbHOrO ra3a NpH OAUHAKOBRIX TeMITe-
paTypax m AaBieHHAX. IIpH yCupaHHM NEpPeropojKM Ta3bl CMELUMBAIOT-
cet; u3 thopMydsl (28) cregyer, 4TO 3HTPONHA CHCTEMEI YBEIMYMBAETCH



2.4, BHTPOIMA. CBOBOAHAA ZHEPTUA 181

Ha 2RIn2 {snmponug cuewenun). B cryyae padauyHEIX I'a30B Havads-
HOE COCTOAHHE OTAHYAETCA OT KOHEYHOI'D, ra3dbl MOXHO CHOBA PajleIHTE,
coBepitiad paboTy HaJ CNeUHaNbHBIMU MOPIIHAMM, NPONYCKAIOMHMME MO-
JEKYJsl TOJIBKO OJHOTI'O COPTa. OAHa.KO AA8 OAKHAKOBBIX 'a20B Ha4albHOE
¥ KOHEYHOE€ COCTOAHHMA CHCTEMEI TOXACCTBEHHEI, H JHTPOIHA HE AOMMHA
MEHATECH. OTcyTCTBHe HENPEPEIBHOT O [IEpE€X0a OT NOYNTH OAWHAKOBEIX K
MNOAHOCTEID TOXICTBEHHBIM MOJEKY1aM HAa3BIBAKOT NGPG&OKCOM TI'u66ca.

p Crarncrugeckus cMuca suTponud. Popmyic Boavymang
S=kInQ} (29)

(k — nocroannas BoabuMana) CBA3BIBAET IHTPONUIC MAKPOCKOINYECKO-
IO COCTOAHHA CO CMAMUCMUNECKUM §€COM ITOTO COCTOAHUA, T.€. HHC-
JOM Pa3iuYHbIX MHKPOCKOIHYECKHX COCTOANHM, KOTODHEE €0 pealnay-
10T. Yem Gonrine §2, TeM GOMBIIE BePOATHOCTE COCTORHUA; NIPH HEPABHO-
BeCHLIX Npolleccax CHCTEMa NePeXoAUT oT MeHee BepOATHSIX K OoJjee Be-
POATHEIM cocToAHRAM. JlorapudMm obecnednBaeT ajfHTHBHOCTL IHTRO-
KM CTATHCTHYECKUH BeC CHCTEMEI, COCTOAINEH U3 ABYX HE3ABUCHMBIX
MO4CHCTEM, paBeH NMPOHIBeseHHIO UX CTATUCTUHECKUX BECOB.

Yrob6r nponAftocTpupoBaTs hopmyay (29), BRINHCAHM IPOCTPAHCTBEHHYIO 4aCTh
SHTponuK raza. PasoboeM o0neM Ha Madenskue Adelkn obbemom v, Kaxgan mode-
Kyna MoxeT GuThL moMemlena B mobyio n3 V/u aveex, T.e. YHCTO HeIABMCHMEX Co-
croaunuit pasuo §1 = (V/v)¥, rae N — uncno monexya rasa. Jaa sHTponuy momysum
S=kIn§l=kNIn(V/v)= vRIn(V/v). KpanToBas cTaTHCTHKA yTBEDXK AET, HTO 00U~
HAKOBHIE JaCTHIH IPHHOHIA3NEHO HEPA3MHYUMEL T.€. {i HaAo Pa3AeNnThb Ha MHCIO me-
PECTAHOBOK Mexcay HHMHA N!. B peayabTaTe JJA NpOCTPAHCTBEHHON YaCTH AaHTPONHH
noaysuMm skipaxenne § = kNIn(V/Nv). Herpyano y6eguTtscs, 4To Takum ofipazom
yAaeTcR paapewnTs napagoke [ubbca,

p Tperre Hauano TepMoguHAMHKHN. TpeThe HAYAMO TEPMOJHHAMN-
ku (meopema Hepucma) yTBepxkgaeTr, 4TO IPH NpubAMXEHAH TeMme-
paTypsl K abCOMOTHOMY HYIK JHTPONMA JA0OOH CHCTEMBl CTPEMHUTCH
K ONpEIeleHHOMY KOHEMHOMY 3HAYEHHI0, He 3ABUCAIIEMY OT 3HAMEHUA
OCTANBHBIX TEPMOJHHAMHYECKHX NapaMeTPOB. JHTPOIMIO CHCTEMEL TIPH
T = 0 npusumaloT paBHOH Hymo. CraTHCTHYecKoe OGBACHEHHE: MOpH
T = 0 cucTeMa HaXogUTCH B HAHHMILWEM 3HEPreTHYECKOM COCTOMHHI,
KPaTHOCTb KOTOPOro (paBHad CTATUCTHYECKOMY Becy CHCTeMBI {2 TIpu
T = 0) HeBenuKa. 3HAYUT, B COOTBETCTBHUNA ¢ popMyol Boaslimana (29)
JHTPONMA NpeHeSpexuMo Mana. CrecTsua TpeThero Hadana: npu T'— 0
Tema0eMkocTH Cy ¥ C, CHCTEMBI, 3 TAKKe ee TeMIepaTyPHbIe koaddn-
LIHEETH 06BEMHOIO PAcIUMPeHns ¢ 1 JaBjeHua § CTPeMATCH K HYJLO.

» Cucrema B TepMeocrtare. Cpobognan sueprua. PaccMoTpuM Ha-
MeHeHHe COCTOAHMA CHCTEMEE, HAXOJAINENCA B TEIOBOM KOHTAKTE ¢ Tep-
MOCTATOM, UMEIoIIMM NoCTOAHRHYIo Temnepatypy T. Takywo xe Temne-
paTypy OygeT UMeTs CaMa CHCTeMa B HaYalLHOM M KOHeYHOM PaBHOBEC-
HEIX cocToaHuax. Hepamewcrso (26) nocre wienoukus npeoGpasobasuil
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Q/TSS2_S]. = (Uz"‘Ul)+ASTS2 _TS]. = Ul '—TSI_(U2 —TS2);A
NpHHHMAaeT BHI!
¥, -0, 32 A (30)

rge ¥ = U — TS — noas GYHKUMA COCTOAHMA, HA3bIBaeMag cgododnol
anepeuetl, Ecin 06beM CUCTEMEI HE MEHHETCHA, TO B PACCMATPUBA&MOM
HepABHOBECHOM HPOLECCe

¥, ¥,

T.e. cBoBOZHAR SHEPIUA He BodpacTaeT. JpYrHMN CIOBAMH, PABHOBECHO®
COCTOMHUE CUCTEME] IOCTOAHHON0 00'beMa, HaXoAAIeHca B TEILIOBOM KOH-
TaKTe ¢ TEPMOCTATOM, COOTBETCTBYET MUHUMYMY CBOSOJHON DHEPPHH.
Jns paBHOBECHOr'O NpOLECCa HEPaBEHCTBO B DTHX yPaBHEHMAX NpeBpa-
waeTca B paBeHcTBo. U3 dopmyant (23) cregyer, 4To

d¥ = —SdT - pdV. (31)

ITosToMY €CTECTBEHHBLIMI IEPEMEHHEIMH g CBOSOLHOU SHeprUH ABJA-
lorca obkeM ¥ TemmepaTypa: ¥ = ¥(V, T).

Ecan y cHCTeMR! B TEPMOCTATE €CTh MeXAHHYeCKII KOHTAKT (Merkuit
nopllieHb, 'U6kaa 06oNOUKa) ¢ BHELIHeH cpejol, HMelollell GHKCHPOBAH-
HOe jlaBAeHNe p (Takoe Xe AaBieHHe OyZeT y CAMOl CHCTEMH B paBHOBEC-
HOM COCTOAHRH), To paboTa MPOTHB BHemHux cix pasHa A = p(V, — V).
Mz (30} monyuum

‘F]_ + le ? ‘I’2 + P‘/’z Hniu @1 2 Qz, (32)

rae @ = ¥ + pV = U — TS5 + pV — mepauodunamuneckuil nomenyuaa
T'u66ca (npu obpaTuMom mpouecce $ = const). PaBHoBecHOMY cocTo-
AHHIO JIA CHCTEMEl B TEpPMOCTATEe M I'MEGKOH 060J0MKE COOTBETCTBYET
musaMyM ®(p, T). Tak kak d® = -5 dT + V dp, To ecTecTBeHHRIMH Ile-
PeMEHHBIMH 4JIA TEPMOIHHAMUYECKOrO NMOTEeHUUANa ABIAIOTCA JaBIeHUE
n Temneparypa; ¢ = ®(p, T). IIpy NOCTOAHHLIX JaBleHHW W TeMMepaTy-
pe TepMOIMHAMHUYECKHI OTEHIMAN TPONOPIMOHATCK KOTNYECTRY Belle-
crea: ®(p, T, m) = me (¢ — ydeavbndiii mepmodunastuecxutd nomenyuaa)
win $(p, T, N) = Ny (¢ — TepMOAMHAMUYECK NI NOTEHINaN B pacieTe Ha
OJMY YACTHLY, MM TuMuueckull nomenyuaa).

Kanounueckne ypassHeuus cocrosuus. Ecrecrpenunie nepemenuste. Xo-
Ta dyaxkumu U, I, 5, ¥, & MoryT paccMATDMBATECA B MOGLIX HEIABUCUMAIX NEDEMEH-
HEIX, AR KAKION M3 HHX CYINeCTAYIOT ecmecmaennsie nepesennbie. Jag anTponuu
aTo nepemennrte (U, V), gna suraasmn — (U, p), sna csobogwoit suepruu — (V, T),
Axg noTeHnuana {n66ca — (p, T}, PynruuA B ecTeCTBEHHHX NEPeMEHHLIX HA3LIBA-
ETCH XIHOHUNECKUM YPGOHENUEM COCMOAKUR. JHAA M060e KAHOHHUECKoE YPaBHeHNe,
MOXHO MOJY'IMTE KaK TEPMHYECKOe, TaK W KaJIOPH{ecKoe ypabHeHHR cocTodHM. Ha-

AaeT pupaxenne gng p(V, T}, a supasus S(V,T) = —( il ) .
v

npumep, — T

Ll
v Jr
naitgem U{V, T) =T + TS,
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2.5. KuHeTuueckas Teopua upeanbsHoro rasa

p OcHosHOE YypasHeHH¢: KHHETHYECKOH TeOpMH HUAEAIRHOrO
rasa. C TOYKH 3IpEHHA MOJEKYIADHO-KMHETHYECKOH TEODHH, raid CYH-
TaeTCA HALAALHEIM, 6CIH MOXHO NpeHeOpeds NOTeHUUANLHON SHeprHel
BIaHMOJEHCTB]A er0 MoJeKy I (10 CpaBHEHMUIO ¢ KHHETHYeCKON SHeprueii)
U paiMepaMe Molekyl (10 CPaBHEHMIO CO CPEJHAM PAacCTOAHMEM MeXAY
HHMH). ﬂaﬁﬂe'ﬂﬂe ra3a Ha CTeHKY BORHHKAET B Pe3¥YALTATE MHOIOYHCIEH-
HBIX YHPYT'HX COYAapeHUR MONeKYN MeX 1y coGoll H CO CTeHKaMU COocYia.
(Yaaphl MOXHO CYNTATD B CPeHeM YIPYTUMHU, TaK KaK ral3 HaXogUTCA Co
CTEHKOH B TEILIOBOM paBHOBECHH.) OCHO&HOG ypagHenue KuHemuuecxkol
meopuy udeasbroer £a3d BHPaXaeT AaBjeHHe 4eped CpegHMH KBaJpaT
CKOPQCTH MOMeKyJI:

2= -:li—n(ﬁﬁ'} = —;-nmo(vz) = %n<€r{oc’r>! (33.:
rge n = N/V — KOHIEHTpaunR MOJeKYH, My — MACCa OJHON MOJeKYIbl,
F = me¥ — ee UMIYIBE, (En00r) = {$myv?) — cpegnna xuHeTHUECKaR
SHEPTHA MOCTYNATEILHOO ABMXEHUA MOJEKYIHL.

Ecan cBAab SHeprHM M HMIYILCA OTAMYAaETCA OT KJacCHYecKoll, To
nociefHee paBeHCTBO B (33) mpuobpeTaeT unoit BuA. Jan rasa boToHoB

uMeeM p = £/c (cm. paag. 1.11). B pezyapraTe monyqum

p= Lne). (34)

» YHucno ygapos o crenky. Yucao monekyn AN, nonajgaomux aa

Bpems At Ha IIOCKMH yY4CcTOK NOBEPXHOCTH Nuomajsic AS, paeho
' AN  n{v)

ASAt ~ 4 (35)

SDopmynsl gna BLINECIEHENE. POPMYIH IR NePEHOCA Hepes NIOIAJKY YHCAS
MacTHL, UMOYAbCa, SHEPIHA M T.4. NoAYHaloT pasbueHueM Monekyn Ha ¥ SoOHe Ipyn-
MIET ¥ BRIMTUCTEHHEM KX BKAA S B BRMHCAR-
emMylc BeauuwHy. HanSoree ofmui nog-
xo — pa3fHeHHe Ha Cpynne, HMewline
MOMTH OJUHAKOBY} ckopocTh if. Brige-
AVM CPYOOY MONEKY N, HMEIOUNX BeTuvn-
HY CKOPOCTH OT ¥ go ¢ + dv, a Hanpasae-
Hue B TenecioM yrae dit.Yucae mosexya
A&HHON MPYNNH B efHHRALE O 5beMa PaBHO
dn(v, v + dv; d2} = dn(v, v 4 dv)dil/4m.
HroBhl HAATH, CKOABKO MOJEKYJ gaH-
HOM FpYNNH nouagaeT Ha MAOCKHH yda-
cTox maomafkio AS 3a epemn Atf, Ha-
A0 DOCTPOMTE Ha ITOM YYACTKe KoCol
weaeHAp (puc. 15), HanpaBIAOWaA KO-
TOpOrc MMeeT AAMHY vii M cocraBaseT
yrox & ¢ ockio x. Bre Monexyas Brige- Puc. 15.

JAEHHOW IPY NN, HAXOIRILHECK B 3TOM LH-

auHgpe (4 Tonbko oHu!), nonagyr Ha naowaazky AS sa wpema At. [ponasoas no-
CHENOBSTENbHME HHTErPUPOBAHNA, MOXHO BEBecTH (35) 1 MHorue gpyrne GopMyJiLL,
HaNpUMep MR POHOCHMOIH Yeped MACWAIKY HEPrHH;

AE  mgn{v®)
Asat — 8

(36)
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» Onpepgenenue TeMnepaTypH B KHHETHIECKON TEOPUH [A30B.
B xu#eTHYECKON TeOpPUH ra30B JOKasLIBaeTCR, UTO €CIH gBe [10JCHCTEME
(13 OZMHAKOBHIX M PAdHBIX MOJIEKYN) MOr'YT OOMeHHBATHCA DHEpPTUeH,
TO B COCTOAHAM PABHOBECHA OKA3LIBAIOTCA PABILIMH CPeJHUE KUHeTHYe-
CKUe€ JHEPrUH NOCTYNATEALHOI O ABHXEHNA NX Modekyl, Hexoga us aroro,
KHHETHYECKAA TeOpUs CadOB ONpPeJeJAeT TeMIepPAaTYPY KaK BeJIHYHHY,
OPONOPUUOHAABHYIO CPefHeH KHHeTHYeCKOH 3JHEPrUH NOCTYIlaTeILHOTO
JBUXeHHA MOJEKYI:

{Enoce) = KT, (37)

rae k — nocmosunas Doavymane, KOTOpas BelpaXaeTcsd Yepes YHH-
BEPCATBHYIO TAIOBYI0 HOCTOAHHYI M 4HcIo Agoraspe (cM. pasg. 2.1):
k= R/N, ~1,32-10~2? Jx /K. KoocumuesT n1ponopunoHaibHOCTH Bhi-
6pan Tak, 9To0b ypaBHERHE COCTOAHKA WealLHOIO raia

p=nkT =kt (38)
vV
(oHO moMyYaeTcd U3 OCHOBHOI'O yPaBHeHUA (33) U olpefeleHnd TeMIepa-
Typut (37)) coBnagano ¢ ypapHenueM (2}, B KOTOPOM HCNIONB3IYeTCA ['aldo-
Bad UIKANA TEMIEPATYp.
Cpednas x6adpamuinaR cKopocmb NMOCTYNATEILHOTO JBHKEHUS MO-
Jexya ¢ yderoM (33) u (37) suyucageTea no gpopmynam

v“=‘/_(vz)=\/37?=1/%=,/%, (39)

rje p = mgh —— MIOTHOCTE Laja,

» BuyTpeHHAs 3HepPrHfA MACANBHOrO rasa. Baxmuod XapakTepu-
CTHKOH MAEANBHOID I'a3a SBIACTCA Wucko cmenexed csobodsl ero mMode-
KYAH i. ¥ OZHOATOMHOH MOASKYJNE! €CTh TOJBKO TPH CTeneHK cBobGOALL,
COOTBETCTBYIOMHX NOCTYNATENbHOMY ABIDKEHHIO: { = i, = 3. ¥ XecTKol
ABYXaTOMHOH MOJNEKYJIH, KpOMe NMOCTYNATENBHLIX, eCTh el B¢ Bpalla-
TelbHEIE CTelent cBoGoAel (MoAApKEe YIVIEL, 3ajalolile ee Halpab/eHue
B IPOCTPAHCTBE): 1 = i, +1,, = 3+2 =5. Y xecTkoll MHOroaToMHO# (He-
MuHeWHON) MoJeKy Nl — TPY BpalljaTenbHble CTENEHH CBOGOALI, IOITOMY
i = 6. B k1accuyeckoll CTATHCTUYeCKON QUINKE HOKa3HBAETCA Meopems
0 pasHopacnpedesentt IREPRUY RO cmenenaM ceobodst; Ha Jo6yo cTe-
NeHb CBOBOLH, KOTOPOR B BEIPaXKeHUH SAA DHEPIHH MONEKYJIbl COOTBET-
cTBYeT WieH ar? mm 82, NpuXo UTCA CpeHAA JHEPrUA -%-kT B pac4eTe
Ha oaHy Monexyldy. Dopmyna (37) HaxoAWTCA B {IONHOM COOTRETCTBHII
€ yTsepXJeHueM 3ToH Teopemul. CpeiHAs dHeprua ofHOH MOJEKYJH U
BHYTPEHHAA 3HePTHR BCEI'O I'aja NPUHHUMAIOT BUA!

() = $i,kT, U =N{e) = +iwRT. (40)
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Puandeckoe YUCHO CTeNeHell CBOGOAHL iy, B CytUae XKeCTKAX MOJNEKY
coBaafacT ¢ MaTeMaTuIecknM, OfHAKO, KOI'1a OKa3HBAIOTCH BO3OY X JAeH-
HEIMM KodebaTennHbie crenmenn coboawm (mpu 77 ~ 102 K), To ma xa-
KAYIO KoaebaTenbHYIO CTefleBb CBoBOAN OyAeT NPUXOAUTHCA (¢ yueTom
fI0TeHUUANLHON 3HepraN kofeGaunit) cpegusan aneprud kT, B peayapra-
TE TONYYUM iy = iy + iy, + 24, The i, obo3aHadaeT MaTeMaTH4e-
CKoe YHCIo KoleGaTeabHEIX cTeneHel coboisl. Jaa N-aToMHol Moreky-
Abl G, = 3N — i, — iap (sanpuMep, A4 MACKOH ABYXATOMHOU MOJNEKYIhI
z'q,=3+‘2+2(6—5) =1).

Ha (40) nonry4ymum BHIpaXKeHNA [JA TenaoeMKocTell BaealbHOIO rasa i
ero foxasaTens ajuabars (cM. pasd. 2.2):

g . g2 G, ig+2
Cuy = RT, €,y = 2R, _E{;—_T' (41)

IipH KOMEATHIIX TeMIepaTypax HIMEPAEMan TENIOEMKOCTh COOTHETCTRYET MO-
AelH KECTKHX MofeKYJ — ronelareintle cTencHy cpofolll oKasnBak TR HeBoaly-
M ACHBLMMH UK, KAK TOBOPAT, «IAMOPOXKEHRMMI . (O AHAKO 11PH NOBHUIEHHN TeMIEpa-
Typis 00 ~ 108 K TenioeMKocTs Ha4MuacT Bo3pactaTh, T.¢. KOAeGATENLKEE CTene-
HH cBOBOIR fpasMopakubalorceds. [laoGopoT, UpH MTOHUKCHUH TCMOEPATYPH IO He-
CKONBKHX JE€CATKOR KeJIBBHHOB NPONCKOIVT +BHMOPAkHBAINE BPALIATE/ILHEIX CTene-
Hel coBogbl, CONPOBOKIAOWEECA COOTBETCTRYOMWHM YMEHRLICHHEM TENACEMKACTEN,
OfbAcHeHHe ABJEHUIO 6biMOpaHUBAHLR cTienegHed c6060db JaeT KBAHTOBAA MEXaHMU-
Ka! eCAH CRCAHAS INePria TEINOBOre IBHKeHHA kT Mana o CPaBHEeRNIO ¢ PAcCTOAHHEM
A0 GAMAKANerc ZUCKPETHONC YPORHA, TO ARNNIH BUI OBHIKEHHA He BO3SYXKJaeTca.

» CMmecs BIeAILHEIX Fa30B. JeKkoH GabmoKna: JaBleHRe CMECH BY X
HACAMBHBIX [A30B PABHO CYMME MX NaplHalbHBIX JaBieHHH:

P=py+py= (0 +n)kT = (v, + 1) RT.

Buyrpennasa sHeprus cMecy paBHa CyMMe BHYTPeHHHX DJHeprii
U = 3i,4RT + +iy1, RT. OTa GopMy.1a NO3BOIAET BBECTH:

3(p CKTHBHOE YHCI0 CTeleHed cBoBoAL: {1, + by) = &1y + 50y,

3cpgeK THBHEIE MONZPHbIE TeN0eMKOCTH: (¥ +1,)C, =1, C 1 +1,C 5,

ahPEKTHBHY IO MOAApRYIO Macey: (¥ + vy)M = vy M| + 1,M,.

¢ Pacnpegearerue MakxcBeana., Pacnpegenenue Molekya No CKopo-
CTAM ONHCHLIBAETCA CACIYIOUIUMH QYHKIMAMU:

dnvr!‘v '+‘dvz dnv,v-f-dv
‘P(Uz) d‘b‘z = ( T:: J , f(v)dv = %r ( 2)
4
&(7) dv, dvy dv, = dn(v,, v, + dv,; Vys :f + duy; v,, v, +dv,) |

Onpegencrve mo6oil GYNKIHM PaclpeleNednd OCHOBAHO Ha YTBEPXKje-
HAH, 4TO A0S MOSEKY N, Nona jaiolunx (B cpesHeM) B 0MeHb MATeHBKAI HH-
‘TepBal JaHHOH IepeMeHHOH {CKOPOCTH, NPOEKUMH CKOPOCTH, SHEPIHH),
IPONOPUMOHANLHA IIHPHHE 3TOre WHTcpBajda (dv ofoznadaeT dmamye-
CKH, a He MaTeMaTHYeCKH, OeCKOWeYHO MAaJLIi HHTEpBal —- OH JolXend
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coflepkaTh Bounsmoe wncao Moaekyn.) CpefHiol AoMi0 Molexyn, obna-

JAOWHX HEKOTOPHIM NPA3HAKOM (HANpHMEP, NMONAJALUINX B 32 aHHIH

MHTEPBaJ CKOPOCTEl ), MOXKHO TPAKTOBAThL KaK 66D 0AMHOCMS TOTO, 4TO

NPOM3BOALHAA MONEKYNa 061aJacT JaHKEIM IpMaHakoM. [TosToMy ¢yHK-

UM pacTipeedeHIs WHOT Ja HAILIBAIOT RAOMHOCMbIO 6EPORMHOCTY,
[TepeuncrnM cBoHCTBa pyHKUMH pacmipejeneHua (Ha npuMepe f(v)):
1} Mona wacTuy (BepOATHOCTL) B KOHEYHOM MHTepBafe (v, Us):

va
Anlyy,vy) _ f F@)dv.
n v
2) HopmupoBaHHOCTE:

fam flv)dv =1 (43)

3) Buiumcnenmne cpegHero oT Jaw6oll dyHKuRM cKopocTH X{v):

() = fo " @) f(0)dv. (44)

Mex gy Tpema QYHKUMAMHU paclpejelenus, onpeieleHHbMu B (42),
CYIECTBYIOT CIAEAYIOLINE CBAIH:

f(o) = @(v)ame®,  B(v,, vy, 0,) = o(v)p(v,)e(v, ).

PYHKIUA p ABIAETCA YeTHON QYHKINEN, T .e. MOXKHO HAUCATE! == (v2).
bynknus $(¥) saBucut Toaske oT v = vl + vg + v, Ceaas Mexgy @ n
@ YAOBJETBOPAETCR ToAbKo Gynkuwed ¢(v,) = Aexp(—=(v2). Kosdpduun-
EHTH A 1 { OTpeeNaloTCa KA ABYX YCIOBHIl: a) HOPMUDOBKHM (GYHKLHMU. p,
6) TpeboBanna, arobs (v2) = +(v?) = kT/my, em. (39). OTBeT BHraAAANT

TaK: - 12 _
o) = (5r)  ee(-Gi): (45)
1101 = ()" exp(~ e Yo

() OGHYHO HMEHHO MOCHETHIIO

dopMyIy Ha3LIBAKT paclpeieite-
HueM Makcpeana (puc. 16). dynx-
una f(v) gocTuraeT MmakcumyMa
npu ckopocTu v, = (2k7T/mg)t/?,
KOTOPYI0 HAa3hIBAIOT Rauboace 6e-
_poamuot cxopocmbio. J3HaueHUe
$yukunn f(v) B 5TON TOUKe paB-
Ho f(v,) = 4(2e27kT/m,)~1/2. Ha-
npuMep, NpH ypeandyenhn I B 4 pasa MakcHMAalbHad CKOPOCThH CTa-
HeT B 2 pada JoJbille, a COOTBETCTBYIONUIEe dHadenne bynkumn fv,) —

Puc. 16.
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& 2 pasa MeHbllle; HAOMHNM, YTO ILIOIA AL 04 Kpnbol f(v) paBHa ean-
HHALE. :

Cpednas (uau cpedneapugﬁnemuuecmaﬂ) CKOPOCMb MOJEKY] BEIYHCAA-
eTCA B COOTBETCTEUH C MpaBuiom (44

IIpuBegeM Takxe pacnpefenende MOJEKY N IO JHEPT HAM MIOCTY NATENLHOI O
JABBXKEHHRA:

vle) de = dn(E’iNE) = j; "p( kT)\/%d(%)'

HaTerpaner AIA BLYHCAEHUN. JnA BEIMUCAEHNA CDEZHMX € paclpegeieHHeM
oo
MaxkcBenna HYHO yMeTb BHIMHCIATL WHTerpatd Tina [, = fo ™ exp(~Gz?) dr.

TlpnoegeM Apa NepBLIX peayabTaTa: Iy = é—\/?r'ﬁ“"'z, I = -;-;3‘1. Jaabeeiimne Hu-
dl,

Terpanu noay«um gnddepenunposannem no £, Hanpumep, I = ~ d_,g = % \/'1?,8_3;2‘
» Pacnpegesenne Boawnmana. FEcin raa HaxognTcA BO BHELIHEM
CHJOBOM TIOJe, TO KOBUEHTPAUMA MOJEKYJN DAaBHCHT OT Koopiauhar. Ia
YCIOBHA MeXaHWYECKOr0 PABHOBECHA rala MOXKHO HOIYYHTS:

() = ol exp - S CalOL |, (46)

rhe En{?’-') -— NOTeHUHAABHAL JHEPTHA MOJEKYILI BO BHEIOHEM I1OJE (pGC-
npedeaextie Boasyxana). YacTHEIM clydaeM pacnpegeienif Boabumana
ABIACTCA fapoMmempuueckan fopmyaa:

n(h) = n, exp(""}f'%“‘), p(h) = n(R)kT = pyexp (_ kois: )

IToscHuM Ha npHMepe SapoMeTRHYECKOH dOPMYIL, KaK BLBOANTCA pacrnpegene-
uue Boaeumana. Yenoune paBHoBecks B NoNe TAXECTH BEPTHKANLHOTO UHANHIPA C
NIOWAALI OCHCBANNA § i BhcoTol dh umeeT suy: sdp = —p(sdh)g. OTcoga ¢ yue-
5 g g

o RkT

Tom ypasHerHA p = nkT 1 p = myn notyyunm n. HuTerpupya, npuxo mum

K GapoMeTpuYeckoll dopmyne.

» Pacopepenenune Makcpenna — Boaemvasna. (O6a pacopene-
nenns -— Maxkceeana (45) u Bonsumana (46) — cogepxat BLIpa-
kenne exp(—e/kT). Pacnpegcnenve Makcpenna — Boabumana Bv-
paxaeT BepOATHOCTL TOO, YTC NPOUIBOAbHAA MOJEKYJa M3 cocy-
Ja, cofepxkalere N MOTeKyl, HaxoAuUTCA B OGIACTH NPOCTPaHCTBa
(#, x + dz; y, y + dy; z, z + dz) H EMeeT CKOpPOCTh B HHTepBaje
(vg, vp +dug; vy, vy +doy; v, v, +dv,):

N _ (R dF _ n(AOW) s s 05 o5
= ~ = N d°rd Aexp(kT)d Fd°v.  (47)
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3aece dF = de dydz, d°7 = dy, dv, dv,, € = $mgv? + ¢, (F) — Mexanu-
YecKas DHEPLHA MOJEKY.Ibl, A — k03bhUUHERT, KOTODLI MOXHO HalTH
3 yerosua HopMmuposku. Obimee pacnpegeienne Makcsenna — Bonsuma-
Ha NPUMERMMO K JIOOHIM BUaM SHEPMH MOJEKY.IH: DHEPrHH BpallieHud,
SHEPrUM KoNeBGaHui, MOTEHUHANLHOW IHEPIUH, 3aBUCAEH OT ODHeHTa-
MK MOJEKYJ, M T ..

2.6. PeanbHbie raam.
YpaeHenue Bau-pep-Baannbca

» HaoTepmul peanmuoro raza. Ecim TemmnepaTypa rasi MeHblle
KPUTHYeckoll (CM. HIKe), TO IPH PABHOBECHOM M3 OTEPMHUYECKOM YMEHD-
lWeHHY ero ofkema HabaoJatOTCA
cledyiolne nponecch (puc. 17):

1. To To4ku A pgaBaeHue Boa-
pacraeT. Ecan rTemnepaTypa aa-
JeKa OT KPHTH4YECKON, TO BIIOTH
A0 TOYKH A XOpOIIQ BHIIOAHAETCH
YPABHEHHE COCTOAHHA WeaNbHOro
rasa.

2. Ha yvacTtke AB pabBnenue B
cucTeMe He MeHAeTcE. B cocyae
NOABAAETCA KUAKOCTE, 0T JENeHH AN
OT ra3a 4eTKoW rpaHuuei {nosepx-
HOCTBIO pa3fiena). [az, HaxogamMi-
€A B PaBHOBECHHM C XHAKOCTBHIO, HasHIBAIOT HAChIWeHHbiM napos. OT-
HOILEHHE MACC XUJAKOCTH M Napa B NPOHIBOJLHOH TOYKe paBHO OTHO-
UIEHUI0 [OPH3OHTAALHBIX OTDPEIXOE, H3 KOTOphle 3Ta Touka gelnT AH:
m,/m, = AC/CB. ¥4acrkn maorepm AL, u L,B cooTBeTCTBYIOT Me-
MAcmAGUALHBLK COCTNOANURM, T.€. COCTOAHUAM, B KOTOPHX CHCTEMa MO-
XeT CYLIECTBOBATh HEKOTOPOE BPEMH, HO MOTOM OHICTPO MEpeXOJHT B
ycToliyuBoe cocTonHUe Ha Munul AB. (UMen B BuAy npouecch npu mo-
CTORHHOM AABNEHNH WK 06beMe, HX HAILIBAIOT NEPEOTAANCOEHHBIM Na-
pow uIn nepespemod ocudxocmerw.) CyllecTBOBaHUE METACTAGHIBLHEIX
COCTOAHMH OGBACHAETCA TeM, YTO 06pasoBaHie MafeHBKHX 3apoguimel
HOBOH a3sl (KHAKOCTH B NAPe UM Napa B KUJKOCTH) HEBRIT'OAHO U3-34
NOBEPXHOCTHOM dHEPIHM (CM. pasn. 2.8).

3. ITocre Toukn B saBreHRe peako BoapacTaeT. B cocyae maxoaurca
TOJBKO KHEKOCTE.

Yem BHILIE TEeMNEPATYPa, TeM KOpoYe FOPUICHTATLHEHN ¥ 9aCTOK Hao-
TepMsi. Hakonen, npu xpumuuecsod mesmnepaniype T, 0T ropusoHTaIb-
HOI'0 Y4YacTKa OCTAaeTCR TOMBKO Touka meperuba K (puc. 17). [Jabme-
HHE B 3TOH TOUKE Ha3LIBAIOT KPUMUUECKUM OaBAEHUEH P, , & OOBEM O4-
HOTO MOJIR r'a’a B 3TOM COCTOAHHHN —— xpumuveckunm obvemon V.. [Ipu
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T > 7T, wsorepMma npeacrabigeT coboil INABHYO MOHOTOHHYIO ByHKIMIO,
O61acTh BHIlIe KPUTHYECKON HIOTEPMB HAIHIBAIOT (MCTHHHBIM) ['a3oM
(ero HeMBIA M3OTEPMHYECKH NEPEBECTH B COCTOAHNE ©KUIKOCTD -+ Maps),
a o61aCTE 0] KPATHYECKOH M3OTEPMOH JeNHTCA Ha TPH: XHAKOCTh, He-
HOCHIWENNBIY NAp U XUAKOCThL + HackIOeHHEIM nap. Ua obnactu oIy B
obnacts «XK» MOXHO mepelTy nnapHO, oboiga obaacTe 1 4+ s, Te.
raid 1 XHKOCTE OTVIHNAKTCA TOMBKO KOJIHYE€CTBEHHEIMH MOKa3laTelAMY.

» YpasueHune Bau-gep-Baanbca 314 ojHOro MONA HAEAIBLHOrO rada
HMeeT BHA

(V, ~b) (p+ Vif) = RT. (48)

(YpaBuenne (3) ua paza. 1.1 gma v Monell mony4aeTcA MOACTAHOBKOM
V, = V/v.) llocTorngas b yMuThBaeT ymeHblienne cBoSoHOro obmeMa
JAAA ABUXKEHUA MOJEKYT 3a CHeT HX co6CTBeHHOr0 06BeMa; OHa CIUTaeTCA
paBHOHl y4eTBepeHHOMY 0ObeMy BCeX MOMeKyI: b = 4N, - %n’da‘ Yaen
.::/V#2 YYATEIBA€T YMEHBIICHHE JABIEHHA 33 CYeT BIAMMHOIO IPUTAXKCHUA
MOJMEKYN; 3T¢ O0COGEHHO RCHO BHAHO M3 BBIpa)XEHHA AJMA BHYTpeHHEH
sueprun rasa Ban-gep-Baaawca: U = Cy T —a/V,.

Cpeguee B3auMOeCTBHE MEXAY MONEKYIAMH OMUCLIRAIOT MOJETLHEIM BRIDANE-
HHeM JTH noTeHLIHaJ'.IbHOﬁ JHEPTHH, COQepXKALIHM JB3 “JIeHa: nepnuﬁ CODTHETCTBYET

CHALHOMY OTTAAKWBAHHIO HA MAJHX PacCTCAHHAX (~ 1010 M], propoil — BaH-gep-
BAALCOBCKNM CHAAM NPHTAKEHKR Ha SONBMNX paceToannRx (puc. 18):

o g

!'&‘

= e
MubnMym B cooTBeTCTRYeT cpefHeMY PAacCTORHMIO MeXAY MOJEKYJTaMH B OTCYT-
cTeue Tenaororo gewmkenuA. [Ipu kT « B ;, ABHXeHHE MOTEKYA CBOAWTCR K Koje-
GAHHAM BO3Je QHA AMN (TBepaoe Teac), cay4uan kT ~ E, . COOTHETCTBYET KHIKOMY
cocToanno, a cayyuali kT 3 E, ., — rasoobpasHomy. Beugy KpyToro HakIoHa +0T-
TAJKNBATEILHOW BETBH MOJCKEHHEe TOMKH NORCDOTR NpH CONMMKEHHM MOREKy] rasa
cnao 3aBUCHT OT WX CPeSHEW 3Hepruy (cM. Takxe pazg. 1.5).

» Hoorepmm rasa Banu-jaep-Baaanca. Bruucienute KpuTnae-
cknx napameTpos. Ha puc. 19 uaobpaxkeHE! H30TEpMH ra3a, ONNACH-
BaeMoro ypaBheneM (48). Ha yvacTke K, K, He BHIOTHAETCA YCIOBAE

Y

Puc. 18. Puc, 1%,
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MEXAHHYECKOH YCTOMYHUBOCTH ( )T £ 0, nepexos mexay npabBoll M

9P
av
JeBOH BETBAMM NPOKCXOJAUT NO COPUICHTAABHOMY yuacTky AB. Ilpasu-
a0 Maxcseasna: nonoxenne orpeska AB onpegelgeTca YCROBHEM paBeH-
CTBa 3aIDTPUXOBAHHEIX maoulajgei. (B mpoTUBHOM clyiae MIoTepMHYe-
ckuit uuka AK, K, BA nponspoaun 661 paboTy, 4T0 NPOTHBOPEYUT BTO-
poMy Havaly TepMmojuHaMukiu.) Ywactkn AK, u K,B cooTBeTcTBYIOT

MeTacTabUALHEM COCTOAHHAM. 5
. P
B KPHTH‘IeCKOH TOYKe BBEINNOMTHAKYTCA cpa.ay IB4 ¥YCIOBHA: (-é-VT T = 0
9%p
g2

u = (). Bripasue p us (48) ¥ nojcTaBUE B 5TH YPaBHeHUR, HalgeM:

1 a 8 a

Ve=36 pe=orgs W= 373R

K

KpuTHeckne napaMeTprl ¥A0BAeTBOPMOT COOTHOWERHIO! p, V, = %RTK‘ Ecau
BRECTH OTHOCHTeNbHEE NepeMchuue v = V/V,, 7 = p/p, n & = T/T,, To (48)

NPHHUMAaET BH !
(v= F)r+37%) = 4,

SINHLIN AAA BCex ralch. 3HavuT, ypasHetne Ban-gep-Baarhca ygosieTBopReT YeTa-
HOBJIEHHOMY SKCNIEPHMEHTANLHO NPUHYUNY CO UM BEMOMBERNEIE cocmosnuil, KOTOPLIT
YTBEpXKAAET, 4TO €CllN gBe OTHOCHTENbHEE ICPeMeHHEIe GBYX T'a20B COBIALBIOT, TO
COBNagAeT H TPETbA. JTOT 3aKOH XOPOWO BRNGJIHAETCA LA GOALMHHCTES PaI0H.

2.7. Pasnosecue ¢as. Pasossie nepexogb!

» VYeaoeua paBHoBecud (das. Pazot HAIBIBAETCA YaCTh CHCTEME,
OJHOpPOLHAR NTO (PHIMYECKHM M XUMHuecKHM cBoficTBam. OAHO H TO XKe
110 XHMHYECKOMY COCTaBY BEIeCTBO MOXET HAXOJUTHCHA B PAasHEIX dazax.
[Ipumepamu dayzdiaauot ccmesmsl ABARIOTCA: (XU AKOCTE-HACKILEHH I
nap), (TeepAoe Teno+KHAKOCTE) M (TBepjoe Tero+nap).

Ycaoeua pasHoBecus ¢a3: 1) paBeHCTBO JaBAeHUN — MeXaHMYeCKoe
PaBHOBeCHe; 2) PaBeHCTBO TeMIepaTyp —— TeNioBOe paBHOBecue; 3) pa-
BEHCTBO XHMHYeCKMX NOTEHLUHANOB (WK YAeIRHBIX NOTeHUuHaroB [uG6-
ca) — paBHOBECHE IO OTHOIICHKHIO NePexoly BellecTBa H3 OJHOR ¢asH B
apyrymo. [locaeakee ycIoBue COOTBETCTBYET MUHEMYMY TEpMOJHHAMHEYe-
ckoro noreHynasa Iub6ca ® = 4 Ny + puy (N — Ny) (cm. pasa. 2.4) no o1~
HOIIEHUIO K THCIY 4aCcTHL B 04HOH 13 das N, . Yeaonsue p, (p, T) = py{p, T)
Jaer (fad NpocTO# CHCTEME} ypaBHEHNe JIA KPUusol COCYWECTE08AHUR
gea p(T); gByx(hasHad NPOCTad CHCTEMA MMEET TONLKO OJHY CTeleHb
coGoarl. Tak, JaBleHHe HACHIIEHHOrO Napa (MOJNOXKeEHHE IOPUIOHTANb-
HOI'G Y4ACTKa M3OTePMEl, M. pa3/jl. 2.6) aeagerca ojHOIHAYHON (yHKIU-
elt TeMIepaTyYpLl; TO Xe caMoe OTHOCHTCA K 3aBHCHMOCTH TeMIepatyphi
TIABJNEHKA OT BHEIUHEro JABJIEHHA (KPUsaA RAGEGAERURA} U K 3ABHCHMOCTH
OT ‘TeMIEpATYphl JABICHHA Napa Hay TBEPLONl MOBEPXHOCTRIO (Kxpusas
60320HKY).
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[N

Ha puc. 20 unpueegenn BCe TpH
KPHBEIE (CYIIECTBOBAHMA, TMIABICHHA H
BO3TOHKM) JAA BoARL. To4yxa nepecede-
HHS 3TMX KpDUBHIX HA3EIBaeTCHd mMpoi-
ott mouxoti (A1a BoAwl 13 = —0,15°C).
JAaa cywecTtBoBaHua mperdasnold  cu-
cmesmbl  JOMKHE BLIICAHATLCA Cpasy
apa yeromus: i, (pT) = p(p,T) ‘
(P, T) = pra(p. T), KOTOpPBIE OAHO3HAY- - T
HO ONpefeNAloT &€ JaBleHHEe H TeMIe-
paTypy.

» Dasdopun nepexod nepeoro pojga. Temnora m sHYponnA me-
pexoga. Yrobel B 4By xcadHOM CHCTeMe NIepeBeCTA HacTh BEIECTBA Mac-
CoH m K3 oJHOW (Pa3kl B APYTYIO, HE MEHAM IPH OTOM JaBieHWA A TeMIle-
PATYDHL, HAJC COOBIIMTE CHCTEME TENMIOTY = My, KOTGPYIO HASLIBAIOT
(ckpbrToil) mensomot fazosozo neperoda (¢ — ydeabnas mensoma ne-
pezoda). TIpu nepexofe BellleCTBa B HOBYIO (hazy ee DHTPOTINA H3MeHUAACH
Ha AS = @/T = mq/T, a puyTpenusas sveprua Ha A/ = mg — mpAy
(v=V/m — ydeavuniti 06vem). Bernauny As = ¢/T HasmBajoT yAeasHoH
IHTpoOUHEH Mepexofa, a Au = § — pAv — U3IMEHEHUEM YASALHON 3Heprun
npu nepexcde. llepexos BemecTra Mexay ¢asaMu ZByX(as3HoN CHCTEMEL,
CBA3AHHBIA ¢ MOTMollleHHeM (BBLAeACHHEM) TEMOTHI Hepexoda H COMpo-
BOXJaIOLMICA CKauKooBpasHEIM HIMEHEHWEM BHYTDEHHeH JHeprHH, JH-
Tponnu, nAcTHocTH {06beMa) M Ap., HaswBaeTch dadosvim neperodon
nepeoeo poda.

P & \
Boaa

Ilap

Puc. 20.

» Ypaeneamne Kranempona — Kunayamyca. Ecay uaMeHHTS Temie-
pPaTypy ABYX(a3sHCH CHCTEMBI, TO ee AABJCHNE M3MEHHTCH TaKuM obpa-
30M, YTO XMMHYECKHe MOTeHUUaIbl (HIH yAeAbHEEe NoTeHunark [u66ca)
¢daa ocTAHYTCHA PaBHHME: d¢| = d¢,, nan —s, 4T +v, dp= —s, dT + v, dp
(cM. paspg. 2.4). TMoayvaem, 9ro HakioH Xpubol (asoBoroc paBHOBECUA
paBeH 4 : A
P § q

dT' ~ Av ~ TAv (49)
(ypasnenue Kaanetpona — Kaaysuyca). Hampumep, Aas Nepexofa
Jefl — Boja NpH aTMoChepHOM JABIEHHH TEMIEPATYpA ILIABIEHUA pPaB-
Ha 273 K,dq = 3,34 10° Ax/xr, v, ~ v, = ~0,91 - 10~* m*kr, u Mu

74

oYM~ = ~1,1-107 Ma/K. 3Hax MUHYC 06BACHACTCH AHOMATLHEIM

CBGHCTBOM BOARL IPH MMAABJICHUHE (TaﬂHHH) ce Mo THOCTE YBEAUYHBACTCH.

IMpumep 1. Ecan HenpepulBHO NogBOINTE K MHUIKGCTH TERAGTY, TO B TOT MO-
MEHT, KOT'/ia £¢ TEMNEPATYPa JOCTHMAeT IHAYLHAA, PN KOTOPOM JaBAeHie HACKIMEH-
HoT'o Napa paBHO BHEWIHEMY JabBleHMic, HACTYNaeT HHTEHCHRHOE napooSpasoBaHie BO
BceM 0OBEME HMNIKOCTH, KOTOPOE HA3KBAIOT Kunehues. YpapHeHue (49) onpegeaneT
32BUCHMOCTD MEMREPGMYPbl KUnentk oT PHellHerc Jakneuun. [IpeHebperan yoens-
HEIM 0 6beMOM X1 AKOCTH M BRIPaMad yIeNAbHEI 0 5beM napa U3 YPABHEHHR COCTORHNA
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RT dp _ ugp
HAeanpHOoro raja: ¢ == ——, NoAy4IHmM I'Ipl‘IﬁJIH)KBHHOe }'pa.BHEHl-le — L — Hanpn-
i“p

dT  RT?

Mep, &% o (p = 18 rfmons) npu atmochepton saprenun p = 10° Tla Temnepatypa
kunenua pasia T = 373 K, yaeisHas Temnora ¢ = 2,26 + 10% Dk /xr, ¥ mu nony4uM
% =3,5-10° a/K.

» <a’oBRIM mepexof BToporc poga. Ilpu gasooM Nepexoje BTo-
pore poga (Touka Kiopu nepexcaa B beppoMarHUTHOE COCTORAHNE, TOYKA
nepexoga XHUAKCro rejlig B CBEpXTEKYUee COCTOHHHE H ,I“J) IAGTHCLT,
BHYTPEHHAHR JHEPIrHA, JHTPOIHA H3MEHAIOTCA HENIPDEPLIBHO, 4 pa3AH4HOrc
BUJA ITPOU3BOHbIE ITHX TEPMOAMHAMHYECKAX GYHKIME (BOCIPHIMYIBO-
C'TPI) — TeMACEMKOCTE, CKUMAeMOCTh, AHIACKTPHYECKAA UJIH MACHUTHAA
NPpOHNIDAEMOCTE H T. . — H3MEHAKTCA CKAYKOM NN TPOABIRIOT KPUTHNE-
CKOe TIOBEJeHNe (CTpeM.‘ETCH K O€CKOHEeTHOCTH npn HpHﬁJIH)KEHHH K TOYKe
nepexoda). PasoBH nepexod BTOPOre poja MpoHCXOJUT CPaly BO BCeM
obbemMe. B pesynpTaTE NEpexola MpoHCXoIUT KaveCTBEEHHOE H3MEHEHHe
BHYTPEHHEr'C CTPOCHHA — NOABAHETCH (HJIH HC‘IE‘B&ET) ACIIOAHRUTENBH A
CAMMEeTDHA.

2.8. MosepxHOCTHOE HaTRXKEHHUE

» KosdpdpunuenT nosepxHocTHOro HaTAKeHudA. Molekyabl B no-
BEPXHOCTHOM ClIoE XHAKCCTH ofaajaioT GoAbIIEN NoTeHIUAIBHCH dHep-
rMel Ne CpaBHEHUIO ¢ MOJEKYJaMn B ofbeMe (MeHBIIE ¢Cocefeils, aHep-
CHA B3aHMOAEMCTEHA ¢ KOTOPEIMH OTpPHUATelbHA, — ¢M. puc. 18). Ilpn
NOCTOAHHOH TeMIepaType ACTOIHNTEAbHAA IHEPIUA NPONOPUHOHANLHA
MICIaAN TOBePXHOCTH L

v . =o(T)Z, (50)

noR
rje yAcAbHYIO ¢BoGOAHYIO 3HEPTHIC MOBEPXHOCTH ¢ HA3LIBAlOT xosddiu-
HUENTOM TLOGEPTHOCTAHOR0 HaMANcenuA. [IpU PABHOBECHOM H3OTEpMH'e-
CKOM H3MEHEHMH I0Ia N NPAMOYTrolbHOTC YYACTKa IOBEPXHOCTH pabo-
Ta BHEIUHEH CUJBL paBHa N3MeHeHHI cBobGoauohn seprum (30). INosTomy
A=AV = 0AY = oLz, rge L — J1vuHa NpPAMOIMHENHOT® OTpE3Ka
rpaHuipl, ¥ — ero nepemeltenne. OTciofa caeqyeT, YTO Ha OTPE3OK I'pa-
HULB! JeHCTBYET CrAd NOBEPTHOCTRHOZ0 HATLANCENUR, TEPIEH AUKY TAPHAA
K 9TOMY OTPE3KY W HalpapBJeHHad BJOJbL NOBEPXHOCTH XKHUAKOCTH:
Foos=0cl. (51)
PaBHoBecHe COOTBETCTBYET MHHHMYMY CBoBofJHON DHepruH, clejoba-
TelbHO, XUIKOCTD HIH XHAKAA [IAEHKA CTPEMATCH YMEHBIINTE CBOK No-
BEPXHOCTh: B HEBECOMOCTH KHJKAA Kalld NPHHIMAET opMy ILApa.



2.8, [TOBEPAHOGTHOE HATAXKEHME 193

> TepMO,C[HHaMHKa MOBEPXHOCTHOr O CHOA. Tak Kak ‘I’noa ABAAETCA

do
dyukuuei (T, Z), To d¥ = odZ + EE dT. Orcoga ¢ yietom (31) no-
AYHHM BbIDa)KeHUA JJ1A SHTPOMHH NOBEPXHOCTHOT® CIoA, eI'0 BHYTPEHHEH
SHEPTHH M TEINOTH, NOTJOIIaeMOH MOBEPXHOCTHBIM CJI0€M MpPH M30Tep-
MUYECKOM yBeTMMeHHH TLIOIa AH:
do do do
=-=2%, U=¥+TS=(r--2}5, Td§=——dr.
S=-ur tIS=\o-gr )y Q=T =—4p
TIpn yBeanyeHnu temnepaTyphl T kosthdUIHMEHT NOBEPXHOCTHOTG HATH-
KEHHA ¢ YMEHBIIAETCA U PN KPUTHYECKOH TeMIeEpaType ofpalllacTcA B

HYIb.

» Jdo6Gapoqunoe JaRjeHMe M0 HCKPUBJICHHOH MOBEpXHO CTRIO. H3
YCIOBUA MEXaHWYECKOTO PABHOBECHA TIOBEPXHOCTHOTO CHOA CAEAYET, 4TO
JABACHHE BHYTPH BBITYKAOH NCBEPXHOCTH AOIXKHO OBITH GOJBIIE, YeM
crapyxn. Jo6apounce gaBaeHMe Ap B cayyae cepuyeckoll IOBEPXHOCTH
HaliJeM, YBeAN4HB (MBICAeHHO) pajHyc Wapa Ha d R U IpUpaBHAB paboTy
BHEIIHUX CMA HAJ TIOBEPXHOCTHBIM CHOEM K MIMEHEHHIO ero CBCGONHOM
shepriy: ApdV = ¢dX => Apd(%{rR®) = ¢ d(4nR?). B peaynbraTe
Oy IUM

20
Ap= . (52)

Q6obumeHneM sTolt hopMynsl AIAeTcA Popuyaa Janaaca:

1 1
Ap=o — 4 —
P (Rl "R )
rge R,, R, — raaBHbie pafHycH KPUBU3HEI (PaAMyChbl KPHBU3HHEL B ceYe-

HHH MOBEPXHOCTH B3aHMHO NEPNeHANKYIAPHEIME INIOCKOCTAMH, MIPOXO JA-
IMMH Yepe3 HopMadb K MOBEPXHOCTH B JaHHOH ToHYKe).

» Kpaesoit yror. Cmaampaume. [IoBepXHOCTh MHIKOCTH o6pasy-
€T ¢ TBepPAOI NGBEPXHOCTLIY YTOM, KOTODHIH HASKIBAIOT kpacenis. Beln-
YUHA KpaeBolc YLV 3ABHCHT OT CO-

OTHOIIEHUA Me#K Ay KodpPuilMeHTaMH BOJda
MOBEPXHOCTHOrO HATAXEHUA HA Dpa-
HUIAX KHAKOCTb — BO3AYX (0, _.),
KHAKOCTh — TBepAce Tedo (T, JH O
TBepgoe Teno — Bo3Ayx (o._.}. Ha
YCACBUA MEXaHMYECKOI'G PAaBHOBECHA
BJeMeHTa KUJKOCTH Ha JHHHH lepecevdeHs Tpex cpea (puc. 21) nMeem
o, L=0, L+o, ,Lcosd. Orcioga nonyaum

| JKMAKOCTD

a
™8 TH.TERO =T
Puc. 21.

Tr—p ™ T—r

O'H(—B

cosff =

7 A. [ Hloxanun, B. [. Hlonaanu u ap.
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Ecan cos@ > 0, To TCBOPAT, YTO KUAKOCTE CMGNUSGEM [TOBEPXHOCTD.
Ecan npapas 4acTk NoclefHEro paBeHCTBa Oofklle WAM paBHa +1, To
Ha MOBEPXHOCTH TBEPAOre Tela ob6padyeTcd MOJEKYJAAPHAA IJCHKA KHJA-
KOCTH (noaxoe cuaxuenHue XuJKOCThbIO TBEPIOTO Tela); B COCYAe XKUJ-
KOCTh ofpasyeT co cTeHKol HyleBol yrod. Ecnu npasas 4acTh paBeHCTBA
MeHblle UAM paBHa —1, TO HMeeT MecTO NOMHOe HeCMadnBaHMe.

» Kannaaapume spmeHusn. Ecay XKnJkocTh CMadiHBaeT NOBEPXHOCTH
TOHKOT'G KATMAAPA, TO OHAa NOJHMMETCA No HeMy Ha BHICOTY h, olpege-
JAEMYIO YCIOBHEM MEXAHWYECKOT'O DABHOBECHA.

B caydae KanmanApa Kpyriaorc ce4eHHA pauyca r paguyc KpPHBH3HBI
menncka pased R = r/cos@, n gaBrenme noj menmckoMm (cm. (52))
JOMKHO GbITH MeHbllle aTMochepHoro Ha BeauunHy 2o/R = 2o cosf/r.
2ocos

MpupaBunBas kK pgh, HAXOAHM BHICOTY NMogbeMa KUIKOCTH: = P

2.9. SleneHun nepeHoca B rasax

» Cpeguas gauna cBoGogHoro npobera. CpeaHse YUCIO CTOAKHO-
BEHHH B eJHHHILY BPEMEHH BbIAEJEHHOR MOJEKY AL ¢ ZPYTHMH MONEKYAaMM
rasa:

= no{v)v2, (53)

rjfie n— KOHUEHTPauua Molekyd, {¥} — cpefHAR CKOPOCTb JBHXEHHA MO-
Aekyd, a ¢ — affexmusnoe ceuentte JIA YIPYTUX COYAAPSHUH MOJEKY.
B Mogean TRepAbIX lIapukos ¢ = wd?, rje d — AMaMeTp mapuka. MHo-
KHTEAb /2 YIHTHIBAET JBUKEHNE BCTPEYHBIX MOJEKYJ; B KaueCTBeHHOM
TEOPUN ABIECHHN NepeHoca ero oSEIYHO OMYCKAIT.

Jnn onpejeneana YMCIa CcTOAKHOBEHHN TPACKTOPHIC MOTEKY/Ihl, UMECIIYIO BUZ
AOMaHOW NHHWH, OKPYXKAKT LUHIHHIPHHECKoN NOBEPXHOCTRED paanyca d. Jsnxkymancs
MONEKYNA CTONKHETCA ¢ MOG0H HeNOIBHAKHOH MONEKYNoH, UEHTP KOTOPOH 0KaXeTCH
BHYTPH 3TOr0C UNAHHIPa. 33 eZIMHNUY BPEMEHH MONEKYNa NMPOXOINT paccToAHne (v},
ofbeM UNAUHIPa pabeH 7d? (v}, YHCAG NONABIMX B HEr'o Monekya paBHe z = md? {v)n.

Iloaroe 4nclo coydapeHUil MexXay MoJekylaMu B efuHuue obbeMa B
eIHHHLY BpeMeHH paBHO:

_zn_ nPo(v)/2

Cpednan dauna ceclodnoee npobesa MoAexyabt paBHa

NS
A== —ns (55)

IfFexmuence cevenue HEKOTOPOTO NPOLELCA BIAUMOAEHOTENA MEXK TY CTATKHBA-
IUWAMHCA YacTHUAMH (110 OTHOWEHHIC K BHlAENEHHOMY Pe3yALTaTy 3TOrO BIAUMO Jei-
CTBMA) CHPENSAAICT CAELYICWHM 06pa3oM. PAaccMOTPHM HeTo {piKHY 0 Monexyay (Mu-
WeHsb} 4 HANETAIOMWMH Ha Hee TyHOK MoAekyn NHTeHchBHOCTH [ = nv (unmencusnocme
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AYHKE — YHUCHD YACTHIH, NRPOXOTAMMX Yepe3 eTHHHYHYK TIOUIAIKY, NepneHIHKYIAp-
HYI CKOpPoCTH Mcmexy.lt}. 3ddex THBHHM ceveHMeM NPOUECEa HAARIPAIT CTHOINEHHE
YHCAa CTOAKHOBEHHH B eITNHULY BPEMEHH, MPHBEANMX K BRITENCHHOMY PEAYALTATY, K
HHTEeHCHBHOCTH Ny4ka:

o= AN/I, {56)

OcaabaeHde Ny4Ka MOJEKY, PACIPOCTPAHAIOLIMXCA B I'a3e, HA MYTH dr pabHo
df = —fondr = —{I/)\}dz,
rle & — CeMeHHe YIPYToro paccesHH MoleKy.l, # dT — YHMCIO PACCEMBAIOUIHX UEHTPOB

Ha nyTh dr {Ha equriuny nuomagn), A = 1/{nc). Hurerpupya, nonysum sabiHcHMocTh
HHTEHCHBHOCTH NY“KA 0T NPokJeHHOrG HM PACCTORAHMA

I= I exp{—nox) = Iyexp(—z/}), (57)

T.e. BEPOATHOCTS TOM0, YTO MONEKY 18 HCIHTALT COy JapeHue Ha RHTepBane (x, 2 +dz),
pasta dIfI; = exp(—z/X)d{z/)). Cpeanee paccTorHue, npolgeHHoe Moekyaol go

CTORKHOBEHWA, PABHO
b x4 dr

)= rexpl-—)1— = A
o= [ en(-5)%

» Kauecrrennas mofgennr ApIeHul nepeHoca B raszax. SBleHuA
BA3KOCTH, TellonpoBofHocTn H AUMdy3nn oSBACHAIOTCA IEePEHOCOM
UMITydbca, SHEPTHM, KOHUEHTPaUWM 3a CUET XaoTHYECKOTo TeIJIOBOrO

Lo

JBMKEHHA, BA3KOCTRIO HASHIRAIOT BOIHUKHOBE- y

HHUEe CHALI TPEHWA MeXIY NapaileibHO JBUXKY-

ILIMMUCA CACAMM, €CAN CKOPOCTH CACEB pasityHEL. dg

Ecan ckopocTh HaNpaBAeHHOTO ABHXKEHUA & ma- -

palaelbHa OCH T ¥ MeHAETCH TOAbKO B HalpaBle- N

HHUH ocH ¥ (puc. 22), To MeXIY CIOAMH KHIKOCTH I

BOBHUKAET CHMAA, NpolloplHoHalbHad ILOWAAN U s

TPajUEHTY CKOPOCTH U: x
——-
—_

[£,] = S, (58)
y Puc. 22,

rae n— Koo PUIHEHT BAKOCTH (MAM NPOCTO BAIKOCTS). BosHukHoBeHHE
CHIB OOBACHACTCA NEPEHOCOM BJOML OCH ¥ HMILYABCA P MOJEKYJIaMH,
NepeceKawuMI LCMAJKY 3a CYeT TEIJCBOTC JBHKCHUA.

Eciu B HanpaBJeHHHM Yy MEHACTCA He CKOPOCTE HANpapBleHHOrC JABH-
HEHUA MOJeKYN, a TeMIEpaTypa ra3a, TO NOTOK TENACTEl B HANPABICHAH
OCH Y paBeH

dT
= —x— 59
rje 3 — koahUIHEHT TENIONPOBOAHOCTH (MAM HPOCTO TENACHPOBOH-

HOCTB).
Ecan Baonb ocu y MeHASTCA KOHUEHTDAIMA METeHBIX MOAEKY I I'a3a ny
(MoaHanA KoHUEHTPANNA N JOMXKHA BEITH TOCTCAHHOM), TO IOTOK MeUeHEIX
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MOJEKY B HANpaBleHUM ocH Y (camosnddysua) onpeieaneTcs 3GKOHOM
Duxa: P

i — _pih

j=-D-pr (60)
rae D — koadpdnunent gudpdyznm.

O6o3nadnM 3a ¢(y) BeAHUHHY, [NOTOK KOTOPOH BAOAL OCH Y HAC WH-
TepecyeT. B cllydae BAIKOCTH 5TC — UMIYALC HAMPABIEHHOTO fIBUKEHUA
Monekyr: g{y) = mpu(y), B clydae TeNIONPOBOJHOCTH — CPejHAA IHep-
ruA TeldoBoro ABuKeHna: g(y) = (¢) = eym,T (cy — yAeapHaa Temlo-
eMKOCTh), B caydae guddysun: ¢(y) = n,(y)/n. Bygem cuurars, 4To
Kafad MOJEeKY/a ra3a [MepeHOCHT 4epe3 IMCLIAAKY TO 3Ha4YeHHe Ilapa-
MeTpa g, KOTOpoe NMEIOT (B CPeAHEM) MOJeKy/Ibl Fa3a B TOM MecTe, LAe
NIpoM3OLIIC ée NocaefHee coyaapenne. Torga A48 MOTOKa BEAHYHHE § B
HanpapBleHUH OCH ¥ MOXHO NOAYYNTL BEHpaXeHHe

1 dg

G= —gﬂ(‘b‘) E (61)

Jas KavecTReHHOM OLEHKH MOMKHO CHHTATE, 9TC MOCAE COYAapeHHA MOeKY 1a Te-
THT B 0HOM U3 WECTH HANPABICHN, 33 1ABACMEIX GCAMMU KoopAuHaT. C paccToAHHA ¥
MPHASTAT MGNEKYALl, HCNKITABNIHE COYIaPeHNe B UHAHHAPe oGbemom 5 dy, noneres-
e B HAMPaBAeHWN —y M He HCMBETaBuMe Gofiee coygapeHiit Ha nyTi y. C y4eToM

{54), (55), (57) moayaum g{y) dN = [g{(]) +y:—; % exp (—%){S dy). Unrerpn-

P¥4 110 ¥, NOAYHHM BKAA ] MONEKY N, N8 TALIUX CO CTOPOHH MOoNcKUTEALHEIX y. BraunTan
BKIA ] NPOTHBOMOIMKHE NeTRIIMX MOREKY, TPRXOIUM K dopmyne (61).

r PopmMmynansl gaa KO3pPHUIHEHTOB OepeHoca.
1. TloacTapaas g = myv, B GopMyay (61), NoAy4nM MoTOK HMIYAbCA,
KOTOPBIIT paBeH cHAe TpeHud (58) Aaa equnudHol niomagn. Jad BA3KOCTH

HMEeM:
n= knmofu)d = Lp(n)A. (62)

2. MoacTasnas g = cymyT B dopMyay (61) n cpasHusas ¢ (59),
HaxofuM ko3dIUINEHT TeNAonpoBoIHOCTH:

x = Tamy{viey A = +p{viey A (63)

3. Hogcrasana g =n, /n B popmyay (61) u cpasHuBas ¢ (60), moayyum
BEIpaXeHne giaA koadduuuenTa AuddyInu:

D= %(U)A‘ (64)

Ha dopmya (62) — (64) caeayoT gBa BaXHRIX dakTa:

1) Jauua ceoBoanoro npobera o6paTHC NpoNopiUoHAlbHA o, 9TO
BHAHO M3 ypaBHeHHA (D5); HO3TOMY BAZKOGCTE W TENACIPOBOIHOCTE [a30B
HE 3aBHCAT OT JaBAcHHsA (3akoH MakcBelda). JTOT BHIBOJ OCTAETCA Bep-
HEIM fi0 Te€X Iop, Ioka AJHHA cBoSCAHOro npobera Malna 1o CpaBHeHHIO
C pasMepaMH COCYZA.
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2) OTHolueHRe BAIKOCTH M TEIAOIPOBOAHOCTH He 3ABUCHT GT TeMile-
paTYpHL.

Ecan zanmna npofera ¢TaHOBATCA CPaBHMMOM ¢ Pa3MepaMH cocyda
(paspesicennbiti 2a3), TO BASKOCTb H TEINIONPOBOAHOCTh HAYHHAIOT 3aBH-
CeThb OT MICTHOCTH. Hanpumep, Npn BEIYACICHHH IOTOKA TEMIOTH MeX-
Ay CTEHKaMM, PACMOJAGKEHRHIMH Ha paccToauuu d & A (yasmpapespe-
JCeNNBIEl 203), MOXKHO CYATATh, TO NOCHE YAApa O CTEHKY, UMEIOLIYIO
TemnepaTypy T}, kakjad MoJeKy/aa NpHoOpeTaeT (B CpefHeM) IHEPruio
cymyT), AeTHT Ged coyAapeHHH K NPOTHBOMONOKHON CTEHKe H OTAa-
eT et sHepruo cymy(T, — T\). U3 dopmyasr (35) cregyeT, 4To 4ucao
NoNa JAloIUMX Ha CTEHKY MojeKyad pabho +n{v)SAf. Orcioga noayydmu:
§ = %p{v)cv AT.

3. JnexTpogmMHamMuKa

3.1. AnexTpuyeckun sapap. 3akon Kynona

b DaexkTpuMuecKHl 3apaj — (UandecKad BelMYMHA, olpegeldomal
HHTEHCUBHOCTE 3JEKTPOMATHHTHOTO B3aHMO/ICHCTRHA.

Ceoticmea zapada:

1. HocuTeaAaMn 3IeKTPHYECKOro 3apAda ABIAIOTCA 3APAKEHHBIE 3Je-
MEHTapHBIE YaCTHUIE] — NPOTOH U 3JeKTPOH (a TakXKe HX aHTHYACTH-
UL — BHTHIPOTOH ¥ TIO3HTPOH — H HEKOTOPBIE HECTAGUAbHbIE JaCTHIH:
T-ME3OHBI, f-ME3OHHE U T.J.). 3apAXeHHEIe YaCTHULL! B3aNMOJEHCTBYIOT
Mexay coboll ¢ culaMy, YORIBAIOIIMMH ¢ PACCTOAHAEM TAK Xe MEAJeHHO,
KaK MPaBHTalHCHHbIE, HO BC MHOTO Pas NPEBLUNAIINMHE HX 110 BEIHYHHE.

2. Bce sapaxeHHble dAeMEHTapPHbIE Y4CTHUEI 06AaJal0T O AHAM U TeM
¥e Mo BETHYHHE 3apAAOM, KOTOPBIA HASRIBAIOT FJACMENAPHBIM JAPATOM
u obosnavaioT 6ykBoi €. OUBIT NOKA3LIBAET, YTO 3apAL IeMEHTAPHEIX
9aCTHIl He 3aBUCHT OT MX CKOPOCTH.

3. 3apaj aeMeHTADHBIX YaCTHI MOKET OLITh NONOKHTEILHBIM HIH
oTpullaTenbHbiM. OJHOMMEHHbLIE YACTHUL OTTAIKHBAIOTCH, Pa3HOUMEH-
HBEE — NPUTACHEAIOTCA. Ja NOAGKATEILHEIA 3apa ] IPUHAT 3apAj HPoTC-
Ha +e. 3apaj MEKTPOHA — OTPULATEILHLIH {—e).

Ecau B cocTap MAKPOCKOOHYECKOrQ Tela BXOANT PA3INYHOE KOJNHTe-
CTBO DNEKTPOHOB N, H IPOTOHOB NV, TO OHO OKA3LIBACTCA 3aPAKEHHBIM.
Japsag Tena Bcerda NpeICTABAASTCA THCAOM, KPATHBIM BEIHYHHE 3JEMEH-
TapHore 3apafa: ¢ = e(N, — N).

3aKoH COIPAHERUR FAEKTRPUNECKOZ0 3GPACA: MOMHBIN 3apAj 3aMKHY-
TOM CHCTEMEL, T.e. ajirefpandecKan cyMMa 3apAajoB BCeX Tel, NOCTOAHEH.
2TO yTBEPX JeHHE OYEBHAHO, eCIH B CHCTEME He IPOMCXONT lpeBpalle-
HUH 2deMeHTapHBIX YacTnl. Ho 3akoH coxpanenus zapaja HMmeeT Gonee
yHABMEHTAILHEIA XAPAKTEP — CH BRIIOJHALTCA B JIOSLIX Npolleccax po-
MACHHA N YHHYTOKEHHA DIeMEHTaPHbIX TaCTHI.
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» 3axon Kymona onuchiBaeT B3anMoJeHCTBUE OKOAUINXCA MOUEUHBLT
3apados, T.¢. BAEMEHTAPHBIX YACTHN WIN 3aPAKEHHBIX Tel, pasMepsl Ko-
TOPLIX MaJkl IO CPaBHEHHIO ¢ pacCToAHHEM MeXAy HUMU. CHla B3alMo-
AeficTBHA ABYX TOUeHHHIX 3apijoB B Bakyyme (KyJOHOBCKaA CHAa) NPAMO
HpolopUNCHANBHA POU3BEAEHHIO 3APAACE H 06DATHO MPONOPUNCHAALHA
KBaJpaTy DAacCTOAHNS MEXAY HHMU:
F=phl - (1)
r

rge k — koabGUIHEHT NPONOPUMCHANLHOCTH, 3aBHCAIUE OT CHCTEMEL
eauum. CHra B3aMMOJEHCTBHA HAaNpaRieHa BAOAL MPAMOH, COEAMHAI-
el 3apAfb; OAHOMMEHHEIe 38pAAL] OTTAAKABAIOTCA, PAIHOMMEHHEIE —
IPHTACUBAIOTCA. -
- B cucreme CU egunuuma sapaga xyaon (Ka) onpegenseTcs tepea
eUHUIY CHAE TokKa amnep, a koadduumeHT B dopmyse (1) pasen
k=9,0-10° H-m¥Kn?, uan k = 1/(47ey), rae €, = 8,85 - 10712 d/m—
saexmpuNeckas nocmoannea. B rayccopoi cucreme (CI'C) & npunnmaert-
cA PaBHBIM ¢MHMIIE, B ¢JHHHLA 3apsaja onpedenseTcd sakonoM KyitoHa.

Cuna, AeficTBYOIIas Ha 3apaj § €O CTOPOHBI HECKOJALKHX 3aPHAJOB

@, @y, ... DABHAETCA CYNEPNOINIMYN CHA:
LA T @)
3

Pacnpegenenne 3apaga no Npo¢TPaHCTBY 3adaeTCA NPOCMPAHCTNEEH-
Hotl nuomuocmbw 3apada p(F), o NOREPXHOCTH — NOGEPIHGCMHAY NAOM-
Hocmbio sapade oF), Mo AMHUKM — aunetinot naomuocmew dapada A(F):

dg = pdV, dg = odS, dq = Adl. (3)

CHecreMa 3apaZloB HASBIBRETCA IacKkmpoHelmpaabHol, ecAn ee Moi-
HBIH 3apdAf paBed HyJw. [IpocTeHumil npuMep alekTpoHeHTPaAbHOH CH-
CTEMH -— aqexmpuueckutl dunoas, COCToANHA W3 ABYX TOUYEMHEIX daps-
ACE. q ¥ —q. JunossHuis MOMEHMOM JNEKTPUYECKOTC AUHCIA HAIBIBAETCH
BEKTOP .

F=d, (4)
rae [ = ¥, — _ — BeKTOp, NPOBEJeHHbIN OT 3apAJa —¢ K 3apAfy ¢.

OtoSmeHnem Ha MPONIBCARHY IO 3NEKTDOHENTPANLHYI0 CHCTEMY RBARETCA ONIpe Je-

JNeHHe
F= Zq,-"".- =qlFy —7_),
'

rae g = Z g, — CyMMa BCEX NOMOKHTENLHLIX 3aPAAOE, r'-‘+ = E g;7; /g — uentp
gi>D ;>0
MORCAKHUTENRHHEX 3aPAAOB, F_ = E 9;7; /¢ — UEHTp OTPHUUATENLHHX 3aDAIOB.
§, <0

» O cumcTeMax egMHMLO B 3HEKTPOCTATHKE. Bee dopMyast SyayT
npuscanThea B cucteme CH. Jaa nepexofa k rayccosoit cacreme (CT'C)
B GOMBIMMHCTBE CIyYaeB JAOCTATOMHO MoJoXuTh k = 1. Ecmn dopmya
3alUCaHa Yepes £y, TO HaJo CHaYada 3aMEHUTE £, Ha 1/(4xk).
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3.2. 3nexkTpuueckoe none.
Hanpaxennocre nons

p IJJIEKTpOMATHUTHOE noXe. BaanMogelicTBHe 3apAMeHHBIX aCTHI
JAPYT ¢ APYI'OM OCYIIECTBAAETCA MOCPEACTBOM IACKMPOMAZHUMHOZO 110-
AR, DTO 03HAYAET, YTO: a) 3apAKEHHBIE TACTUIB! COIJAIOT B OKPYKAlo-
e NpPOCTPAaHCTBE MeKTPOMArHATHOS Hode, O) Ha 3apsKeHHYIO J4CTH-
Iy JeHCTBYET EKTPOMATHHTHOE NMOJE, CYIIECTBYIOIIEE B JaHHOH TO4Ke
NpCCTPAaHCTBA B ZaHHEIM MoMeHT BpemeHu. flone, cozjaBaeMce Toded-
HEIM HCTOYHHKOM, IPOIOPUHOHANLHG e 3apAly; Bo3AeNCTBHE NOAA Ha
3apAXKeHHYI0 YacTHUY NPONCPIHOHANBHO 3apAAY IToH YacTUNLL

p JIeKTpHYecKoe Hole. JMEKTPOMATHUTHOE IIoNe NPeACTARIACT CO-
60l COBOKYIHOCTE JABYX B3aMMOCBA3AHHBIX [OAEH — IAEKMPUUECKO20 U
saznumuozo. JeficTBHE 3NEKTPHYECKOTG NONA HA 3APAXKEHHYIO TaCTHILY
HE 33BUCUT OT €& CKOPOCTH, a4 JeHCTBHE MATHHTHOIC Iold Iponopliuo-
HANLHO CKOPOCTH YacTHE. MeTOMHUKAMH 3AEKTPUMECKOT O MO CIYHKAT
J00ble 3apAKeHHble YAaCTHLE, MACHUTHOE NOJe CO3ZAeTCH ABHXYUINMH-
ca zapagamy. CooTHOIICHHE MeX Y 3ACKTPUYECKUM ¥ MATHHTHBEM T10/A-
MM MeHfAeTCH IpPH Nepexode B APYTyI0 MHEPUUATHHYK CHCTEMY OTCYETA.
CerofiCTBa NoAEH MOJHOCTHK) ONUCHIBAKTCA CHCTEMOH YeTHIpEX YPaBHe-
HHA Makceenaa (cM. pazg. 3.15). YpaeneHus MakcBelaa pelATHBUCTCKY
HWHBapPUAHTHLI.

» IpoSumu aapaj. HanpakeHHOCTE JJIEKTPHYECKOTO MOJA.
g onpegenenna XapakTePHCTHK 3K TPOMATHITHOTO MOAA UCIOABIYIOT
OCHATHE TOYEHHOTO npobfrozn 30pada, BHECEHHE KOTOPOro B HUCCAEAYe-
MO€ NoJe ero He MCKaXaeT (T.e. He MPUBCINT K CMEINSHMIO MCTGHHUKOB
nead). Jag aToro BeamMuHa NPoGHOrO 3apAja ACIXHA SBITE JOCTATOYMHO
MaJcli. CHia, fefcTEyIOWAA Ha HEMOABIKHEL Npo6HEI 3apag ¢, npornep-
IHOHAIBHS ero BeJINMIHE U ONPeelAeTCA TOABKO EKTPHYECKHAM NOMeM:

F.=(F )
DTa (HOPMYIa ONPEAeTAeT HONPANCERHOEME daermpuneckoze noad. OHa
®e JaeT OTBET Ha BONPOC, KAaKad CUla JeHCTBYeT Ha M0G0l 3apag (¢,
JBIKYIMECA WIH HeNOABMXHBIH, €O CTODOHBI JJAEKTPHYECKOTO MOJA.
B CH manpaxeunocts namepserca B H/Ka nan & B/m.

3.3. JnexTpocTaTuveckoe none.
Mpwayun cynepnoauyun
ANA HANPAXKEHHOCTH ¥ NOTeHUunana

» OsekTpocTarndeckoe noje. CTalHOHAPHOE BEKTPHYECKOE Mo~
Jg, Co3JaBaeMoe CHCTeMOH HEelloABMAKHEIX 3aPAJoB, Ha3EIBAETCA 34EKMNP G-
cmamuneckum noses. HanpaKeHHOCTE HMIEKTPOCTATHYECKOT O TIOAA Mo-
aeT BBITh oNpejelieHa ¢ NoMolbk: 3akoHa Kytona (2).
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1. Hose moueunozo zapada. Ecam BHecTH NPoGHHR 3apaj ¢ B Noje
TodeyHoro 3apaga §, To uz (2) u (5) nomyqum:
B2l pl (6)
r? r r
rde E (wmm £} — npoexnun E na painarkHOe HApaBJeHHE.
2. [oae cucmems 3apados. Ucnolvaya npunyun cyneproduyut no-
Aeti, HMeeM:

Egzgﬁgﬁ..:zk(f;)z li:?I' (7)

B cay4vae HenmpephIBHOrC paclpeleeHnd 3apAja CyMMUPOBaHue Hajo
3aMeHNTb HHTerpupoBaHueM, cM. (3}. (CpaBHuTe ¢ dopMyTamMu 414 MOIA

TATOTeHHA B pasd. 1.8))

TMpumep 1. 3apad PAFHOMEPHO DacnPefeleH 10 AYCe OKPYKHOCTH pasnycod R
€ nAuAeitaol nroTHocTeo A (phc. 23). Yraosoilt pasmep Ayru paBeH 2oy, BuvucauTs
HAMPAXKEHHOCTE B LEHTPE OKPYXHOCTH,

Pemenne. HanpakeHHOCTh HANPABASHA (10 OCH T, MPOXOAALIEN Yepe3 cePeIMHY
AYCH H UeHTP okpyxHoCTH. HanpaxkeHHooTs noaa, cos ganaemoro B Touke O anemen-
TOM AYTH C ¥TVIOBEIM PadMepoM de, pasna dE = k dg/R?, rae dg = AR do. llpoextipyn
Ha T H HHTETPHPYA, HAXOIHM:

&g +
ARda 2Asina
EI=‘[ k cosey = h——L o
—ag R?

R

Ilpumep 2. INone oTpeaka. 3apAj PaBHOMEPHC pPacnpefeneH (10 OTpPeaky
NPAMONA ¢ JAMHeHHOH NIOTHOCTELIO A. BHYHCINTE HaNpAXEHHOCTE NMOJA B To4Mke A,
[ONOMEHNE KOTOPOIH NG OTHOWMEHNIO K OTPE3IKY 3aJ3HO PACCTOAHUEM ¥ A0 r[pumou H
ABYMSA YrIaMy & M o, (pnc. 24).

Puc. 23. Puc. 24.

Pemwenne. Bxrag B HaNpPAXEHHOCTE OT 3leMeHTa dr pasen dE = kidz/r?, ero
NPOEKLNH HA OCH 2 ¥ ¥ PAaBHH dF cos o u dE sin . HHTerpuposaTs yAcGHO Do Yray o
TIOCITE MOJCTAHCAKK ¥ = y/ 5ina ¥ 3aMeHKI nepeMeHHol: £ = —y ctg o, dr = yda/ sin? a.
HAna npoexunii B, u E, nonyvus:

A . A
E, :k?(smo;—smallv E, = k?(cosa] — cosag).
Ecau o) = m — 0, = o (Touka A neXuT Ha nepneH HKYAADPE, MPOBEIEHHOM Yepes

cepegnHy oTpeska), To E = 0, E!‘| = 2kMcosafy. Econ B aTom pakeHcrepe o —+ 0
(npaman}, To B, = 2k fy. Bemm oy =0, a5 = 7 /2 {noaynpamas), 1o E, = E, = kAfy.



3.3. DAEKTPOCTATHYECKOE MGAE, [IPHHUMO CYNEFPMO3IMUNMK 201

» IloTenuuan snexTpocraTudeckoro noasd. Kak u awboe craguo-
HapHOE LEHTPAAbHOE MOJE, HAEKTPOCTATHYECKOE T10/e ABJAETCA NOMEN-
yuaabsbist (cM. pasd. 1.5}, DTo osHagaeT, 4To pafoTa MOAA NpH Oepe-
MeIeHHH PpOGHOTIo 3apAjja U3 OJHONH TOYKM NPOCTPAHCTBA B APYIYIO He
3aBHCHT OT TpaekTopun. CKa3aaHHOE [O3BONAET ONPEfeINTE NOMEHRUUAL
JAEKMPocmamudecKozo noas p(r):

Ag(L = 2) = W(7)) = Wy (7)) = () — ()], (8)

rae Aq(l — 2) — pafoTa moMA NpH nEpeHoce NpPobHOTO 3apafia ¢
U3 TOMKM T B TOUKy 7y, W {7} = ¢p(F) — nomenyuasvras snepeus
MOYEUHOZO 3APAAA ¢ 60 GHEWHEM Daexmpocmamuseckon node (B ool
riaaee aHeprus OyfgeT oGo3navaTeca Gykpo W). Bemmanna o(F)) — ¢(7,)
Ha3BIBAETCA PAIHOCTLI0 NOMENYUAGAOS MeXJy TOYKaMH 7, H 7. [aa
ojHO3HauHOTO onpefeerus W, (7} 1 () rago BHMGpaTEL TOHKY, I' e OHM
obpawatoresa B Hyas. B CH moTenunan uamepsaeTca B BoabTax (B).

JHaA HAPAXEHHOCTh E (), MOXHO BHYHCIATE Pa3HOCTh NOTEHIHA-
NOB I MOTEHUNAT:

o) -ei) = [ Bar pin= [ B ©

rje ¥, — TOYKa, B KOTOpOH NOTEHHMAN MPUHAT PAaBHEIM HYylio. JHad
noreHnual (7}, MOXHO HANTH NMPOEKLIMIO HANPAKEHHOCTH Ha moboe
HanpabieHue ! (ucxogd m3 (9) g8 gBYX 6aMakux TOYEK):

= _9
Ei=->r (10}
H BeKTODR HalPAKeHHOCTH:
B = (792 ;% ;O
B = —gradp = (zam +3%, +kaz). (11)

p IoTeuuuan moasa TOMEMHOrO 3apAja U CUCTeMBl 3ApAJ0B.
fTomenyuaa noas moueunozo 3apsda () MOXHO HAUTH € TMOMOIILID
dopmyner (10):
dr dr r2
O6m4HO NoTeHUHAA TPHHUMAIOT PABHBIM HYIIG Ha GeckoHedHooTH. B
OTOM CHy9Yae: o

o(ry = k_r" (12)

[lomenyuan noas cucmemst 3apados paped cyMMe NOTeHINAIOE MONeH
OTAeNbHbIX 3apAf0B (MPUHIUI CYMEPNIO3HLNE A8 NOTEHIHATA):

o) =Dt e o) = Dk (09)

= pr)= k% + const .
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Ecnu sapag pacnpefeneH HeNpepHIBHO, CYMMEPOBAHME HAJO 3aMeHUTE
HHTErpHpOoBaHHeM.
Mpumep 3. Iowe gucka. PaccmoTpust ToHkWI gick pagmycom H, paBHoMep-
HO 3apmxennu1‘i ¢ MOBEPXHOCTHOH MIOTHOCTLIO 0. BEMHCIMTE HOTeHIHAN B ToUKe A,
pacnonokeHHOM HA OCH MCKA Ha PACCTORHMEN I OT ero neHTpa (puc. 25},
Pemenne. Bxnag B noTeHuan TOHKOr 0 KONL-
Ua, 33KTI0MEHHATO MEXKAY OKPYMKHOCTAMK PaZHYCOB
7 U r + dr, paReH

do = k dg _, g2wrdr
AR = e N o ey |

{Bce TOYKM KOMBIla PACNOIOKEH MOYTH Ha OJHHAa-
KOBOM paccToruun ot Todku A). Huterpupya, na-
XOJHM MOTEHNMAT KOTbIA:

R
o 27r dr
w= kome—— = kma (/2?2 + RZ - ).
Vi ( )
Puc. 25.
BareM ¢ noMamkio {10} onpegenum HANPAXKeHHOCTE {OHa HallpaBieHa BA0aE )

dep T )
= —-— =27k -—].
E, o 2 a(l oy

B npegene R = co moayumm noae SeckoHeuHolt nockoctn: B, = 2rke = o/{2¢,).

MNpumep 4. Hone gunona. TpebyeTcA HANTH NOTEHUMAN W HAMNPAKEHHOCTE
3MeKTPOCTATHYECKONG [HOAA BAAAM OT JHIONA, H30 GPaXeHHOr o Ha pHC. 26,

Pemenne., Morenunan B Touke, 3agasae-
MOit pagMyCOM-BEKTAPOM 7, Ha GOALIIOM pac-
CToAHUU OT gunoaa {r = |¥] 3 {) pasen:

kg _ kg ke ke D)

ry ra r—2=5 r+s - ri

rie s = (% - %), £ = qf (cm. pazg. 3.1).
YTo6u HAHTH HANPAXKEHHOCTE, WCMOE-
: 1 3
3yeM TOXKECTBa: gra.cl(—) = =1 %
r? rd oy
grad (- F) = §. B pesynpTaTe Hmeen:

517 _ 3
§=_ radfp:k[——— .
g e ]
Pue. 28. Qrciofa AN MOLYAA HAMPAXKEHHOCTH oIy THM
E = kpr—°+/3cos? § + 1. Takue e BHIPRKEHNA
BEPHEL AR OOAA JOGOH SAEKTPOHENTPANBHON CNCTEME] ¢ OTAHYHEIM OT HY.JIA AMNOAB-
HHM MOMEHTOM {CM.' pa3f. 3.1} Ha 60MbMOM OT Hee PacCTORHUH.

» Junoae BO BHemuHeM JoJge. MaleHbKull AWMNOAL ¢ JUIOALHBIM
MOMEHTOM P = ¢l BO BHEIUHEM Node o6AaaeT MOTEeHUHATLHON 3HeprHEl

Wo=gqelmy) —ap(F ) = ¢ %{ I=-pE = -(5- E).

STa 3HEpIUA HIMEHAETCH KaK NPH [OBOPOTE AUMOAA — HA JHNOAE CO
CTOPCHEL MONA AefCTBYeT BpaliaTelLHLI MOMEHT:

ﬂ:rx(qg):ﬁxg,
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TaKk ¥ [OpW TNePeMEIEHHN THNOJAA B HEOJHOPOJHOM Ioje — Ha JUIOIb
JeHCTBYeT cHia:

E 8F = OE
B\ _oB(r 1o OE,_ 0E _ 8 |
PaBHoBecHadA OPHeHTALDHA C MHHHM&HBHOﬁ :’HEPFHeﬁ COOTBLTCTBYET IIO-

noxenuio || £, opueHTHpoBaHHBIH TaKHM 06paaoM JANOIL BTATHBAETCA
B 06iacTE GoNee CHABHOTO JAEKTPHYECKOTO TIOAA.

3.4. Teopema Faycca

» I[DIoTok BekTOpa HanpaxeusocTH. IloTokoM BeKTOpa HANpAXEH-
HOCTH 4epes MaleHbKUN IA0CKAH Yy49aCTOK MI0Wadblo ds HaSRIBaeTCA

=(E"d§}=Ends:Ecosﬂds, (14)

rae ds=fi ds, fi — BeKTOp HOPMANH K TIOCKOCTH, §§ — yroa mexay Eu i,
E, = Fcost? — npoekuua E? Ha HanpapieHHe Hopmanu. Juak d 3aBu-
CHT OT BHIGOpa HaMpaBJeHMA HopMaaM. IloTOK BeKTOpa HaNpAXKeHHOCTH
Yeped NOBePXHOCTE 5 KOHEYHBIX PadMepoB oNpeAeldeTcd Kak

3= /E‘nds. | (15)

5

B cayyae 3aMKHYTOH NOBEPXHOCTH HalpaBieHHe HOpMaJu BHIGHpacTCa B
CTOPOHY BHEIIHero MPOCTPaHCTRA.

Addumusnocmb nOMoOKa: €CIM MMEKTPOCTATHYECKOE NoJe ABJIACTCA
CyMepro3uLMen AByX NoJelt E(r"’) = E (7 + Ez(ﬂ, To AnA JMo6oi
nobepxHocTH & = ¢, + &,

TloTox BekTOpa HanpAXeHHOCTM, CO34ABAaEMEIl TOYeYHBIM 3apA-
AoM (}, 4epea mnomagky ds paBeH

d® = FE, cosﬂds-:l:k 9 T ds; = £kQdQ,

rge ds; — mpoekuua ds Ha. nnocxoc'fb', NEepNeHAUKYIAPHYIO 7T,
dQ = ds, /r? — Tenecubl yroa, mof KOTOPHIM IIOWIAAKA BHAHA OT 3aPA-
Aa €); 3Hak «+» COOTBETCTBYET OCTPOMY YINIYy MeXJy 7l U 7, & JHaK ¢—» —
rymomy yray. [loTok Yepes 3aMKHYTYIO NMOBEPXHOCTL pabeH 47k(Q, ecau
3apaj (} HaxoAUTCA BHYTPH 3TOH NOBEPXHOCTH, H HYJIO — eCIH CHAPYXU.

» Teopema Iaycca. IloTox BexTopa HaNpPAKEHHOCTH BIEKTPOCTATH-
9eCKOr0 MOMA YePE3 IAMKHYTYIC IOBEPXHOCTE BEIPAXAETCA Yepes NOJHbIA
3apAj BHYTPH 3TOH MOBEPXHOCTH ¢, {OXBATHIBAEMEIH NOBEPXHOCTHIO)!

& = dkg,,, = 222 (16)
0
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Teopema laycca u cunoprte guHui. Jna rpadueckoro uaofpaxeHnd noneit
MCHONBIYIOT CUAOBEIE TMHUN (IMHMM HBIIPAXKEHHOCTH) MOJA, KOTOPHE IPOBOAATCA 10
CAETYOMMM NPAaBHJIaM: a) KacaTelbHad K CHAOBOHM JIMHUYM HANPABAeHa BAONL BEKTO-
pa B B KamZ0N TOYKe NPOCTPAHCTRA; 6} MYCTOTa CHAOBRIX AHHUE NPONOPUHOHANLHA
BelMaUHE HANIDAXKEHHOCTH B JaHHOi 06lacTu OpocTpancTha, [loTox BekTOpa HanpsA-
EHHOCTH [POTOPLMOHANEH HMUCAY CHIOBEX JTHHMH, NPOHHIEIBAKIIHX MOBEPXHOCTD.
(Mo Taxomy e NPAaBUNY MOXKHO BBECTH JUHUM J1060roe BexTapHore nond.} Teopema
Taycca oaHavaeT, 94To CWIOBHE JHHHH HAYMHH3IOTCA M JAKAHYMBAKTCA Ha JapAjax, a
B MyCTOM NPOCTPaHCTBe HenpepblBHE., OTMeTHM, uTo Teopema Iaycca M Henpepus-
HOCTH CHIOBLIX IMHWH ABJAAIOTCA CAACTBHEM TOMC, YTO KY/JIOHOBCKAA cuia yGHBaeT ¢
paccTorruem Kak 1/r2.

KpoMme ciiaoBHX mnEnH, NCHOARIYKTCA TBKKE IXSUNOMEHYUAALNEIE T0BEPIRD-
€My, KOTGPHIE MEpPNeH JUKY TAPHE CUIOBHM IMHIAM (paloTa NORA [PU MepeHoce Mpob-
HOTO 33apAja BAOIhL 3TOI NOBEPXHOCTH JOMKHA GHITH PABHA HYK).

> BH‘!HCJIEHKB HAINPDAMXKEHHOCTH C NMOMOIIIBID TEOpPeMEl Faycca.
Ecam COOﬁpa}KeHHﬂ CHMMETPHH NO3ABCGAAIT NOCTPOHTE 3aMKHYTYIC TO-
BEPXHOCTE {ée HAJLIBAIOT 2aycco8oli), Ha YACTH KOTOPOH BekTop £ Nep-
MNeHAHKY AADEeH HOB%DXHOCTH H HMEE€T MOCTOAHHYIO BEIHYHHY E, 4 Ha
ocTanpHol wacTH £ HampasieH BAOAL MOBEPXHOCTH [E L #A), o ¢ no-
Moukio TeopeMnl [aycca (16} gaa aTolt MOBepXHOCTH MOXHO HaiTu E.

Mpumep 1. Moae sapaxenHod BUTH. HalTH HANPAXEHHOCTE M0a1, CO3JaBa-
€MOT0 GeCKOHEMHOI PABHOMEPHO JapAKeHHOH HUTEIO {puc. 27).

Pemenue. Hanpﬁmeuﬂoc‘rh B A0GoN Touke HpoCTpaHCOTRa HanpapieHa BOOJE
NEepMeHIHKYAApPa K HUTH, a 3HauveHWe E, 3aBNCHMT Toneko 0T pAccTOAHMA r Ao
HnTH. B kauecTee rayccomod NOBEPXHOCTH MOMHO BHEPATH HHAHHAP PagHycoM T
M obpasylotleH gauHol [, ock KoToporo HaXoquTcR
Ha HuTH. 3anucas Teopemy laycca (15), HaHgem
HaNMPAXKEHHQCTD:

A 2k)

pY
E 2trl=— = E_ = =
£ 21egr r

{cpaBHuTe c npumepom 2 na pazg. 3.3). PasmocTs
NQTEHIHAIOE JBYX TONMEK papHa

A ] ra
Py = P = n—=,
Puc. 27. ! 2 2mey ry

Mpumep 2. IMone sapaxkeHuol nuockocT. Halitu HanpakeHHOCTE NoAA, co-
3JaBaeMOro SeCKOHETHOL PABHOMEPHO 3aDAKEHHON MIOCKOCTEIC {pHC. 28).
Peawenne. HanpaxeHHOCTE BCOAY Nep-
- NeHAMKYAApHAa nnockocTu, a E, sasu-
n CUT TOOBKC OT PpPacCTOAHHA [0 ILIOCKO-
cTH. B kadecTee rayccoBoM MOOBEPXHO-
CTH MOXHC BHGPATH WHAMHIP, OCHOBA-
HUA KOTopore nacn@afele 8 pacrnonsome-
HH CHMMETPHYHO OTHOCHTENLHO [IOCKO-
¢Tu. [loTok uepes aTy HoBepxHocTe papen
E_(z)8 — E_(-z)5 = 2E_S. 3anucas Teo-
pemy Daycca, Hangem HaNPAXKEHHOCTH:

X A

5
2E;5="" = E,(z)=-E,(-z)=
t ' gy 2,

(cwm. nmpumep 3 ua pazg. 3.3). le«ll-lmi w=0D

B4

0 (=) = -]
npu £ = 0, noayuum ¢z} = —|z|.
Pnc. 28. P y ¢ 2gy
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Ipumep 3. Hone sapmxenroro mapa. HaliTi nose paBHOMEPHO JAPAKEHHOTO
arapa paguycom R :

Pemenue. [lore paBHOMepHO 3apRMKEHHOTO HIapa ABAAECTCA LEHTPAlbHLIM. B
Ka4ecTBe FaycCcoBOi NOBEPXHOCTH MOXHD BREpaTh ciepy pasnycom r. Ecur » R, To
BHYTPL NOBEPXHOCTH NONIAAAET BECh AP (¢oyp = ¢}, U Mbl MMeem: B, -dnr? =q/e,. Ecan
r < R, To g, = ar*/ R, u Teopema laycca nputnmaet sua: E, - 4nr? = grdf (e, B%).
OKONYATENBHO NOAYHHM:

4z npun r > R,
= rir
= qF pF
k—=——=— npn r <R
R " 3, T
(¢ — nnorrocTe 3apaga). Mcxofs Ma ¢ropMynn AAf pagualbHOW COCTaBJIAIOMELt
Hanpaxeuunoctu B, = —dp/dr (oM. pasg. 3.3), Haxogum
q
k= npw 7> R,
r
= 2 3
gr gr q
—k +const = —k——- 4 —k—=— npm r< R
2R3 2R T2 R Y

(koHCcTaHTa enpefenfeTCA U3 YCNOBMA HEMPEPHLIBHOCTH MOTEHUMANA HA NOBEPXHOCTH
wapa).

» Teopema Upnnroy. C nomoiukio Teopemul [aycca MoxkHO yOeguTh-
CA B CTIPaBeJIHBOCTH meopemst Hpuuoy, KoTopas yTBEPXKaeT, 4TO TO-
YeqHEIH 3apAd B OYCTOM 061aCTH NPOCTPAHCTBA HE MOXKET HaXOAUTHLCA
B COCTOAHUH YCTOWYMBOIO pPaBHOBECHA NoJ AECHCTBUEM BIEKTPUYECKHX
cisl. JleHcTBHTEALHO, B DTOM CIy4ae HAlPAXEHHOCThL NOAA OCTaAbHBIX
2apAJOB Ha MaJeHBKOH chepe, OKpyXawwel 3apsaj, Jo1xKHa OEITE BCIOAY
HanpapieHa BHYTPL ¢ephl (eCIH PaCCMATPHBAEMELR 3apA] MOIOKATENb-
HBIM), HO DTO NPOTHBOPEYMT TeopeMe laycca (Bce oCTalbHbIE 3aPAABL
HAXOJATCA BHE cdephl).

Ypanueuml Maxcpenna n JEKTDPOCTATHKE. ¥caobue NOTEeHIHaALHGCTH 20eK-
TPQCTATHYUELKOrD [TONA

ﬁg-dﬁ':O = rotE‘:D

npejcraBaneT cobol oJHO U3 ypasHenud Maxcrenna (B nuTerpatsHon 1 guddepen-
UMankHoil opme) Aas cryyad 31eKkTpocTaThKi. BTopoe ypasnenne — Teopema [aycca
{318 06neMHOTO pacnpegeseHHA 3apaia):

f@'-d;:i/pdv = dvE =2
£o £p

Mogcraeuns cioga E = —grad i, nony4um ypasnenue Hyaccona Ana noTeHnHana:

divgradyp = —i, HIn Ap = _r

o £
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3.5. nekTpocTaTHKa NPOBOAHUKOB

» Iloae p nposogumke. lloTenunan nporogauxa. [IpoeoanmkoM
Ha3LIBAeTCH BEIECTBO, cocoBHoe MPOBOAMTE JIEKTPUYecKuil Tok (1au
TeJNIO U3 TAKoTo BeliecTRa). Jas 3TOro BellecTBO JOMKHO COAEPXKATE Ca0-
Godune 3apadsl, cNocoGHEIE MEpeMeaThea Mo ofbeMy NpoBoAHuka. B
3MeKTPOCTATHKE PACCMATPUBAETCA €OCTOAHHE, B KOTOPOM 3apAjbl NpH-
¥ B PABHOBECHE {T.€. OTCYTCTBYET HAalpaBleHHOE JBIKeHIe 3apATOB —
MEKTPHYECKHM ToK). DTO JHAYHT, 4To 4c100y ¢ olbesme npogoduusa Ha-
npaNCcENHOCTE NOAR doadcra 6uime pasua wyaw. OTciofa clegyer, 4TO:!

1. MoTennuan Bcex Tovek NPOBCAHUKA HMeeT o,anaKonoe JHatueHne,
KOTOpOE Ha3LIBAIOT NOMEHYUALOM NPOEOOHUKA.

2. Aas nona eHe MpPoOBoJHHKA MOBEPXHOCTH NPOBOAHHKA ABIACTCA
SKBHIOTEHHHAABHON. JIMHUK HANPAKEHHOCTH NepleH IUKYIADHE NOBEpX-
HOCTH MPOBGJHHUKA.

3. O6beMHad MAOTHOCTE 3apAfia B OPOBOAHNKE PaBHa Hyle (M3 Teo-
pemel laycea caeayet, 9To 3apag B aoboM ofbeme BHYTDH NPOBOJHHKA
paBel Hymio). HeckoMneHcHpoBaHHbIe 3apALl pacnpefeneHH Mo MOBEPX-
HOCTH NPOBOJHMUKA.

4. HanpaXeHHOCTE NOJA BOAM3Y TOBEPXHOCTY NPOBOAHMKA CBA3AHA C
IOBEPXHOCTHOM IIOTHOCTBIO 3apAja Ha 3TOM Y4acTKe NMOBEPXHOCTH:

a
E=—. 17
- a7)

ITy hopMyIy MOKHO MONYHHTE U3 Teopemul [aycca (16}, ecau B kauecTBe raycco-
BOH NOBEPXHOCTH BIATE MATEHEKIH UNAHHAD, 0AHO 0CHOBAHHE KOTOPOTO IPOXaAMT BHE
NPOBOAHUKA BSIUIK €rG TOBEPXHOCTH, 3 APYroe — BHYTPH npoBoguuka: BS = o5/g;.

> YeaumsenHeln nposofHnk. [loTednnan yequHeHHOTO MPOBOAHMKA
TP ONOPHHOHAAEH €T'0 3aPALY:

- L
v=0

rge  — 34exmpoesKOCmd NPoGOOHUKA, IABHCAIIAA OT ero (HOpMH
H pasMepoB (M OT AUIEKTPHYECKOH NPOHHULAEMOCTH CPEALl BOKpYT
NpPOBOAHNKA). DAeKTpoeMKocTh iamepaerca B CH B gapadaz (P), a. B
CI'C — B cm. Hanpumep, mOTeHIHAI B DIEKTPOEMKOCTh YEIUHEHHOI O
wapa pajiycom R papHu
1
@ = E%—, C =4megyR.

» Coegurenue npopoArMKon. [Ipy coeUHeHNH MPOBOAHUKOR ¢ Pa3-
JUYHBEIME TOTEHIMAJAMH TPOBOAAIIEH MPOBOIOKOH WX MOTEHi(Hadkl BEl-
paBHHBaloTcA. EcIN MpoBOAHHKH PACHONGXKEHR AAJEKO APYT OT Apyra,
TO MOTEHIHAN KaX/Or0 M3 HHX MOXHO PACCYHTHIBATE KakK IMOTEHIHA



3.5. DNEKTPOCTATHKA NFPOBOAYHUKCB 207

YEAUHEHHOT O NPCBOIHHKA, H 3aKOH COXpaHeHMA 3apAja NOIBOAAST HAKTH
NOTEeHIHAT COCTABHOrO MPOBOIHAKA ':

, Cip, + Chp
Cip+Cpy=Ci’' +Cpf = ' = _lcﬁ_?z_'z_

(3IEKTPOEMKOCTE [IPOBOIOKH MOXHO CYHTATE peHe(pexuMe Malol I ee
aapAf He y4uTHIBaThL). EcaMm 2ieKTPOEMKOCTE OZHOTO M3 NMPOBOAHUKOB
OYeHb BelUKa, TO ero MoTeHRHAl NOYTH He MeHAerca. Hampmmep, mpn
cOeJHHEHNH MPOBOAHUKA C 3eMJel (3a3eMieHUM) €ro MOTEHHHaA CTAHO-
BATCA PaBHBIM MOCTOAHHOMY NMOTEHUHALY JeMIM, KOTOPHIA NMPUHHMAIOT
PaBHHIM MoTeHuMaly Ha 6eckoHeyHOCTH (T.e. HymO),

» Ilpoecgumk Bo BHemrmem moae. [Ipu BHeceHHHM nMicHoro mpoBoj-
HHK2 BO BHELIHee NofAe CBOOOAHBIE 3APAABI MEPEPACTPEASATOTCA TAKUM
ofpa3oM, 4T06L HANPANKEHHOCTh PE3YABTHPYIHUETO MOMA (CyTMeprnoau-
IUH BHENIHEr o NojiA H oA 2apajoB IPOBOAHNKA) PaBHANACH HYJIO BHY-
Tpu nposoganuka. HanpuMep, ecan k HeaapAKeHHOMY NPOBOIHUKY TMOJHE-
CTH HOJOXKHTeNBHLI TOUeuHEI 3apa, To Ha GNHKHeN NOBEPXHOCTH NTPO-
BOJHHKA COOEpYTCA OTPHUATEILHLIE 3aPAJB], & HA AaibHed — [OA0KH-
TeAbHBIE, H 3aPAJ ¢ NPOBOJHUKOM OYAYT NPHTACMBAThCA. (DTo ABACHHE
Ha3BIBAeTCA ddexmpocmamuyeckot uwdyryued.) Tak kak pacnpefencHie
3apAfoB Ha MPOBOAHHKe OOBMMHO He M3BECTHO, TO PacHeT MO NPUHIHIY
CYNEepPNOIMUHM NPHMeHHTE HeBoaMoxHe. B HexoTopuix ciyuasax zafaay

yA3a€TCA pCUIMTE KOCBEHHEIM IMYTEM.

Ipnmep 1. Mlognecem ToueyHnit 3apag g > 0 K NOBEPXHOCTH 3a3EMIEHHOT O IPO-
POJHNKA HA PACCTOAHME @, MAIOE [0 CPABHEHMIO ¢ Pa3MEpaMM NpoBogHWKa. B aTom
CAyuaE KQHEYHLI MPOBOIHMK MOMXHO 3ame-
HUTh GECKOHEMHEM HOAYTIPOCTPAHCTEOM W3
nposofgumka (puc. 29}. Hanprxenrocrs no-
AR OTPUNATEABHLIX 3aPAZOB Ha NOBEPXHO-
CTH NPOBGJHWKA B KaXKAoH TOUKE BHYTDH
NpoBafAliera HoAy NPOCTPAHCTES KOMIEHCH-
PYeT HATIpAMEHHOCTE, CO3JABAEMYIO B 3TOMH
JKE TOUYKE 3apadoM q. JHAIMT, NoTe 3apA-
AOB MIPOBOJHNKS TOUHO COBNAAAET {BHYTPH
npoBoAHMKa!) ¢ NoaeM BooGpamaeMoro 3a-
pAga {—g), MoMelnenHoro B TY XKe TOUKY,
yro H 3apag g. [locnegHud wmar: Nofe 3a-
PRAAOB MPOBCAHMKS &ME NPoaodNuNd, CHM-
METPHYHOE OTHOCHTETLHO MADCKOCTH 100K
BHYTPH HIPOBOAHHKA, TOHHO COBNIAJACT ¢ MO~
e pooSpaxaeMoro 3apAfa {—g), Ho pac-
MOAGKEHHOTO CHMMETDHYHO 3apAgy ¢. DTOT
BaOEpAKAEMBIN 23PAS HAIKIBAKT N306pa-

JKEHHEMY DAPALA §, @ ¢BM METOR — METRO- :"P=0
JoK FaEKMPoCmEMUNEcKUT yao bpavcenut. '
Tenepe MOXKHO HARTH: A} CHAY (PHTAXKEHNA Puc. 29.

zapaja u nposoguika F' = kq?f(2a)?; 6) na-

NPAKEHHOCTD [0JIA BO BCEM POCTPAHCTEE BHE NpoBoJHNKa (OHA paBHA HATIPAXKEHHO-
CTH ABYX 3aPAOB +q M —¢}; B) pachpefeleHue 3apAfoB Ha MOBEPXHOCTH NIPOBOIHA-
Ka — 3HAA HANDAXEHHOCTE MOAA BO3Jle HOBEPXHOCTH, o ¢ropmyne (17) MOXKHO ompe-
AEAHTE & .
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» IIPHHH.HI[ C€JHHCTBOHHOCTH. Hpu pelueHMHA dagad ¢ HEMAIBECTHBRIM
pacnpefeleEHeM 3apAja NOMOraeT npUHHUn eJUHCMEEHNOCTIY, KOTOPKIH
MOXHO ccbopmy.rmpoaa'rb CleJy MM OGp&.’iOMZ CYyueCTBRYET €AUHCTEECH-
HOe pa.cn'pe,qe.neﬂﬂe 3ApAA0B 11O JIOBEPXHOCTH NIPOBOAHHUKOB U ¢JHHCTBEH-
HOe [IOae ['F) B MPOCTPAHCTBE MeXAYy HUMH, MPHU KOTOPOM HallpAXEeH-
HOCTE IIOJA BHY TPHU NPOBOJHAKOR PaBHA HY AK, a MOTEeHIHAJR WJIH 3aPA IH
TIPOBOJAHMUKOB HMEIOT 3ajaHHEle 3Ha4deHHA. [loaToMY, ecau yjalqoch yra-
ATk TaKOoe paclpefeacHUE 3apafoB WIH TAKYH0 KOH(lJHI‘ypa-IIHIO noJaa, npu
KOTOpPOM 2TH YCAOBHMA BHINGJHAIRTCA, TO 2TO PEIICHHE H 6y,qu npaBHAbL-
HEIM. Hanpm\dep, JAMETHB, 4TOQ 2KBUNOTCHIMAARHAA TTOBEPXHOCTE @ = 0
ANA TIOAA JIBYX 3apAJoB ¢ U —¢ COBINAJaeT C HX INIOCKOCTEI) CHMMETPHU
(cm. puc. 29), MoXHO cAedaTh BHIBOJ, 4TO HX MOJe C TOH CTOPOHH OT
STOﬁ MIOCKOCTH, e HaX0AUTCA 2apAn ¢, COBRMagacT C NMOoJeM 2apAda § U
POBOAALLEH MAOCKOCTH {CM. MpeBIAYIMi NpHMEp).

Mpumep 2. IMposogamun wap B OoAHOpOgHOM none. Paccmorpum
NpoEOAAINMI HE3APANEHHEIN AP B o JHopogHoM Noae E (. 3apaiu Ha wape pacnpe-
AeAATCA TaK, 9To6H co3jaTh BHYTDH Wapa fone (— 0}. Yro6u nogobpate Takoe
pacrnpegeleHue 3apagoB, PAacCMOTPUM OBa BOGGPAXKAaeMBEIX [Uapa TAaKOro e pajny-
ca, Ho PaBHOMEPHO 33PAXKEeHHBIX Mo 056BeEMY,
OANH — APAAOM IIOTHOCTRIO §, APYIoH —
naoTHocTE —p. ([lone Takoro wapa 6Gu-
A0 PaccMOTpeHo B NpHMepe 3 ua paag. 3.4.)
Ecian ueHTP NofoAHTEILHOr O [Hapa cMelleH
Ha Mafoe paccToAHUE [ 110 0 THOWEHUED K HekH-

Tpy orpuuarentHoro (puc. 30), To B ofna-
CTH HX TIEpECEEHNA Noe PaBHO

L. et ) N 8

350 380 350

t

Puc. 30,

T.e. ABARETCA OZHOPOAHEM. IaoTHoCTE 22-
paja BHYTPH NepecedeHus WAPOB PaBHA HYJN10. YCTPEMHM Telephb Tw HYAD, 8 § K
6eCKOHEYHOCTH, TAK YTOBH pr (3=5} = E . B utore nomyuMm npasiibHoe pacipege-
Aeniie JapafoB: o0 = oy cos b, rae o, = pl = Jg4 E,, a Takke Hangem noae, coaganacmoe
3ApPAZAMY NPOBOJANErD Iapa BHE IMAPAT OHD CORMIAJAET € HONEM TOHMEMHON'O JHIOXA
¢ QHIOJBHHM MOMEHTOM § = (pV}T: qmea R? E'O {cm. npumep 4 13 paag. 3.3).

3.6. dnekTPOCTaTHKA AUINEKTPUKOB

» Ilonspuzanus gusaexkrpuka. [lonapusoBanHocTes. JusiekTpu-
KOM HajbIBalOT BELIECTBO, KOTOPOE HE NPOBOAMT JJEKTPHUECKHWH TOK.
JHAYHT, B 9TOM BelIECTBE OTCYTCTBYIOT ¢BOGOAHbIE 3apa bl (HIM HX HH-
4TOXHO MaJo). Tem He MeHee, B IPHUCYTCTBHH AH2ACKTPHUKA NMPOUCXOLHT
ocsabaenie DNEKTPAYECKOTO [IOA. JTO CBUAETEILCTBYET O TOM, YTO IPH
NOMEINIEHHH IH3IEKTPUKA B 3EKTPUYIECKOE ToAe B 0ObeMe U HA TIOBEPX-
HOCTH MOABJAICTCA MAKPOCKOIIHYECKHe 3aPAARI. YKAa3aHHEE 3apAgbl BO3-
HUKAIOT B PEIYNBTATE NOAAPUIAYUU JUIAEKMPURG — CMEIICHUH CERIAH-
HBIT 3apAdoé OTAENBHEIX MOREKYN MAH KPHCTAAAMYECKol pelteTKH Apyr
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oTHOcHTenbHO Apyra. IIpH moAspM3anum CpegfHHR JUNOABHLIA MOMEHT
MOJIEKY] CTAHOBHTCHA OTAHYHHM OT HYIA, U BO3HMKaeT JHMOALHHN Mo-
MeHT ofbeMa AUaIekTpuKa. CTeneHb MONAPHIANKM B JaHHOH To4ke AH-
BACKTPHKA XAPaKTepH3YIOT foAfpusoaannocmsio P ollpejelseMon Kak
CyMMAPHBIA AHIIONBHBIA MOMEHT MOAEKYN B pacueTe Ha eIHHHLY oObema:

P=Zh _n),

rge n — KOHUEHTpauuA Modekyld. A NOCTPOEHHA MAaKpPOCKOMHYe-
CKHX YpaBHEHHil TloJf B AMAICKTPHKE MOXHO YNPOIEHHO CYHTATh, 9TO
Bce MoAeKyidel B ofbeme AV mMeloT oJUHAKOBBIA JUOOALHEIN MOMEHT

By = B/n =gl

» TloaspuaoBaHHOCTE W ChA3BAMHLE 3apaAnt. MexanuaM ofpasoba-
HHA MaKPOCKONHYECKHX CBA3AHHBIX 3aPAJOB NpPOIlEe BCETO NMPeACcTABUTD
B clly4ae OJHOPOAHOH MOJAAPHI AN (ﬁjz M) B oToM caydae ofnem
AUPACKTPHUKA OCTACTCA HCKTPOHEHTPATLHBIM, & Ha IO NIOBEPXHOCTH Bhl-
CTYNAIOT 3aPA bl — Ha NepejHell (10 OTHOLIEHHIO K P) MOACKUTENBHEIE,
Ha 3ajHell — oTpunaTenbine. CodgapaemMan MMH HANDMKEHHOCTb GyfeT
HanpaBneHa npomue MoJApU3OBAHHOCTH

Tpu noaspHaanuu Yepes MpoHaBOALHYIO IIOAAKY As B o6beMe Au-
2MeKTPUKa (BKAIOYAN €ro CPAHMIY) B HAPABJACHHU HOPMATHU K TIOBEPXHO-
CTH TPOXOAUT 3APA]

Ag = n{As{l)cosf)g, = P,As = (P - AS), (18)

rfe As{l)cosf — o6beM TOHKOTO IUAHHAPAYECKOT O CIOA, MOAEKYAEI KO-
Toporo NpH NOAAPUIARKY NepecekaloT wioiagky (puc. 31). [IpouaTerpu-
poBaB Ho N060H 3aMKHYTOH MOBEpXHOCTH, HallAeM MONHEIN CBA3AHHBIN
3apAf, BEINEAOIMA M3 OXBATHIBAEMOTO €i0 0&b-
eMa, YTO 03HAYAET NMOABACHUE sHYympu obvema
CBA3AHHOT'O 3apaAja -

Gope = —f P.df mm divP = —p*®. (19)

3xech d5 = fids HampaBieH, kKak o6BIYHO, B
CTOPOHY BHEUIHero MpocTpancTsa. [l nosepx-
HOCTHOI MIOTHOCTH CBA3aHHOrO 3apafa u3 (18)
oAy YUM:

P = Pn'

(20) Puc. 31.

p IJaeKTpHYECKOe cMelleHne. MakpocKonuveckad HAlPAXKEHHOCTh
JAEKTPHUYECKOTO MOAA B JHMEKTPUKE ONpEJEAAeTCA KaK PpeayibraT
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YCpeIHeHU MUKPOCKOTUSecKol HanpaxenHocTy E (cuabHo Menmoweii-
¢l HA MEXATOMHBIX PACCTORHAAX) 1O MAJOMy 00BEMY, COAEPKAIIEMY A0-
CTATOYHO MHOTO MONEKYJ: B (M) = £ ypuxpo)- HaNpAKeHHOCTE MOAA ONpe-
AeAfeTcA KaK CBA3AHHBIMH, TaK M CTOPOHHEMH, HAHECEHHBIMU Ha JH3MEK-
TPUK H3BHE, 33PAJAMHA:

= 1 cT cB
f E 4§ = _g"_(qoxn + qua)' (21)
]

Tak kak pacnpejeleHHe CBA3AHHHIX 3apAJOB 3apaHee He H3BeCTHO,
yAo6HO BBeCTH HOBYIO BEIHYHHY, KOTOPYID HAJLIBAIOT J4EKMPUYECKUM
CMEUEHUCMH

B=e,E+PB (D=E+4rP = CrC). (22)

Ha ypapaenuit (19), (21) crefyeT, 4T0 2AEKTPHYECKOE CMelliEHHE Opejie-
JAAETCA TOABKO CTOPOHHHMH JapAfaMu:

f D ds= Toxn (f D .ds= drgsr, B CFC) (23)

(meopema Taycca das saexmpuneckozo cuewenur). B quddepennualis-
HOU (hopMe ITO ypaBHEHUE UMEET BH]

divD =p  (divD =4mp B CIC).

» Haorponumu gusiektpux. lonspraoBansocTs P b gannoii Tou-
Ke JHATEKTPUKA BOIHHKALT TOJ BO3JEHCTBHEM MEKTPUYECKOT'O NOA U
onpefenseTca ero HalmpskeHHoCThIo F. B He oveHb cHABLHEIX Moaax
%BHC%T oT NTHHEHHO, & B uFOMPonsuoM Judsexkmpuxe, KpOMe TOro,
P :eoxﬁ (I_J’ =xE B Crcy, (24)

rab a — JusgesmpunecKas gocnputimuuséocms BewmecTsa. Jaa anekTpu-
9eCKOI'C CMEleHHA B OJHOPOAHOM AUIAEKTPHKE MOMYIHM! ’

D=e¢eE (B=¢E s Cro), (25)

vae € = 14+ (e = 14473 B CI'C) — dussexmpuxecras nponuyaemocms
BELIECTBA.

» YeaoBRMa HA rpaHHIle pasgena AMagexTpukos. Ha rpanune pas-
Aena ABYX AMNEKTPHKOB BHINOIHAIOTCH CAEAYIOUIHE YCAOBUA [JIA TaHT eH-
UUATBHBIX (KACATENLHEIX) H HOPMAABLHBLIX KOMIOHEHT:

Elr = E21’r D2n - Dln = UCT' P?n. - Pln. = -0 (26)

(ropManb 7 mpoBeAeHa U3 NepBoM cpeanl Bo BTOpY). Ecau cTopoHHero
3apAfa Ha rpaHuIile HeT, TO HOPMaibHBIE KOMIOHEHTH CMEINEHUA PABHBI
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apyr apyry. Ileppoe ycloBne MoAy4aeTcA #3 YCIOBHMA NOTEHIHMATBHOCTH
noast F (pabora no 3aMKHYTOMY KOHTyPY PaBHa HYJIO), BTOPOe — U3
dopmyart (23). B caydae uaoTponHore ZMsIeKTpHKa HMeeM:

le = D?,-r
3 )

E1r=E2r) ElEln:E2EEn; Dln:DEn) (27)

BH,I[HO, YTOQ HA FPagile JHMCKTPUHYCCKHUX Cpef MPOMCXOAUT NpeAoMIcHUs
AUHUT HaNPANCEHHO CINY.

» Brramcaenume TOAeH B IPHCYTCTBHNA ZUIEKTPHKOB. YPaBHEHHUA
Jas u D BMecTe ¢ ycloBMeM CBA3M MeXJY HHMM B J3HHOM Belle-
cTBe (25) M CpaHUYHEIME ycIoBUAMYU (27) 0JHOIHAYHO OMPEAETAIOT NOJE
BO BCEM NPOCTPAHCTBE [0 HIBECTHOMY DAaclONCKEHHIO CTODOHHMX 3apd-

goB. OTMETHM HEKOTOPHIE CBONCTBA pEUIeHUA:
g-1

1. Us ypasuenuit (19) u (23) u dopMyan F=- 5, KOTOpaA

ApaseTca caegcTeueM (24) u (25), gxA OJHOPOJHOTO AMANEKTPHKA TOLY-
UM

o= IR (28)

£

3HavHT, B OTCYTCTBHME CTOPOHHEr0 0OBEMHOTO 3apAAa B peaylbTaTe Mo-
Aapu3anuu 6yJeT BOIHMKATEL TOJIBKO MOBEPXHOCTHHIH CBS3aHHBIH 3apaj.
(Ecam quanex TpUK HeOJHOPOAHEIH, T.€. € 3ABUCAT OT KOODAHHAT, TO 06b-
eMHLIN CBA3AHHBIK 3apA/l BO3HUKAET # B OTCYTCTBHE 06BEMHOT'O CTOPOH-
HEro 3apAfa.)

2. Ecau rpaHulitl OJHOPOAHOTO AHIAEKTPUKA COBNAJAIOT € IKBHIIO-
TEHIUAALHBIME MOBEPXHOCTAMU TOTO HoAd F, KOTOPOE CO3JAKNT CTO-
POHHME 3apAALl B OTCYTCTBHE AMIJNEKTPUKA, TO BCE T'DAHUMHBEIE yCIOBUA
YAOBIETBOPAIOTCH, €CIH MOJOXHTh

E(f) = =2 (29)

IIpumep 1. Ecau Toveuniil 2apa g ¢ oKpYXUTh cdepriecKuM CroeM U3 JU2IeK-
TpuKa {BHYTpeHHUN pa guyc R, , BHemHMH — R;), TO BHE IH2N1EKTPUKA HANPAXEHHOCTE
NOAR He MIMEHWTCH, & BHYTPH

1 £-1
E= 4, P=ege-1E= —q—-,
dmeye r2 £ 4y

£e=1 g e=1 g

acn - P R = ——— acn - - -

2 (Be) £ 41rR§ ! € 41rR¥
(%) B £ = l
CeasauHue JapAfu Ha MOBEPXHOCTAX PABHK APYT APYCY: ¢3° — — %) =g

£

Mpumep 2. PaccmoTpum AP M3 OAHOPOAHOrO AKW3AEKTPHUKA, PABHOMEPHO Ja-
PAKEHHBIH CTOPOHHKM DAPALOM ¢ 06heMHON MACTHOCTEIL ¢, HanpAXeHHoCTh NOJA B
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OTCYTCTBHE AMOAEKTPUKA onpelefeHa B npuMepe 3 wa pasa. 3.4. B npucyTereun au-
INEKTPHKA HANPAXKEHHOCTL NpK 7 < R yMeHLIIMTCA B £ pax:

e—1 pr
B=-" P=gle-—1}E= ,o_‘
3e,6 £ 3
g—1 pr n e—1
—PRy= 218 pen D1,
. € 3 £
Hetpyaxo nposepuTtsb, uro g% 4w R2 = —p°¢ —;~1rR3, T.¢. NONHE CBAIAHHLIN 3apAf,

HKak H g0AXHO GHITD, paBeH HY A1,

IIpamep 3. Ecauw B ogHopogroe none E g TEepHEHAUKYMAPHO HAMPAMEHHOCTH
MOMECTUTE DJACTHHY JUAAEKTPHKA, ¥ KOTOPOrs £ MeHACTCH OT £; Ha OJHOM KOHIlE
A0 &, Ha JPYTOM, TO NOAYYHM

E, e—1 P D de
D=¢g,E, = t, K=———, P=D ' B e = =
ot = consh, e(e)’ € P dz 2 dz’
-1 1
0P =P =D2"— sP°-_p=_pi
2 "—'1

Jlerko npoBepMTE, 4TC NONHEN CBA3IAHHLK JAPAL PABEH HYLO.

IMpumep 4. Ecan & ogHopogHoe none E’ BHECTH HAD M3 0fHOPO IHOT'O AMAJAeK-
—

Tpuka, To OH NOJAPU3YETCR odHOPO AHO P= const). JeficTBHTEALHO, paBHOMEPHAA

MOAAPWIALMA COOTBETCTEYET CABNTY IBYX PABHOMEDHO IAPAMEHHLIX UAPOR M3 IPN-

Mepa 2 B pa3dg. 3.5; Kak OBLIO [OKa3aHO, P 3TOM BOJHUKAET OQHOPOJHOE HOJE C

HANPAXKEHHOCTRIO B = —SEOpT —350(.’;1’{‘/} = =3z, P . MMomoe nosE [pu >TOM pan-
wo B = Eo + E’l = £y —3gy F. Ha aToro ypapHenus u ycnoeun F= (- 1)eg
HaXo4HWM

E"_ ED }3‘_350{5—1}3
e+ 2’ e+ 2

HPH ITCM BEINOAHAKNTCA BCE FpaHHYMHEBIE YCIOBHA.

» MexaanaMe noxgpalamdn. PaziugaioT TPH MeXaHM3Ma TONAPH-
3ANMM IMITEK TDMKOB.

1. OpueHmayuonKblti METQNUIM TIOARPUIAYUY NOAAPHBIT CUIAEKTRPU-
xog. Moaekyabl NOAADHOTO JHANEKTPHKA {[OIAPHEIE MOREKYTH) 061ajga-
10T NOCTOAHHBIM JUNOJIBLHEIM MOMEHTOM p, B oTcyTcTBHe noas (H,O,
HCl u ap.}. BeleacTBHe TEIMOBOTO ABMXEHMA, B OTCYTCTBHE IIOAA BCE
HaNpapleHUA JUNCILHOTO MOMEHTA PABHONPABHE!, M CPEAHHH JNNOTbHEIA
MOMEHT paBeH Hyxio. BHelllHee Nmofe cTpeMHMTCA YCTAHOBHTH AMNOJBLHEE
MOMEHTH MOJEKYJ BAC/B (cm. paza. 3.3). B peayanTaTe KOHKypEH-
OHH OPHEHTHPYIONIEr O ACUCTBHA MONA U TEMLIOBOTO ABMAKEHHA BOIHHKAET
cpednutl Junovwnii momenm (5, koTopei B crabom none (p,E < kT)
NpONopLUMoHaled £ W y6HIBAeT ¢ POCTOM TeMMEPaTYPLL.

B ras’oofpadHBIX In3MeKTPHKaX, B COOTBETCTBHH C pacnpegenennem Boasumana

W
{cm. pa3g. 2.5), BEPOATHOCTE CPHEHTAUMK J NPONCPLKOHANBHA exp(——“), rhe

kT

W, = -{f- E*) BuaHo, 4T¢ BO BHEIUHEM MOJe CPpeJHHH gnnonbﬂuﬁ MOMEHT JOAKEH

6WTh HanpabieH BAOAL Ew PPOTIOPUHOHAIEH Py f ( Po ). rxe f(x)} — HekoTopan

kT

GYHKINA, papHad HYIO NpH £ = 0 ¥ eIMHUUE NPH T — O [CUALHOE NGfe, BCE AUITOAK
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2
ooMTH nmapannenshu). [Ipw Maanx r (chaboe none) f{r) = vz, () =~ ')':—;g —

CcpeAHUI JUMOOABHHW MOMEHT [IPONGCPIHOHANEH En o6paTHo nponopuuonanen T

1
Pacuer gaeT gas -~ anavenue 1/3, T, P=— % E. IMoaToMy 498 THINEKTPUYECKOH
NPOHKUAEMOCTH Oy 4UM 3
1 npg 1 npg
e=14+— e=1+——= B CI'C
3 e4kT ( 3 T )

(Popmyae Jebor — Janocesena).

2. Jaexmponnviti (deopmayuonnniil) Meranuan nOARPUIAYUY Heno-
ARpHBL Juaqaexmpuxoe. B OTCYTCTBHE BHEIOHETO IIOAA JHIOILHLIH MO-
MEHT HemoAAPHOH Moaekyaw pabed Hymo (H,, O,, N, u T.4.), T.e. Hau-
MeHbUIeH NOTEeHMAABHON HEPrHel 061ajaeT TAKOe COCTOAHUE MOJEKY-
JBI, OIPH KOTOPOM HEHTP OTPHRATEABHOrO 3apAja (MekTpoHHOrG obAa-
Ka) COBNAMALT C NEHTPOM NOAMKUTeAsHOro. [IpH BKIIOYEHUH BHEUIHETO
N0 LEHTPB] NOJIOKHTEILHOTO M OTPHUATEABHOrO 3aPA/I0B CMEIKAIOTCSA,
M BO3HHMKAET CHAa, CTPEMAIIAACA BEPHYTh UX B TOJOKEHHME DABHOBECUS,
NpM MaioM cMeltenud { 3Ta cuina nponopuMonansaa i1 F = —fl (xeasu-
ynpyzas cuaa). B nonoxenun papHoBecua ¢ E = ﬁf_: T.e. BO3HHKAIOUIME
MOA AeHCTBHEM TONA (uHIYyupoaanKsill) SUNONBHBIL MOMEHT §= qofoxa-
3BIBAETCH NPONOPUHOHAILHLIM HANDAKEHHOCTH NIOIA; P = anE' . Onpe-
ACACHHBIHM TAKMM 06pa3oM KOIPHIUEHT & HAILIBAIOT ROARPUIYEMOCTBIO
soaexyant. [lonapuayeMocTs guanexTpuka pasHa P = nf=ngye B, rae
E— noje, AeCTBYIOUIEE Ha OJHY MoJekyay. B razax »ro noiae MOXHO
CUMTATh PABHBIM CPEIHEMY NORIC B AMMIEKTPHMKE, M A AMIACK TPHYECKOH
NDOHULACMOCTH TONYHHM:

e=1l4+»x=1+an.

B naoTHBIX rasax B XHAKOCTAX HAAO yYUTBIBATE OTAHYHE NOAT, AEHCTBY-
IOIEr O Ha MOJEKY Ty, OT CPEAHEro NOIs B AUMEKTPUKe (BTOpOe BRAIOYAET
B ce0A MoAe CaMOH MOIEKY.BI, & MEPBOe — HET).

3. Honnaa nosspuzayus @ meepduir duzsexmpuxaz, obsadaowus
xpucmadsunecxod pewemrot. [log geficTBHeM NOIA MoJpemIeTKa MOJO-
KUTEIBHBIX MOHOB CMEIIAeTCA LETMKOM B OJHY CTODOHY, MOJDElIeTKa
OTPHUATENBHBIX HOHOB— B APYIYIO.

> CerseTosleKTpHKAMH HAlLIBAIOT BelleCTBa (HANPHMED, CECHETO-
BY COdb), B KOTOPHIX HUXe TeMOepaTyphl 7, Ha3pIBaeMOH meMnepamy-
poti Kwpu, Heboapimue 06AaCTH — JOMEHB — CHOHTAaHHO NOASPH3OBA-
HEI O HaChILIeHUA (BCe JHNOONH OPHEHTHPOBAHM MapaineasHo). Cerrnero-
MEKTPHKH 10 CBOMM CBOHCTBAM ABIAIOTCA 3EKTPHISCKHMM AHANOT aMU
dreppOMATHETHKOB: OHU UMEIOT AHOMAJIBHO DOJBIIYIO JHINEKTPUYECKYIO
NPCHMIIaEMOCTh, JaBucAmyio oT £ H T, NpoABJIAKT NpU NOAAPHIAIHH
CHCTEpEe3UCHBIE CBOMCTBA, MPEBPAIIAIOTCA B O0OBIYHbIE AHDIEKTPHKH DU
HarpeBaHu# Bhile TemrepaTypbl Kiopu (noapobuee cum. pasa. 3.13).
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3.7. Konaencatopni

» DAEKTPOEMKOCTE KOHJeHcaTopa. Kondencamopos HaabIBaeTCA
CHCTEMa #3 JBYX HM3IOJAMPOBAHHBIX APYL OT APYra NPOBOJHUKOB, OJHH
#3 KOTOPHIX 3aPANKEH 3apAJOM +¢q, ADPyroit — zapajoM —¢. IipoBogHuKH
HASHEBAOT obK4adxamy Xondencamopa, 2apaf] ¢ — 3apadoM KoHdenca-
mopa, PAIHOCTH MOTEHIHAAOB MEXAY NOJOKMTEALHON U OTPHIATeNbHOHN
obknaakamu [ ~— sanpaxmenuen Ha wondencamope. Hanpaxenne Ha KoH-
ACHCATOPe NPCNIOPLUUOHARLHO €0 3apAAY:

1

= =, 30

1= (30)

rae C — ssexmpoemxocme (Ha IPOCTO emMxocms) KOHAEHCATOPA (MaMe-
paeTca B dapajax).

» IIpocTre koRaeRcaTopu. KongencaTop Ha3bIBalOT NPOCTLIM,
€CIH: a) DIEKTPHYECKOE NOAE COCPEAOTOYEHO B OCpaHuM4eHHO# ofracTh
NpOCTPAHCTBA MeXJAY €Fo ofkiajkamMu (T.e. MOMXHO CYHTATb, YTO BCE
CHJOBLIE JTHHHY HAYMHHAIOTCA Ha NMOJOKUTENLHOHN oOKAaJKe M 3aKkaH4YMBa-
IOTCHl Ha OTPHIATEALHOI); 6) Bce MPOCTPAHCTBO, B KOTOPOM COCPEROTO-
YeHO IOXE, JAN0IHEHO OJHOPOAHBIM AHIICKTPHKOM.

Mpumep 1. Inockuii kougercaTop. KoHgeHCATOD HAIRIBAETCA NIOCKUM, €CTH

€ro 0 6KIa JKAMM CAYXKAT AB€ NapaliebHbE NIACTHHE niotlagnio S, pacCTOANNE MeXK-
AY KOTOPLIMU MAT0 10 CpaBHeHiia ¢ ux paamepamu (d € /5). MToae mexcay naacTinanmy
MOKHO CHNTATE 0 JHOPO,JHEIM BCIOAY, KPOMe CaMbix kpaes. HanpakenHocTs noan nah-
AeM ¢ moMelnbio dopmyant (17): E = ¢/(gg¢5). Hanpaxenne na koHgencarope U = Ed,
a erc eMKOCTh paRHa

k)
-

O = {31}
NOpumep 2. Chepuieckun KoHgencatop. Kongencarop Hasusaerct cdepn-
HEeCKHM, €CAH ero GOKAAJKAMM CAYXAT JBe KOHUSHTPUHecKWe ceprl paguycos R,

u R,. Hanpr:xenHocTs nona mem gy obkaagramm: E = rAae r — pacCTORHHE

2 H)
dmeqer

R
Ao ueHTpa. Hanpamenne audiucageTca no opmyne U = fR 2 E(r) dr, a eMxocTE pasHa
1

o= drepe Ry R,
T Ry-R;,

Ipu R, —# 00 3To BripaXeHHe MEPEXOANT B eMKOCTh Ye JHHEHHoM cdepa (eMm. pasd, 3.5).

Ipamep 3. LluamugprydeckHil KoM geHcaTop. KongeHcaTop HaimpaeTcs
LHAKHIPHYECKHM, €CAU ero 00KARIKAMHM CAYXAT A3 KOHLUEHTPHUHECKHUX LUWIHHAPaA
pagnycos Ry w Ry u gauuoit [ 33 R, — R,. HanpaxennocTs Mex gy o6KIaJKaMK PaBHa

R
E= —%2 . Hanpaxenue saruncagerca no dopmyne U = fRz E(r) dr, a emxocTs
1

2mwegerd
papHa

2megel

- In(R,/R,)
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p CocrapEne komjencaTophl. CoejiHasa oBKIajKU MPOCTHX KOH-

JEHCATOPOB, MOAYYHM cocmaeMol KoHJeHCaTOp. EMKOCTH COCTAaBHOrO

KOH JieHcaTopa onpegeaserca dopmyaoit (3)) U BHpax)aeTCa qepes eMKo-
CTH e€r0 KOMIIDHEHTOB.

.-5‘ c 1. Hapasscavroe coedunenue. Bce o6
’ 2 KAROKH COGTHHEHKl MexJy coboll U obpa-
ayioT oOKNaJKHU COCTABHOIO KOHJEHCATOpA
2 o (puc. 32, a). B aToM caydae uMmeeM
Pm:.32. U=U, ‘I=Zqi= C:ZC"'

2. Hocaedosameavnoe coedunenue. OO6KIajKaMH COCTaBHOTIO KOH-
JEHCATOPA CAYXAT 06KIaJK# KpailHuX KOHJeHCaTopoB (puc. 32, 6), moa-
HEI 3apA] HA KaX A0l Nape BHYTPeHHMX 00KARZOK paBeH HyI. UMeem

1 1
=14 U:ZUU ‘C';*:Z—C—,—

3. Bo MHorux CAYYaAX MOXHO PacCiIdTATE EMKOCTE COCTABHOI QO KOH-
AEHCATOPA, HIAr aa HiaroM 3aMeHAd NocAeJoBpaTeARHO H NaDaliAeleEHO CO-
eTHHCHHBIe KOHACHCATOPBI HA JKBHBAJCHTHYH) eMKO-C'Tb. Ecan xe cxe-
MY HEIB3A CBECTH K TAPAINACILHEBIM — M[MOCIENOBATCNABHBIM 34C¢MEHTAM, TO
MOKHO BOCHOABIOBATHECA METOAOM YAJOBRIX MOTCHIIHATOR.

Ilpumep 4. PaccMoTpum cxemy Ha puc. 33,
[Tpumem w4 = 0, Torga wg = U. [Torenunanu o, ' 1 '
W 9, HaWIeM W3 CHCTEMBl Y PABHEHHI, BHPAKAWIINK | I
¥CAOBHE 3A€KTPOHelTpaneHocTH B yadax 1 u 2 {mon- ¢,
HEIH 3apAd TPex o6KAa 0K, N 4X0 JAMINX K Kak oMy A C 5
¥IAY, JONKEH GEITE DABEH HYMIO): LF

(v -G+ (p) —3}Cs + 0,0 =6,
(g = UYC, + (03 — 1)Cs + 02C, = 0.

Pewsne ypasHenus, nalifeM 3apak COCTARHOTO KOH-
gencatopa ¢ = C, ¢, + CLw, nemkocrs C = q/U. Puc, 33.

|
)

3.8. Dueprua anexTpocTraTH4ECKOro nona

» ODHEPruA CHCTEMH 3apAJ0B. JHEDPLHA B3AHMOACHCTBHA CHCTEMBI
3apAjoB onpefenseTcd Kak paloTa BHEIWIHHX CHA, HeofxoamMasa JaA
CO3JaHUA ITOM CUCTEeMBI, MAM Kak paboTa, COBeplmlaemas CHIaMu Toad
IIpH €€ YHHITOXEHNH. DHEPr A BAaMMO AeHCTBM S ABYX TOUEYHBIX 3apsijJoB

PaBHa DHEpTHUM OAHOFO 3apAAa B Moje, CO3AaBaeMOM ADPYTUM 3apAjoM:
oy - g T142
Wiz = q192(F1) = @1 (7o) = F r

SHepl"Hfl BB&HMOAeﬁCTBHH CHCTEMEI TOYCYHBIX 23PAJOE PABHA

W= W= W= 5 3 aelf) (32)

inj i
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3Aeck @(F;) — NOTeHNHaA, CO3JaBaeMblH BCEMM OCTANbHEIMY 3apAJaMu
B TOMH TO4YKe, I'Je HaXoAUTCH i-i aapsag. Ecanm nepenmcaTk 3Ty dopmyry
AAfl 3apAAa, HEMPEPHIBHO PACIPEIeNeHHOr O 110 MOBEPXHOCTH UAM 0GbeMy
B OFpaHU4eHHOI 061aCTH NPOCTPAHCTBA, TO NOLYHM!

W= ] P(Fp() 4V + [ o(7)o(7) ds. (33)

Xora ¢opmyaa (33) noay4ena dropmaacnum oGobimenvem (32), MexIy Humu
€CTh NPpMHOWNKAILHHeE paanwund. B dopmyne (32) @(#,) — noTenuuan, coagasaemulit
ocmaabublMG 3apAgamy, a B (33) @(F) — moTeHuMan 6cer 3apPAJOB B TOMKe F {BKAAS
3MEMEHTA 06beMa HIH TOBEPXHOCTH TIPH YMEHLIIEHHH PAIMEPOB CTPEMATCA K HYII0).
Ho camoe rnaBHoe — (32) yYUTHBAST TOALKO INEPEIUN edauModeficmeud, nocre
PalHECENNR TOMEIHWX JAPAJOB JaleKe APYT OT APYCa OCTaeTCA CoGCTBENnoe Nose
KaXKIOro 3apaga; dopmynsa (33) HoIBOAAET BEIYHCANTL ROAHYI IMEPIUN CHCTEMBI
HENPepPLIBHG pacnpe feleHHEIX 3apA 06 {IPH pad e eHWH CHCTEeME Ha BCE 60/1ee MeAKUe
YHaCTH 3HEPTHA CTPEMHTCA K HYJIH).

IIpamep 1. BuMucAuTE 2HEPrUi0 paRHOMEPHO 3apAXeHHOro Ulapa padnycom .

Pewenne. Mogcrasass s (33} noTenunan noas wapa (oM. npumep 3 na pasa. 3.4},
oAy UMM

R
1 2 ( gr? 3,49 ) 4 3, ¢
W=— dV = — -k k=14 dr = —k—.
2/‘” 2/0 2R T RS SR
p DHEPIHa YEAHMHEEHOrO MPOBOAHMKA. BCe 3apA ikl Ha IPOBOHUKE

HAXOAATCA NPYH OAUHAKOBOM NOTEHHANE, PABHOM [IOTEHLIHANY NPOBOIHE-
ka. 3 dpopmyant (33) umeem

g _ Cp* _ ¢* (34)

R

rle ¢ — oAeKTPOEMKOCTb NpOBOAHMKa (cM. pasg. 3.5). DTo BBI-

PaXeHHe MOJ}YaeTCA U MPAMBIM pPac4eToM paboThl DIEKTPHIECKOLO

NOAA NPH TOCTENEHHOM YAAJCHMR BCEro 3apAfa Ha OeCKOHEYHOCTB!
@

W=-=

W = [o(g)dg = C [pde = SCp? Hanpumep, sHeprus yesuneHHOM
2

npoBojAmiel cdephl papHa

q2

= 8regeR’
CAe £ — AH3AEKTPUYECKaA MPOHHNREMOCTE CPeAbl BOKPYTD Chephl.
» IHeprua koHAeHcaTopa. Vs dopmynnt (33) noayvum
gp, 9Py _ U _CU? ¢
2 2 -2 2 2C
Tlose B KOHAEHCATOPE MOXKHO YHHYTOXUTE, ICPEHOCH 3aPA MaJBIMM [TOD-
U

W=

(35)

uuAMH ¢ oaHol 06Kk1aaKu Ha gpyryio: W= [U(q)dg=C [ U dU = CU2.
2
Hanpumep, sHEPTHA IOCKOTO KOHACHCATOPa paBHA
g,eE?
2

EgES

W=

(Bd)? = Sd. (36)
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p IlaoTHOCTE 3HEPTHH 3AEKTPHYECKOro NoJd. IIpy nojesoM mog-
XOJie HaJO TOBOPUTH He 06 SHEPIMH BIaMMOJEHCTBYIOUMX 3aPAJOB, a 06
JHEPrHH OKPYKAOUIEre HX eKTpHieckoro nois. O6beMuas MIOTHOCTh
SHEDT¥M 2JEKTPUYecKoro noad w = W/V B nycToMm npocTpadcTse 3aH-
CHT TOJBKO OT HANPAXEHHOCTH MOAH:

w=1e, B (3N

DTo BHIpaXEHHE BEPHO fas NOBOTO PACTIPEAEACHHA 3apafoB (ero MoxHQ
MOAYYATH, PACCMOTPER OJHOPOAHOE TI0Je [IOCKOI0 KOHEHCATOPa}.

Hexoaa us ypapnennit moas (oM. pasg. 3.4), dopmyay (33} MoxHo
npeo6pa3oBaTh K BHAY

W = -;—/EOEz dv, (38)

rAe HHTEPHPOBAHHE BEJEeTCA IO BCEMY NPOCTPAHCTBY.

Hanpnmep, npn BHuYBCAEHNT 3Heprin 3apaxeHHoro wapa (npumep 1) no dopmy-
e (33) WHTECPUPOBAHVE [POM3BOANIOCE IO 06LeMY Wapa, ognako (38) nokasupaer,
4TO TOAbKC 4acTh 3HEPCUHM NOAA JAKIWYEHAa BHYTPH Lapa, a 4atTh — B OKPYKAWD-
ueM Wap nycTom npocTpancTee. Popmyasl {33) n (38) Mo3BOARKDT BLMMCANTL MOJ-
HYIO JHEPrHI0 OJA BO BCEM NPOCTPAHCTBE TOALKD €CAW 3) OTCYTCTRYIOT TOUEHHHE
3apAAH ¥ 3apAAK, pacipedeieHnue No AMHmE §) 3apAfH PacHpeiencthl N0 KoHeEYHON
o6aacTi TpocTpaHcTRa. O gHako {38) noIBoAAeT BHYHCAATE SHEPTHIO, COCPEAOTOMEH-
HY0 B KOHEYHOH 064aCTH NPOCTPAHCTRA, daXe eCJu NOAHAR JHEPTHA GECKOHEYHA.

B Clyvae AWIIEKTPHKA ILIOTHOCTE J3HEPIHH OKAlbIBAa€TCA B £ paa

Ooapie:
w=teeB? = LED = 2B + Leg(e — DE? (39)

NepBeiil 4aeH B OOCASHHEM BHIPaXeHUH NMpeAcTaBideT coboll Hemocpesn-
CTBEHHO JHEPTHI0 3ACKTPUYECKORO MOMA B AUMIEKTPHKE, a BTOpOit (paB-
HEIH % E. ) — pafoTy, coBepiIaeMyl0 MOAEM Ha[ MOJEKYJIaMH [PH

€ro BKAIOYEHUY. JTO BHPAXEHUE MOXKHO 0606WMTE Ha Cy4all, korja

(v D)) He nponopuMoHadbHE £ (CerHeTOREKTPUKH, ClLAbHEIE noad). i
JTOTO HA 4O PACCMOTPETh 3aPAAKY ILIOCKOrO KOHAEHCATOPA, JAII0AHEHHO-
'O TAKMM JHOIEKTPMKOM:

%:%fqu:%/(Ed)d[DS):]ﬂD B .dD.

» 3aKoH COXpAaHEHWA JHEPrAM M BHTIHcIeHANe cmil. Jas serMuncae-
HMA A, JeHCTBYICIIMX Ha 3apAXeHHOe HAH NOJAPHIOBAHHOE TEI0 B BAeK-
TPHYECKOM TOJe, HAA0 PACCMOTPEThE MEAJeHHOE HIOTEpMHIECKOEe HaMe-
Henue ero noamxenud. Ilpu sTom paGora BaemHHX ¢l Dutoc paboTa uc-
TOYHHKOE pPaBHA HIMEHEHHIO BHEPr#M Nona. Tak Kak Teno HaXOAUTCH B
MeXaHUIeCKOM PABHOBECHH, TO paboTa BHENIHHX CHI paBHa paboTe CUMHI,
JAEHCTBYIOWER CO CTOPOHE! MO, ¢ OOPATHRIM 3HAKOM.
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Npuwmep 2. PaccmoTpum NACCKWHE KoHgeHCATOP (0TKMI0MEHHUWI OT NCTOMHNKAEY),
KOTOPLIH 3aN0AHEH XHIAKHM WAN ra3oolpasHuM JudAeKTpUKOM. [pebyeTcH HaWTH
cuay, HERCTBYIOIYIO HAa 0 6KJa Ky KOHLECHCATODA.

Pemrerne. [Ipu yeeaudenun paccToRHHR MeX gy ofknagxkamu Ha dr JHeprus
¥EECAHYHTCA Ha %EDS&:‘, a pafoTa pabHa F dx. 3Ha4NT, CcuAa NPUTAXEHHA PaBHa
F= %EDS = 1?E,'q, rae %E-—- HAIPAXKEHHOCTE B IWAIEKTPHKE, CO34ABAEMAR OJHOH
ofkaagkoit. ECAN AHOREKTPHK NpefcTabRAeT COGON TBEpAYIS MAACTHHY, TO MEXAY
AV2AEKTPUKOM N 06KAaKCH CYIeCTRYeT BO3YIHHLN NPOMEXYTOR, HIMEHEHKHe IHep-
THM paBHO %-EUE'):S’ dr, a cuaa F= —;-80528 = —;-qEU, rae —é-ED — HAMPAKEHHOCTE,
Co3faBaeMan OJHOM [LAACTHHOW B BO3YUIHOM [IPGMENYTKE.

fIpumep 3. BHYUCAUTE CHAY, KOTOPAd BTATHBACT [LAACTHHY M3 JUITEKTPHKA B
MPOCTPAHCTEO MeXAY 06KIa JKAMK [IAOCKOr0 KOHJEHCATOPA.

Pemenue. Eygem cunraTh, W4To pasMmepn HJACTHHHE COB[MAa-
AA0T ¢ padMepasmu 0GKIAJOK, 3 TOJWWHA MACTHHH Y¥Tb MEHE-
iile, YeM paccToAHHe Meway HMmm b DyjgeM Takme cumrarh,
MTO KOHJEHCATOP MOJKAYEH K MCTOYHHKY, KOTOPHM Nogaep-
JKMBAET HA HEM [OCTORHHOE Happfxedne UV, ¥Ymeusmmm ua dz
PacCTOAHHME, Ha KOTOpPOE€ MJACTHHA BABWHYTA B KOHIEHCATOpP
(puc. 34). Dueprus moas B obbeme dV = abdr namenurcs

Ha dW = (-21--:0 E? - -;—sosEz)ab dz (a4 -— WHPHHA OAACTHHH,
E = U{d— nwanpfixeuuocTs Nona}, 3apaj Ha MAACTHHAX HIMEHHTCSA
nadg=Acadr=(eg E—£ycF)a dx, paGoTaucTounnka b,  =Udg
B JBa pa3da Gosbille MIMEHEHNA SHEPT UM NOAA. JANCAR 3aKOH COXpa-
HeHMA sHeprun F dr+ 84, . = dW, nony«um F = -;-50{5 - l]abEz.
3aMeTHM, 4To HAM YAANOCE BRMACIHTE CHAY , BOSHAKAIOUILYIO BCAed -
CTBUE UCKPUBAEHHA TO1K ¥ Kpaeh KOHAEHCATOpa, XOTA PacieT 3Hep-
Puc. 34. THH NTPOHAIBOINJCA ie3 y4eTa KpaeBhX ddderToR.

3.9. MocToAHHBIN TOK

» Cuaa roka. IIROTHOCTEL Toka. JaexmpuvecKkus moxoM HasbIBa-
eTCA YNOPAJOUCHHOE ABMXeHME DIEKTPHYECKHX 3apAJOB. KoHeexyuoH-
Nbi# TROKOM HA3BLIBAIOT ABIDKEHHE 3apAAOB, CBABAHHOE € NePeMEIcHHEM
B IPOCTPAHCTBE 3aPAKEHHOr 0 Tena. Tox nposodusocmy B BEIECTBE OCY-
WECTBAAETCA C60600KbiMu Fapadamu (HOCUMEARMY MOKA) — DAEKTPOHA-
MH B MeTaliaX, 2JeKTPOHAMH M ABLIPKaMH B MOIYNPOBOAHMKAX, HOHAME
B 3JCKTPONUTAX. 34 HANPABJICHHE TOKA IPUHHMACTCA HANpaBIeHHE JBU-
KeHUA NOJOKHTEABHBIX 33PAJ0B. JapAd, MPoxo JALMI 3a BpeMs di Yepes
wiomiaaky ds = #ids BHYTpH NPOBOAHUKA B HANpPABIEHHHM HOPMaid i,
onpeAelAeTca cpegueil CKOPOCThIO CBOGOAHBIX 3apA 108 {¥):

dq = gon{¥)- d5dt = 7 - §dt, (40)
rje §, — 3apAj] HOCHTeAel TOKa, N — WX KOHLEHTPalHA, a 5 = qon(?'f) —_
naomuocmb moxga. Cuactd moxa I HaspIBaeTca 3apAj, IpOXOJALIHH Yepes
CeYeHHe NMpOBOAHHKA B €IHHHMLY BPEMECHM!

dq=fdt=dt/j’.d§, | (41)

TA¢ HMHTEFPHPOBaHWE NPOM3IBOIWTCA 0 NONEpeqdHOMY cedeHmio. [lna
sunetinozo (S = const) npoBogHuKa j = cons{, u (41) npuobpeTaer BHA:
I = 38. Tox HaswiBaeTcA nocmoanHbim, ecan I = const.
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YMeHBIUEHKHE 3aPALA BHY TPH 3aMKHYTOK NOBEPXHOCTH paBHo dgy,, = —dt f_; dF.
B anddepenunansnon dopMe 3aK0H COXPaHEHMA 3apA 1a TPUHUMAaeT BUI: %‘:,l = —div j’
B cay+qae DOCTOAHHOTO TOKa fj' d§=0 (div; = D}, T.€. /MHHUN TOKA HEPPEPHBHE |
nAYT BA0AL NPOBOIHWKA.
» 3axom Oma B auddepenmuarsuon dopme. Jas mojiepxaHusa
TOKA B BEIIECTBE HA CBOGOHLIE 32pAAH JOMNKHA ACHCTROBATH NIOCTOAH-
HaAd CHI1a l; BﬁeKTPOMaI‘HHTHOH HpPOABL, KOTORYID MOXKHO XapaKkTepH-
30BaTh Hal'lpﬂ)KeHHOCTbIO FP /9o Kak Toarko ata cuna ucyesaer,
32 HHYTOXHO Maloe BpeMsa CPeIHAA CKOpOoCTh cBOGOHbIX 3apajoB o6pa-
maeTcd B HYAb. l-[pl{ He o4UeHb OOABIIMX 3HAUYeHHAX E IMIOTHOCTE TOKA B
H3OTDPONHOM NPOBOIHHKS AOMKHA OLITE nponopoHoHaIbHA

w1
j=oB=-F, (42)

rge o — ydesbnas nposodumMocms BeIECTBa, p — ydedbHoe conpomus
asenue. Y 3akoHa COXpaHEHHA 33PAJA CAEAYET, YTO €CIN p = const, TO
$ E df= p§i-di=10 (div E= 0), T.e. B odnopodron nposodnuxe
JUHUH HAIPAXKCHHOCTH HENPEPHIBHEL, & B IPOBOA¢ NOCTOAHHOIO Ce¥eHHA
OHM NAPANAENLHBLl IOBEPXHOCTH NPOBOJA.

» 3axor [Dxoyaas — Jlenna 8 gauddepenumassron dopme. Ilpu
NpOTeKaHMH ToKa o NPOBOAHMKY pafoTa, coBepllieHHad noleM FE Hag
cBOGOZHEIME 3apAaMH, NOJHOCTHIO NEPENOAMT B IHEPTUIC TEMAOBOrO
JBUXKEHHA NPH MX COYJapeHHAX ¢ moHaMH. O6beMHad IIOTHOCTh TENAG-
BOI MOIIHOCTH TOKA paBHa paboTe Noad Hajd 3apAAaMU B eIHHHIE 0ObeMa
33 eUHUNY BpeMeHH:

=@ - Fogud)- B=j E=cE =pj*. (43

» Opgmopoasnk yaactok genu. ConpoTupnenne. Ecay Ha yvact-
KM UM NPOTEKAHNE TOKa 06ECIETMBAETCS TOABKO JEKTPOCTATHIECKMM
(kyroHOBCKHM) TIOMeM (T.€. pj= E)K_m) TO Y4aCTOK UENH HA3LIBAETCA 00-

TEI'EJ'I

nopodxuix. B ogropogaoM (p = const) nposogauke § E. ds—pf; -d5=0,
H B COOTBeTCTBUE ¢ TeopeMol laycca (cMm. pasa. 3.4) 3apsajg, coapaio-
i moAe, PAcIoNQkKeH TOABKO HA MOBepXHOCTH. B npoBoge mocroaunoro
CeveHuA SKBHIIOTEHIHANLHEIE NOBEPXHOCTH COBIAJRAI0T ¢ IONEPeIHBIMH
ceqenuamu npoboga. Cula ToKa, IPOTEKAINErO B HANPABIEHHH OT Ce-
4eHua 1 k cedeHHI0 2, MPOMOPIHOHAILHA PAa3HOCTH MOTEHIHANOB P12
(aaxon Oma das oanopoanoeo yuacmxa yenu):

] f}’;‘ d = ¢, —~p,=IR (44)

2
Ecau I < 0, To Tok nporekaer ot 2 k 1. 3gecs R = [(p/S)dl — co-
1

npomueaenye nposoonura, wamepaeTca B omax (Om). Ana ogHOpogHO-
ro nWHe#HOTO NpoBoaHvka B = pl/S. YnenbHoe conpoTHBIeHNE 3aBUCHT
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OT TeMHEPATyDHl; B IIHPOKNX NPEIeAaX MOXHO HOAb3OBATHCA JMHEHHOH
3aBHCHMOCTLIO p = po(l + at), rae p, — yAelIbHOE CONPOTHBAECHHE MPU
0°C, a — menmnepamypnuti noadduyuenm conpomusaenus. Jna metan-
0B o = 1/273 (1.e. p~ T), gna nonynpoBogEukob o < 0.

» Croponnue cuasl. IAC. Xora Ha OTfeAbHOM y4acTke LEelH TOK
MOXET MO/ AePXHBATLCA BIEKTPOCTATHYECKHMH CHIAMH, NoJHaa pabo-
Ta 3THX CHI B 3aMKHYTOH L€ PaBHA HYII0. SHa9MHT, QA KOMIIEHCA-
MM TElAOBLIX TOTEPh B LEMM JOJXK-
Hbl AEHCTBOBATE CTNOPONHUE CUAbL He-
3MEKTPOCTATHYECKON NPHPOABI, MOJ-
&,=- . ;=¥ Had paboTa KOTOPHIX OTAMYHA OT HY-
Puc. 35. &4, T.e. AOMKHBLI IPHCYTCTBOBATEL UC-
mounuxky moxa (puc. 35). 3TH cuanl
MMEIOT SIEKTPOMArHMTHYIO MPUPOAY: Fopop = ¢ B cqqp, 1 X paboTa no
N€pEHOCY BPOSHOrO 3apAja ¢ NPONOPUUOHATLHA ¢!

O —
T
o )
?»—»
i
IM

2
A1 = 2) = q/ E’mp-diz 4%, = 4%, (45)
1

rje & HOBIBAIOT aaexmpodsuncyued cutot uemounuxa (DJC), 3HaK +r
COOTBETCTBYET CAYHAK, KOrja HUCTOMHHK MPOXOAMTCA B HalpaBIcHMHM
AeHCTBUA CTOPOHHUX CUA (OT OTPUNATENLHOR OBKIAAKH K IOJOXHTENb-
Holl), 3HAK ¢—» — TPOTHBOMOAGHKHOMY CIy4dak. MomHOCTh CTOPOHHHX
cu (MOUHOCTE HCTOYHHMKA) PaBHA
A,(1 = 2)
— g =

Pc'rop - ! - I%PLZ (46)
(paboTa CTODOHHMX CHI HaJj BCeMH 3apAJaMH NPOBOJHHKA 3a BpeMsA di
paBHa paboTe no NepeHocy 3apaja [dt ¢ oAHOro KoHNA MPOBOAHWMKA Ha

Apyroit}.

» 3axon OMa gusa HeOJHOPOAHOTO y4acTKa Henu. Ha neodnopod-
HOM yuacmke yenu ACHCTBYIOT KaK 3JEKTPOCTATHYECKHE, TaK M CTOPOH-
HUe CHAbI. ,E{anQJepeHunaanblﬁ sakon Owma (42) npunumaeT Bug

;: E +§

Kyn oT op (4 7)

a sakoH Oma AJNA ¥y4acTKa DerHd 3alMCHBaeTCA TaK:

2
i S' / Exy.n"' E'c'rop)'d'l = [R= (()01 *(P2)+$12' (48)

Ec.lm I <0, To Tok nporekaeT oT 2 K 1. Bemuuuny Uy, = (9, — 9,) + &4,
paBuyio paboTe NMOAHON CHabl MO MEPEHOCY EAMHHYHOTO 3aPAAA MEXIY
cedeHMAMH 1 W 2, HA3LIBAIOT HANRPANCEKUEM Ha YIACTKE WLENM; AIA
OJHOPOJHOrO YYaCTKA HATIPAXKEHUE PABHO PA3HOCTH NOTEHLUANOB. J4KOH
Oma yTBepXAaeT, WTo Ha Jio6oM ydacTke nenu [R = Uiy
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p» 3axon [Jxoyaa — Jlenna gaa yuacrka penm. Temaoeyio morm-
ROCTh TOKa Ha Y4acTKe LEMM MOXHO HAlTH ¢ MOMOIIBIO opMyas (43):

2 2 2 dl
Pmm:] de!:/ pj25d1=12f g =I’R. {49)
1 1 1

p 3axom OmMa gJA Hepa3BeTBJACHHOM Ienu. B HepalpeTBASHHOH
saMkHyTOH 1enu [ = const; cnoxne ypabBHeHHA {48} Aaf BCeX YHacTKOB

Leny, DOJYYHM:
I3 Ri=) 8- (50)

B cryqae uCTOMHHKA ¢ BHYTPSHHUM COMPOTHUBAEHUEM T, 3aMKHYTOr'O Ha
BHeIIHee conpoTupaenne R, umeem: I =F/(R+r); pasHOCTb NOTEHINAIOB
Ha K/eMMaX UCTOYHHKA DaBHa ¢, — ¢_ = [R =% — I, TOK KOPOTKOTO
3aMbIKaHUA UcTouHHKa (R =0) pasen [, , =&/r. 3akon Oma (50) BhIpa-
XKaeT JAKOH COXPAHEHHA SHEPIMA A4 HEPAa3BETBJAEHHOH LEMH: MOIHOCTh
CTOPOHHMX CHJ PaBHAa MOIIHOCTH TEMOBHX MOTEph Ha CONPOTUBICHUAX

LETTH.

Hoacananr MOmMHOCTD HCTOURHKA TOKA. ECAH HCTOYHHK CRyA&MT SAA Depe-
Zaqd 3HEPCHW BO BHEIWHIOK LeNb, TC NGAHAA (IATPAEHHaA) MOIWIHOCTE PABHA MOLL-
HOCTH CTOPOHHUX cum: P .. = FI, noTepAHHan MOIHOCTE — TEMIOBAIM HOTEPAM
Ha BHYTPEHHEM CONPOTHBASHHM: Pm,.rep = I?r, Jlaa noneanofl MOLIHOCTH NOAYHHM:

Proness = 1= I%r = IAgp, rae Ap -— pasHocTh NOTEHUMANOB HA KAEMMAX MCTOTHHKA,
 omesg MAKCHMattHa npn [ = g;’{b)

Ecan Ha y4acToK Uenn NogaeTCA PAa3HOCTh NOTEHUMAIOB ©; — 3 H Ha
YHaCTKE BKJAKYEHO YCTPOHCTBO, COBEpWaAIIes PpaBGoTyY NPOTHB BHEWHWX CHI
(MoTop), To noauar momnocTb: Fp.,, = {v, — «;)], noTepAHHaA MOLIHOCTDL:

Pm,_rep = I°R (R — conpoTusnenne o6MOTKM MOTOpa), MNOJAS3HAA MOIHOCTh:

P

o

HIeHHA POTOPA MOTOPA; MakcHMansHas F, ., o

ozeag = (¥1 -y ) I - I’R= —%712! =& . Beawaunu & u I aasucar ot CKOPOCTH Bpa-
aocruraetca npd I = (@, — v, )/(2R).
» Pacuer passernaennon uenn. llpasnaa Kupxroda. lns naxo-
M JCHHA TOKOB B PA3JMYHBIX Y9acTKaX PAIBETBICHHON LEMH HAJ0 NPOMa-
BOJBHBIM 06pa3oM 0603HaYUTE HEM3BECTHEIE TOKH M MPHUAATL HM IIPOM3-
BOJBHEIE HAIPaBAEHHA, NOCAE YeT0 BOCHONL3IOBATHCHA OJHUM U3 CAeyio-
LUIMX MEeTOAOB:

1. Memoed yaaosbir nomenyuaaos. B KadecTBe HEM3BECTHHIX MPHHU-
MalOT NOTEHIHALN Y3IOB el (OFWH U3 MOTEHUHANOB NPUHAMAIOT DaB-
HEM Hyio). C noMompio (48) BEIPAKAIOT TOKM Yepe3 NOTEHIMATEL, 32TEM
Anst N — 1 yana 3almHCHIBAIOT 3aKOH COXpaHeHuA 3apafa: y . I, = 0 (aare-
Opauveckad cyMMa TOKOB, CXOSANIHXCA B y3de, paBHa Hymo). Haitan ¢,
n3 (48) HaxoAuM ToOKH.

2. [Tpasuaa Kuprzoa. B aTOM MeTo e HEM3IBECTHEIMHU ABIAIOTCA CAMM
Toki. CHavaaa 3anucHBaloT A14 N — 1 yana ypashennd I, = 0 (nep-
Boe npapuio Kupxroda). 3aTem BHIGHPAIOT NPOMIROILHBIN 3AMKHY ThHIH
KOHTYp, 06XOJAT ero B NpON3IBOJILHOM HANPaBJEHMH H, cyMmupyd (48)
AMA KaxJoro yyacTka, MoaydaloT ypaBHeHue ) LR, = Z%‘,-j (sropoe
npasnio Kupxroga). [losropas aTy npouegypy HeoOxoquMoe YHCAO paa,
NOJYHAOT CACTEMY YPaBHEHHH [JA TOKOB.
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P IKBUBAJEHTHHEC CORPOTHBICHMA B KCTOIHAKHN. Heckonbko co-
eMHEHHKIX MexJy coGol CONPOTHRJICHUME [, MOXHO 3aMEHHTh OJHHM
PKBHBANEHTHEIM CONPOTHUBIEHHEM R.

1) HocrexoBaTeapno coefuHeHHBIE CONPOTHBICHUA: R = Y R,.

2) MapanaensHo coefunenHule conporusrenua: R-1 = Y RiL.

3} B ofuieM cayvae A48 BEIMACACHUA 3KBHBANICHTHOrO COPOTHBICHHA
HA A0 HCTIONBIOBATE METOAL PACHETa PA3BETBICHHBIX LENel.

Heckoiipko COGANHEHHBIX HCTOYHHKOB € MapaMeTpaMu ¥;, r; MOXHO
3aMEHNTD OFHHUM 3KBHBAJIEHTHBIM MCTOMHMKOM C MapaMeTpamu &, 7.

1) HocregopaTensHoe coegnuenne: & = 3 &, r=73 ;.

2) IMapantenshoe coeunenme: § = S Fr /e r~1 = Tt

3) B ofuiem ciyyae AnA BHYMCIEHHS DJKBUBAJNEHTHHIX & M r HaJO0
HCNOABIOBATH METOAbLl PACHETa PA3BETBACHHBIX LelNei.

» Kiaccmueckas afeKTpoHHAR Teopua MeTaLiop. [IposogumocTs
MEeTANAOB OCYINeCTRIACTCA 0600LIeCTRBACHHBIME BaJeHTHEIMY JICK TPOHA-
mu. B xnacciveckolt aaekTponHon Teopun Apyae — Jlopenna ras anex-
TPOHOB CHHTAETCA KIACCHYECKMM Ia3oM, KOHIEHTPAUA KOTOPOTO paBHa
KOHIEHTPAIMH ATOMOB MeTAlAa, 3 TEMIEPATYPa — TEMIEPATYPe MeTal-
na. Tok NPOBOAUMOCTH PAaCCHUTHIBACTCA B PEANOAOKEHUN, TTO JIEKTPO-
HEl IPHOGPETAIOT CKOPOCTh YNOPAJCIEHHOT0 ABUKEHHA NpH CBOGOAHOM
ABIMKEHHH K TOJHOCTHIO TEPAIOT €€ NpU KaX oM cTolkHoBeHHH. Kpome
Toro, npegnoaaraetcd, 4To [{I)| € (v} ~ kT. Cpeansas ckopocTh ynopa-
AOYEHHOT'C ABIKeHNA paBHa () ~aT/2=e E 7/(2m,)}, rfe cpeguee Bpema
MEXAY CTOJKHOBEHHAMH T BHIPAXaeTCA YMepes CPeqHIon AMMHY CBOGOA-
HOT0 Npo6era H CPEAHIO CKOPOCTh TEMIOBOTO ABIKeHHA: T = Af {v}. C
yieTom (40) moayqum:

ﬁﬂ/\ E T.€. p:gm—E(v?-
2m{

(%) =

elnh

{npu Gonee TWATEILHOM aHAaIM3¢ NMOAYHaeTCA TaKOM Xe OTBET, Ho 6ea
ABOVKH B YUCAUTENE; OJHAKO AJA OLUEHOMHOM MOJENH 3TC HecyMHIecT-
BEHHO).

OGcyxeRde Pe3yJbTATOB KIACCHYECKOH DJIEKTPOHHONR TEOPHH.

1. TeopHA 66BACHAST POCT P IIPU TOBEINEHHN TEMIEPATYPE], HO [IPEJCKAILIBALT
3aBUCHMOCTD p ~ VT, a Habiwgaerca p ~ T.

2. Teopun ycnewHo oGsAcHAeT saxon Budemans — Ppanya: snA scex MeTanlos
npouspefeHie koadHMUMEHTa TEeNAOMPOBOZHOCTH » (oM. pasg. 2.9} u yaeanworo
COMPOTHBAEHHA NponopunoHartio T (npoussegente »xp cogepXHT Toabko {v)?2)

3. Jauna cro6Gognoro npoSera sAEKTPOHOB, BHMACAEHHA HI GOopMYI KIaccHYe-
CKOW DALKTPOHHON TEOPHH, OKA3HIB3E TCA HA HECKOABKO IIOPAIKOB Gobille MEKATOMHD-
T'O PACCTORHUA, YTO NPGTHROPETHT OCHOBMEIM NMpPEACTABICHWAM TEOPHH,

4. Kraccuyeckaa Mex'rpouuau TEOPHA NPeICKA3HBAsT 3IEKTPOHHEIA BKAAL B
MOJAPHYIO TENAOEMKICTh ——RT {cm. pasa. 2.5). IKCNEPUMEHTANLHO PKAA L 3NEKTPGHOB
B TENIOEMKOCTE oxa:auaae'ms HHUYTOMHO MAaAEIM,
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3.10. MaruuTHoe none. Cuna flopexua
u 3akox Amnepa

p MaruuTHas pHAYKOuA. Cnaa Jloperna. MardauTHoe note — of-
Ha W3 JBYX COCTABAMIOLUMX 3AeKTPOMAIHUTHOI'O MonA (cM. pasg. 3.2).
MarauTHOe oJe AeHCTBYeT Ha ABHXKYHIMECA YaCTHULI, TOKM H MACHHT-
Hble MOMeHTH. MCTOMHRKAMHM MArHWTHOTO NOAA ABJAAIOTCA JBHXKYILME-
¢A YACTHIH, TOKH, MATHUTHBE MOMEHTR M MepeMeHHRE DIeKTpUHecKye
noad. XapakTepuCcTHKON MarHUTHOTO TOJA ABNAETCA BEKTOP MAaTHUTHOMR
HHIYKIHH B. Jas oupefesenua B MOXHO HCOONBIOBATEL BRI paXKEHUE NI
CUJABI, JeHCTBYWOLEN HA JAPAKEHHYIO YACTHUUY B 3ACKTPOMACHNTHOM 10-
ne:

F=qB+qixB (F=oB+~ixB) » Cro), G

rae ¢ = 3 - 1019 cm/c — saexTpoguHamMmyeckan nocToAHHAA, paBHas
cKOpOCTH cBeTa B Bakyyme. Cuny F,=¢ U'x B, AelicTBYIOMIYIO Ha YacTHULY
€O CTOPOHB! MATHHTHOTO ITO, HASKIBAIOT cuxot Jopenya.

Jlas onpefefeHMA MAPHUTHOH UH IYKIHK B ¢ noMompwo dopmyart (51) nago:

}) MaMepnTE cully, ZEACTBYIOMYIO HA HENOIBMXHYIC JACTHIY, ITOSH OTIEAUTh
ZEHCTBHE DAEKTPNIECKOrD [LOAR;

2) HalTH HANPABAEHWE CKOPOCTH ¥, AJIA KOTOPOTO NPH MOCTOAHHON ¥ BEAHMMHA
MACHWTHOH CHAB MBKCHMadbHa;

3) no BeAMMMHE CHAH HAUTH MOTY/Ib MArHUTHOH Hnaykunn: B = F,, [{qv);

4) nc nanpasgenmic F,., M ¥ HaliTH HanpabieHwe B ¢ nomowpio npaBHIa
Gy pap4HKa.

MarnaTHy e HHIYKIMe ¥ 10 GHO Takxe OlpefeiaTh N0 8pamATEILEHOMY MOMEHTY,
€ KOTOPHM MATCMATHOE NoJe JeHCTHYET Ha MAleHRKWA BUTOK ¢ TokoM. Ha suTok ¢
TOKOM IEHCTBYET TOARKO MACHWTHOE NoJe.

B CH marunTnad uHZyKUpA nsMepaerca 8 mecaas {T1), 8 CT'C — 8 2ayccaz {Tc).

Hpumep 1. PaccmoTpnm gpHXXeHWE HEDETATHBUCTCKOH YACTHILH MACCON M € 3a-
PANOM g B OAHOPOIHOM MACHHTHOM note ¢ nHgykunelt B . IlycTe B nexoTopuit moMenTt
BpEMEHH CKOPOCTE YaCcTHUE! ¥ HAanpasieHa ng‘.r.[ yraom o k B . Cuaa Jlopenua nepoen-

AUKYAAPHA KaK K ¥ (T.e. v ==const), Tak X B (T.e. COXpPaHAIOTCA NPOEKUHM CKOPOCTH
V| M ¥ HA HATIPABJAEHME BEKTOPA HMIYKLHH U Ha NEPNEHAMKYIAPHYIO K HEMY MIOC-
-

K0CTh). B npoekunu Ha mepreH JUKYIAPHYI0 NIOCKOCTE 4ACTHIA JBHXKETCR 10 OKPY K-
HOCTH, PAGMYC KOTOPOH MOKHO HATH W3 BTopore aakona Hetorona: ¢v ) B = mu? /R.
llepnog ppawenna T =27 R/v; = 2xm /¢B He 3aBHCUT OT cKopocTH. PeayabTupylouee
ABMIKEHHE MPOUCXOAUT 110 cnipark paguycom R ¢ warom b = v T = 2mmv cos af(gB).

» 3axoH AMuepa. Cuaa, JelCTBYIONMIAA HA JEMEHT TOKA B MATHHTHOM
node, paBHa cyMMe cut JIopeHna, AeHCTBYIOIMMX Ha ABHXK yilueca cBo6o-
HEIE 3aPAAB:
- - = o
dF = g [(7)x B]dN =ng,[{7}x BlaV=FxBdv =1dlx B. (52)
Ilpu BriBOAE cuavt Amnepa, AehcTByoUEN Ha dMeMeHT o6wema dV ¢ IoT-
HOCTBLIO TOKA § M Ha JHHEHHBIN 3leMeHT dl ¢ TokoM [, mcnolpaoBakack
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CBA3b TOKA CO CpefHell CKOPOCTBhIO CBOOOAHEIX 3apajoe (40). Jad Bu-
YHCACHUA MOAHOH CHABI, JeUCTBYIOmEH Ha 06BeM ¢ pachnpeleleHHBIM TO-
KOM }(FJ KM HA IPOTAKEHHBIN Y9aCTOK NPOBOJA ¢ TOKOM, HAJ0 IPOH3Be-
cTu nHTerpuposatue. Hanpumep, Ha npAMOH Y4acTOK NPOBOZA SAHHOH ]
€ TOKOM f_’B OOHOPOAHOM MACHWTHOM MOMe ¢ UHAYKIMER AeHCTBYET
cuqa [l x B. Cuna, JeHCTBYIOHIAA B OJHODOAHOM [ONE HA M000# 3aMKHY-
THIl KOHTYp € TOKOM, papHa Hymo: F = §Idlx B = I(§dl) x B =0

» MarHMTHHI MOMEHT KOHTYPa ¢ TOKOM. MarduTHBEIM MOMEHTOM
KOHTYpa ¢ TOKOM Ha3blBaeTCA BeKTOpHadA BeAHYHHA P, , paBHadA

ﬁmszﬁds (5 = %fﬁ'ds s CIC), (53)

rfjle HHTErPHpPOBaHHEe BefeTcA Mo A6oH NOBEPXHOCTH, HATAHYTOW Ha
KOHTYD, & HalpapicHue HOPMAJIH ONpefeinaeTCA HANpaBleHHEM ABHMKeHHA
Gypap4iKa NpH BpalleHUK €0 M0 TOKY. B clyyae mAOCKOrO KOHTYpa

ﬁm:ISﬁ:IE’ (;5’ !

™o

3 = cro).

MArHuTHBI MOMEHT KOHTYDPA, TaK X¥e Kak U JUOOARHBI MOMEHT
adekTputdeckoro aunoas (cM. pasp. 3.1 u 3.3), onpepender mMarHuTHOE
nede KOUTYpa Ha 60ABIIMX PACCTOAHMAX BAAIM OT HETQ U ONMCHIBAET
noBefleHHe MATeHBKOTO BHTKA C TOKOM B MarHUTHOM MOJe.

Mpumep 2. PaccMoTpum npamoyro-
JBHBH KOHTYP, ZAMHH CTOPOH KOTOPOTO
PaBHH ¢ ¥ b, OOJBEIieMHH 33 CTOpO-
HY & B 0JHOPOHOM BEPTHKANLHOM MACHUT-
HOM NOJe ¢ MHIYKIHeH B {puc. 36). Ipu
BKJAIONEHNH TOKa CUAoH | KOHTYP OTKNOHHT-
cf Ha yron [, NpyU KOTOPOM MOMEMT CH-
ARl TAKECTH ¥PABHOBEHIMBACTCA MOMEHTOM
cul Amnepa mg%bsinﬁ = IBabcos3, uau
tg 3 = 2fBaf(mg). O6paTHTe BHUMAHHE,
4T0 BPAMATEISHLIH MOMEHT, JeHCTBY ILIHNA
HA KOHTYP €O CTOPOHEI MACHMTHOCD HOAH,
papeH M =15 xB =5 x B. Adanordauoe
BHPaXKeHHE BLLI0 NONYYeHo JAA BPalaTeIb-
HOT'O MOMEHTA, JelCTRYRMEra Ha JIeKTPH-
YECKHH IMNOAE B DAEKTPHYECKOM Moae (M.
Puc. 36. pa3g. 3.3).

3.11. Boluucnenue marHuTHOR MHAYKLIMKA

» 3axon Bmo — Capapa — Jlamutaca. MarunTHas sagykuus, co3ja-
BaeMad B Touke A amemenToM Toka [ dl, paBua

_ g TdixF 3 11dix#
af = 2052 (0B =S50 scrc), (54
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rje T -—— paguyc-BeKTOp, TPOBEAEHHEIN OT MEMeHTa TOKa K To4uKe A,
jlg=4m- 10~7 Ta/M — MAarHUTHaA TOCTOAHHAN, ¢ — CKOPOCTDb CBETA. 3TO
BHIpaXXeHHe MOXHO NEPENUCATS AAA MATHHTHOH HHAYKIUE 31eMeHTa 065-
eMHOTQ TOKa j"dV, 3EMEHTA MOBEPXHOCTHOTO TOKA i ds wam, pasfieNnB Ha
YHCI0 CBOBOAHBIX JACTHI, B 3eMeHTE TOKA, A4 HepelATHBUCTCKOU Ja-
CTULEL qU:

- -

By JXT Mg ITXF Py qEXT

(TloBepXHOCTHON TMIOTHOCTBIC TOKA HA3HBAIOT CHAY TOKA, NPUXOJAILY-
10CH Ha eJUHHLY IAMHLI (epleHAUKYIAPHOro TOKY orpeska: dI = idl.)
JAs BLIMHCIEHMA MAFHUTHOH WHAYKIMH, CO3JaBaeMOH KOHETHHIM OOb-
€MOM, TIOBEPXHOCTBHIO WAH MPOBOAOM, Halo [IPOH3BECTH HHTETPHDOBAHUE
(upHHUKN CyNepmO3MUNK ANA MACHATHOR KHAYKIHM).

» O cucreMax eguHul B dJdekTpoMarHeTuime. PopMynn GyayT
npHBOANTECA B cucTeMe CH. /Jna mepexoga K rayccopoit CHCTeMe (CFQ)
B SOJBIHHCTBE CIYYAEB JOCTATOYHO 3AMEHNTS ogHoBpeMenHo B na B /¢
(u moTox ® ma ®/c) m p1y na 4w /c’. Ecau B popMyae UPHCYTCTBYET KyJo-
HOBCKasd KOHCTAHTA k, ee HAA0 3aMeHHTL Ha eJHHULNY, & 3K TPUIECKYIO
NOCTOAHHYIO £4 Ha 1/(47). OTMeTHM, 4TO Ipou3BeAeR e 4yE, paBuo 1/c%,

[Ipumep 1. Buuncanth cuily MATHUTHOTO BIAMMOAEMCTBHA JBYX 4HacTHl ¢
3apAJAMM g; H ¢, CKODOCTH KOTOPHIX B HEKOTOPLIA MoMenT paphu ¥, =1, = ¢ (v € ¢)
U HAMPaBAeHE NEPNEH AUKYAAPHO COSIHHARNIEH HX JTUHHUU.

Pemwenne, Maruuwrhan o ykund, co3fasaeMan nepsol YacTHLEH B TOUYKE, TAe
Fo DY
. an r?
UaMH) ¥ HAMPABAEHA NERPNEHIHKYIApHO ¥ U F. Cuaa
Jlopenua B cayuae o IHOMMEHHEIX 22PA10B HATPASAE-
Hg 2197
ar  re
OTHOIIEHHE MACHHTHOMN CHARL K MK TPHHECKON paB-

2 _ ¥
HO ppegt’ = —.

IIpumep 2. MarnnThad MHIYKUMA, COIJaBaE-
Maf B HENTPE KPYIOBONO KOHTYDA 3AEMEHTOM TYOH
€ ¥racBuiM pasMepoM dy, papHa

Hax0MTCH BTOPAR 4acTHUA, pagHa B = {r — paccTontne mexgy “acTu-

Ha B CTOPOHY YacTHUR 1  paBHa F =

. IRd Id
dp = Ho IN8y _ 4l ¢¥
47 R? anR

M HanpaBieHa BAGAL OCH (B CTOpPOHY JBHKEHUA
GypaBdHKa NpPH €0 BpauleHHn no Toky ), Marunrras
HHYKLIUA, CO3,]aBaeMaR B LEHTPE OKPYXHOCTH BCeM
Hoo
! 2R

Ipumep 3. HaitTh MaranTHYO MHAYKUWMIO KPYTOBOTO TOKa B Todke A Ha ero
OCH, HAXORINEHCH HA PACCTORHMM | OT UeHTpa Butka (puc. 37).

Peweune. Bexrop B HanpabieH BIoaL OCH ¥, a BKJI3L 2AEMEHTA AYTH € yIIOBLIM
paamepoM dip paBen

Puc. 37.

KpPYroBHIM TOXKOM, paBHa B =

Ho_ TR dy R
ax R? + y? V/Rz_'_yz'

dB, =dBsina =

8 A 1. Hoaswun, B. /. Moaasus u gp.
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TMocae MHTErPHPOBRHHA 110 @ [OLY THM
uIR?
2R+
Ha Soasitiom paccTOAHMY oT kaHTYpa (¥ > R) MarHUTHAA HHAYKUNA

poIR _ ug 2I(rR?)
25 T dr ¥

B=

B

BHIpAXKaeTCA 4eped MarHUTHEN MomeHT B, = [ T anasoruumo TOMY, KAk HATIDAXKEH-
HOCTH 2AEKTPUNECKOro [OAA BEPAKAETCH TEPLd JReK TPUIECKIH MOMEHT JHI0AA (Cn.
npnMep 4 U3 pasd. 3.3, cayuai 7|| ). Moxko nokasaTs, 4To u B nponasoabHolt Touke 7
MarHHTHaA HHAYKLHA [10CKOro MaleHLKODD BHTKA C TOKOM DABHA

HpuMep 4. Halgem MarHNTHYO MHIYKUHIO, COIZaBacMyld MPAMBIM OTPEIKAM
fIpoBoja B Touke A, NOJoMeHHe KOTOPGH OTHGCHTENbHG OTPE3Ka 33 JaeTCR paccTo-
AHUEM ¥ B0 HpPAMOI M yrdaMu & U @, (puc. 38). Braag s aseMenTa d7 Ha-
NpAaBIeH NepneHAMKYIAPHO OAGCKOCTH, NPOXOAAWeH 4eped oTpe3oK M To4xky A, h

paBen dB = Yo Lz sin &. Hurerpupo-

47 r?
BaTh ygoluo no yray o nocie noCTaHoR-
KH r = y/sina M dameHn mepemeHHON:
¢ = —yctg o, dz = yda/ sin® o. B peayas-
TaTe NMEEM
i,

4:.; (coscx, ~ cosay). (57)

B =

llomarans oy = 0, ay = 7, HaxogHM Mar-
HUTHYIC HHIYKUHIO SeckoHeMHOD O nHpoBo-
Aa T TOKOM:

B= ol (58)
Puc. 38, 2y

Ecan ¢ nomowbio (57) pacc4MTaTs MACHHTHYIO MHAYKUHIO B UeHTPE PAMOY Lo
HOI'O KOHTYPa ¢ TOKOM, TO MOAYHHM

B= 'u_o_BI\/a.i-l-bE
" 4z ab !

rge @ U b—— ZAUHK CTOpOKR KOHTYDA.

3.12. Liupkynsaumsa n noTox sekTopa
MarHNTHOU WHAYKLMM

» 3akou noauoro Toxa., 1a sakona Buo — Capapa — Jlanaaca Moo
BRIBECTH YTBePHKAeHHE, YTO YUPKYAAHUA MazHumuotl undyxyuu BAOIL
moforo 3aMKHYTOrO KCGHTYpa onpejelfeTcd aareOpanvecKOl cyMMon
TOKOB, OXBATEIBAEMEIX 3THM KOHTYDPOM (T.e. TOKOM, MPOXOAALINM Yepea
HATAHYTYIC Ha KOHTYP NOBEPXHOCTR):

fﬁ vdl = pyl,, = ,uo/j". ds, (59)

rie IONOXKHTENbHOE HANpaBIcHHe HODMAMM OIpefeldeTCA JBMMKeHMeM
SypaBaMKa NpH €ro BpallleHHH B HanpapleHuk o6xojJa KOHTYpa.
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p» Teopema Faycca gusz marmmTHoro moag. TloTox pexTopa Mar-
HUTHON HHAYKIMA (MATHUTHELA OTOK) Yepea Jo6yIo 3aMKHYTYIO IOBEPX-

fﬁ-dsf:o.

HOCTBb DapeH HYJIIO:

STO 3HANUT, YTO JUHHH MACHATHOW MHAYKUKH BCOAY HeNpepbIBHEI, T.e.

(60)

HE CYIUECTBYET MAZHUMNLE 3apRG0E, HA KOTOPHIX 6Ll HAMMHAINCE WIH
CKAHYMBAJINCh MMHUM Todad. MarHWTHEI NOTOK MaMepHeTcA B eefepax
(B6) B CH, B maxceeasar (Mkc) 8 CI'C.

Nipumep 1. [Tone conenonga, ConenongoM HAJKIBAeTCA JMMHHEAR LHANHIDHYe-
CKad KATYLXa& M3 TOHKOrO OACTHC HaMoTaHHolo nNpopoja. COJTEHCIIIJ( XapakTepnay-

T KOAHMECTBOM BHTKOR 1, HAMOTAHHLIX HA
eauruny aannul. Haoeanerok Mogelbn coae-
HOM A& HA3KIBAKT TOHKYID GeCKOHeMHO ZAHH-
HYI0 UMAHHAPMHECKYI0 [OBEPXHOCTE ¢ Io-
BePXHOCTHRIM TOKGM NIAOTHOCTSIO § = nf, Te-
KyIHM TEpneHgukyaapHo obpaayiomed. He-
TPYAHO YSefMThCA, YTO MATHWTHaA MMAYK-
UMA B MZCANLHOM COA¢HOHAe BCIOAY HANDa-
BAIEHA NAPaleALHO o 6pasyeimen {114 yTorc
HaJ0 pacCMOTPETh BKIAL MOGHIX JBYX CHM-
MeTPUMHHX 3JeMENTOB Toka). Bue conenon-
&a noae aTcyTeThyeT, Ha aakona nofnoro To-

B

Puc. 39.

g —_— -

k& ¥ Teopemul Laycca cregyeT, 4To BHyTpH conevonga B = const. ITo6m HaitTu pe-
Muunry B, Hago NPUMEHHTS 38KOH MONHOrO TOKA K NPAMOYTOALHOMY KOHTYDY, 0AHA
CTOPUHA KOTOPOro MPOXoIUT BAoAL oSpa3yioiieit BHYTpH HUIMHADA, & ADYras -— BHE

{puc. 39): Bl = pil. [loay4um, 4To MAPHHTHAA MHIYKIUNUA BHYTDH CONCHOM LA DABHA

B = pyt = pynl.

MATHATHYIO HH LYKLHIO
ol
= 27r

B= polr

2z R?

npu r > R,

npn r < R.

(61}

Npumep 2. [Tone Toncroro nposoga. Halgem maruuTHoe none SeckonesHoro
IpAMOTc npoboga paguycom R, no xoTopomy npoTekaeT Tok [ (puc. 40). Jlueun
HHAYKIIMH WMEIOT B oKpyXHocTel. Bubupas okpyXHOCTE DAINYCOM I' B KAYeCTRe
KOWMTypa AAA J8KOHA MofHoro Toka (59), mpu r > R noayuum B(27xr) = p,l.
Ananoruano npn r < R wmeem B{2xr} = o J(nr?/nR?). Ha >Tux pamencTs maxogum

Npumep 3. IMose WICCKOCTH ¢ TOKOM. PaccMoTpuM Tox, TeKyWMH Mo
feckoHeMHOM MACCKOCTH (Z,y) B HANPABAEHMM OCH ¥ ¢ HOCTOAHHOM [LAOTHOCTHIO 1.
MarunTHat HHIYKUMA HAZ TACCKOCTRIO NpH z > 0 HanpasieHa BAoAb T, 3 IIpH
2 < 0 -— OpoTHROMONGKHO T (B 3TOM MOMHO Y5EJUTECA, DACCMOTPER BKNA L ABY X JMHUNA
TOK3, PACTOADKEHHEIX CHMMETPHYHD [0 OTHOWIEHMK K AAHHOU Touke). Briepem
HNPAMOYTOALHEIH KOHTYD, OfHA CTOPOHA KOTOPOre MPOXOANT HAJ [AOCKOCTRIO B
HanpapleHun z, & Jpyras — CHMMeTPUYHO £i THoZ IACCKOCTEIO (puc, 41). Ha sakona
nojHoro Toka noayunm: 2B! = u,il, re. B = %goi.

» Ilepemelnenmne KOHTYPa ¢ TOKOM B MarauTHom noge. [Ipn ne-

PeMeleHUH HIH AedOPMALlMH KOHTYPA € MOCTOAHHLIM TOKoM | B Mar-
HUTHOM noje paboTa CHAR AMNepa, AeHCTBYOIHeH Ha y4acToK KOHTYDA,

PaBHa

§A=dF .df=Ijdix B) - df=IF8 [dFxdll= I8 -ds,
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Puc. 40. Puc. 41.

rie df — mepeMenieHHe YYACTKA KOHTYpa df-: dF — dleMeHT NAOWALH,
3aMeTacMol OTHM YYaCTKOM NPH ero nepeMmetueHun. CyMMHPYA BAOIB
BCEro KOHTYPA, MOAYUHM, UTC MeXaHuyeckad paboTa MarHETHOTO IOJA
BLIPAXKAETCA YEPe3 H3IMeHeHHe MAarHHTHoro notoka & gepea kowTY D!

§A ., =1db. (62)

OTO JHMAT, YTO KOHTYPY ¢ TOKOM | B MOCTOAHHOM MAarHHTHOM IOJe
MOXHO CONOCTABUTE nomenuyuaasnys Gynxyuwe W, = —Id, nameHeHue
KoTopoil (¢ o6paTHLIM 3HakoM) PaBHO paGoTe CUIBI AMIepa:

Ay, =—-AW,, W,=-I. (63)

n

Jas cayyaer ofHOPOAHOTO MOJA WM MANEHRKOTO MIOCKOro BUTKa Gop-
Myna (63) nprHEMaeT BUA:

W, - ~pn B, (64)

TAE P, — MarHETHHIA MOMEHT KOHTYpa ¢ TokoM (cM. paag. 3.10). Ho-
CKOJBKY DTO BHIDasEeHHe COBNAJaeT ¢ NOTEHIMATLHOM JHEPruel daeKTpu-
deckoro Aumoas (M. paaf. 3.3), To Takoil xe BuJ JOMKHH UMETH BHI-
paxeHHA AJA BPallATETLHOTO MOMeHTa, eRCTBYIOHIETG HA MAarHWTHBIA
MOMEHT, M JIA CHABL, AeHCTBYOUeHd HA Hero B HEOAHOPOAHOM NOJE:
M=# xB F=p £=p ?-E+p g—§—+p 98 (65)
m ' " 8n ™ g ™Y By m: 9z’
TJe BEKTOD fi napalieneH BeKTOPY Py, PabHobecHas OpHeHTaIUA C MU-
HAMaJIbHOH DHEPruel COOTBETCTBYeT MOAOXKeHHC P, || B OpHEHTHPO-
B&HHLIA TAKHM 06pa3oM BUTOK BTATHBAETCA B 061aCcTh Go.rlee CHABHOTO
MarHUTHOTO IIOAA.
Ypabrenus Makcsenna g%E MOCTOAHHONO MArHMTHOIG MOXA. B andpe
peHUHANTLHON (hOPME 3TO YPABHEHHA
rot g = ,uu_;. div E’ =0,

a B MATerpaIbHoid — ypabhennx (59) u (60),
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3.13. MarvuTHOe none B sewjecTse

» HamarumdensocTs BemecTsa. BeuecTBo cuuTaeTca HamMarHuten-
HBIM, €CIM OHO CO3JaeT BHYTDH ce0A M B OKPYXamlneM NpoCTPaHCTBe
MarHETHOE NoJde B OTCYTCTBHE TOKOB npoBoguMocTu. HeTounukom mar-
HATHOrO TONA HAMArHHYEHHOTO BellecTBA (MACHeTHKA) ABAAIOTCA Mar-
HUTHBIE MOMEHTHl €0 aTOMOB UM MOJeKYA (Mozekynaphue Toku). B o1-
CYTCTBHE BHELIEETO MArHNTHOrO NONA MEKPOCKONN4eckue MAUHUTHLIE
MOMEHTH 1160 OTCYTCTRYIOT (B duamaznemuraz), 1ub0 OPHEHTHPOBAHE!
XAOTUYECKH (B NAPEMAZHEMURAL), H CO3JABAEMOE HMM MACHHTHOE Mofe
paBHO Hy.110 (KpoMe Cry4ad nOCTOAHHNX MArHuToB, cM. Huke @epponas-
nemuxu). IIpn nomemesnn Bo BHelIHee MarHWTHOe MOJe BELIECTBO Ha-
MATHHYHBAETCA, T.6, BOIHHKAET MArHHTHHIH MOMEHT 06BEMa BelIeCTRA.
Crenedk HAMArHEYEHHOCTH B JAHHOI TOYKE BEIUECTBA XAPAKTEPH3YIOT
HamazHuuennocmeio J | paBHOI MATHUTHOMY MOMEHTY B pacdeTe Ha efu-
Huuy ofbema:

J= %’”T;"— = n(fm), (66)

rje n — KOHUEHTpalud Monekyd. JAs mocTpoeHuA MaKPOCKOMMYECKHX
YpabBHeHuHl NOMA B MarHeTHKEe MOXHO YIDOIIEHHO CYUTATH, 4TO BCe
MoJeKylel B ofbeMe AV uMeOT OfUHAKOBBIL MATHHTHBIH MOMEHT
P} = 7 /n =I5 u soryr 6blT§_IIi)B;[C'T3.BJI&HbI OKUHAKOBBIMU MHKPO-
CKOIUYECKUMM BUTKAaMH C TOKOM.

p Hamarus4eHsocTk H MAKPOCKOHMHECKH e MOJEKYNAPHLE TO-
ki, [Ipn onucanuu coBCTBEHHOrO MarHUTHOLO NOJAA OTPOMHOE HHCIO
OPHEHTHPOBAHHLIX MUKPOCKONHYECKUX BUTKOB (MArHHTHHIX MOMEHTOB)
MOXHO 3aMeHUTH PaclpefeleHHBIME [0 MOBEPXHOCTH H 06BEMY MaKpo-
CKONMYeCKUMH MOJEKYIAPHBIME ToKaMu, lipowe Bcero mpegcraBaTs ce-
Ge Takylo 3aMeHy B CIy4ae OSHOPOAEOG HAMArHHYEHHOrO UHAHEADA, KOr-
Aa MOJIeKyIAPHEIE BHTKU ¢ TOKOM OPUEHTHPOBAHH BAOIL ero ocH. BRy-
TPH UHAKHLDA TOKH Pa3siW4YHLIX BUTKOB 6YAYT CKOMNEHCHPOBaHH, A TO
HOBEPXHOCTH 6yfeT Tedh HeCKOMIEHCHPOBAHHEIN NOBepXHOCTHBIL TOK.
Marunraas negyKiuus dToro Toka B _ . 6yAeT BHYTDH IMAKHpa Hanpa-
BACHA @ MY KCe cMopony, ITO H HaMarHNYCHHOCTh

Ecan paccMoTpeTh NpoUIBONBHEIL 3AMKHYTHI KOHTYP, TO €ro y4a-
croK dl, pacnonoXeHHEIN BHYTPH MarHe-
THKA, NPOHUIRIBAET Te BUTKH, UeHTPEI
KOTOpbIX monaiu B o6bem dV = 5-dl
{puc. 42). Ha arom yuacTke Bknag
B OXBATHBAEMEINl KOHTYDOM MOJEKY-
AAPHBIH Tok (Mepecexalolil HATAHY-
TYI0O Ha XOHTYP [OBEPXHOCTH) paBeH
I;ndV = nl,5-dl = 7 - dl. Tpouseogs Prc. 42.
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HHTErpUpoBalue, TOIyYHM

- - 1
f 7 .df = e ( jé 7 dl= —I5 e Crc). (67)
B guddepennnancion dopme umeeM: rot 7 = fMM (rot ? = %}MM
B CI'C). H3 a1ux ypaBHeHuI MOXHO ONYYHTh BEIpaXeHUe A0A MACTHOCTH
TOKA H& MOBEPXHOCTH MATHETHKA:

g

ra=J XA (i,=c] xA » CIC), (68)
rae ﬁ' —— BHEIIHAA HOpMAaJbh K MMOBEpXHOCTH MarHeTHKA.

» HaupsaxenuocThs MarEnTHoro noxs. Makpocxonnyeckad MHIyk-
IMA MACHYTHOTO NONA B MAarHeTHKe ONPEAeNAeTCA KAK PedyAbTaT yopes-
HeHus MHKDOCKONRYeckoil B, CUTBEHO MeHAIOMENHCA Ha MeXaTOMHEIX pac-
CTOAHHAX, N0 MajJoMy 00beMy, COAePXANIEMY JOCTATOMHO MHOTO MoJe-
KyJ: B (M = (E‘M“Kpo). Hugykuua moas onpejeineTcA Kak MoJEKYAdp-
HEIMH, TaK ¥ CTOPOHHMMM TOKaMu (T.e. HeMONeKyJIAPHEIMH — TOKaMH
MPOBOAHMOCTH, KORBEKIHORHBIMA TOKaMIt)!

§ Bl = ol + 15, (69)

Tak kak pacnpejeieHne MONeKYTAPHEIX TOKOB 06LIMHO He W3BecTHO, y406-
HO BBECTH HOBYIO BEIHYHHY, HASBIBAEMYIO HANPAM CHHOCMbIG MA2HUMNHO-
20 Noag:

B
H==-7 (F=H-a7 » crc), (70)
Ho
KOTOpaA Olpefe/AeTCA TOABKO CTOPOHHUME TOXaMM:

ffﬁ’-dfzrw (}{Ff-au": Y, s orc) ()

OXB
c

(3aKoH MOJHOrO TOKa ANA HANPAXKEHHOCTH). B Audepenuunansuon dop-

< dr
Me nmeeM: ot H = J°F (rot H’ = TJCT e CI'C). HanpaxeHROCTE WinMe-

paerca B A/m B CH, B apcmedar (3) —B CT'C.

» Ycaobus Ha rpaHuOe pasgeaa marsderukon, Ha rpasune pasgeqa
ABYX MaCHeTHKOB BHIOOJIHHIOTCH CISAYIOLINE YCIOBKA Ads TaHPeHUKATb-
HEIX (KacaTelbHHIX) B HOPMalbHLIX KOMIOHEHT:

BEn=Blnr EIXﬁ_32xﬁ=;c1! j"IXﬁ'_ 72xﬁ=;mon (72}

(HopManb 7l IpoBefeHa U3 LIEPBOII CpeaEl BO BTOPYIO, IHX fil=H,). Ecu
CTOPOHHET'O TOKA Ha I'PaHULE HET, TO BTOPOE YCIOBKE MOXHO RANMCATH
B Buge ,, = H, . IlepBoe ycnomue nonyvaeTca u3 TeopeMul Laycca (60)
A BEKTOpa §, sropoe — w3 (71}, Tperbe — w3 (68). Ilo rpasmvHEM
yenouaM HaBxiogaeTca (popManbran anatorns mexay H u E, a Taxxe
Mexgy B u D (em. paza. 3.6).
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p Hoorponuun maruermx. HamarumdenHocts 7 e ABHHOH TOYKe
MarHeTHKa BOZHUKAET [TO] BO3JeHCTBHEM MATHHTHODG HOAA M ONpeeln-
eTch ero uuaykumeir 5. B He odyenb CMABHEIX mongx J 3aBHCHT OT
IMHEHHO, & B UBOMPONKOM MAZHEMUNE, KpOMe TOT, J || . Barom cay-
vae BeKTOpH J 1 H mponopumoHaAbHEl B o ApYr ApYry, ¥ 10 HCTOPH-
JecKHM MPHIUHAM (B CHIY AHANOTUH MEX Y MPAHUYHBIMM YCIOBMAMM JTA
u H) MazsumHoa 60CchpuuMNUE0oCcmb ONIPeJeNseTcAd COOTHOUICHUEM

7=xﬁ, J=—X__§ (73)

Hol{l+ x)

M3 dopmyan (70) moxydnm:
B ip0(1+x)§ = ,umuﬁ (E' = (l+4r)H = puH » CI'C), (74)

PAE ji — MAZHUMHAA NpoHuUyGeMmMocms eewecmed. B NapaMarreTHKax
x > 0, B gmamarveTukax X < 0, B ofoux caydaax |x| « 1 (caabbie
MarHMTHLIE cBoficTpa), B deppoMarneTukax x 3 1.

(Ob6memHas MIOTHOCTb MOJASKYIAAPHOTO TOKa NPONOPLUOHANbHA 06D~
eMHOH ILIOTHOCTH CTOPOHHEro Toka: j™ = yj°T; ecan 06beMHMX CTO-
POHHEX TOKOB HeT, TO OpH HAMATHUYHBAHHY BOSHUKAIOT TONBKO NOBEDX-
HOCTHHE MOJEKYAAPHEIE TOKH.

Tpann4Hble YCIOBHA Ha PpaHYle ABYX HIOTPONHBIX MATHETHKOB HMe-
IOT BUJ

Bln=B2n’ B“ =_%£'; “1H1n=“2H2m HIT=H21"
H1 iy
Ecau rpaHuubl oHOPOAHOIO MALHETHKAS BCIOAY KacaloTcA JAMHENA WHIyK-
iuu oia B, koTopoe GHLIO A0 BHECEHHA MAarHeTHKa, TO BClOZy B Mar-

Hetuke B =u B ,.
IIpumep 1. PaccmoTpum AAHHHBI UMAMHAP W3 NapaMarHeTHKA, [MOMelleH-
Hhii B 0fHOPOAHOE MarsuTHoe Nole, WHAYKUMA KoTopore B, napamnennHa ero
ocu. Bciogy BHYTPH uMaunapa (KpoMe ero KpaeB) MMeeM: MATHMTHAA WHAYKLHS
= o HAMPAXESHHOCTE MAFHHTHOO [TOAA - E’o = gu_{‘,ﬂu. HaMal'HH4YeHHOCITh!
T = (u~1)Fo/u0
I[Ipnmep 2. Paccmorpum SeckoHeMHEIN HHANKHADHYECKUH NPOROJ KPYIOro CeyYe-
HUA U3 MATEPHANA ¢ MAMHUTHOH MPOHHUAEMOCTRIC 4 > 1, MO KOTOPOMY TeYeT NOCTo-
AHHLIH TOK NAOTHOCTEIG }' . MoaexkynapHLIl Tok B 0§beMe UMAMHAPE HMEST NACTHOCTE
jMea = (- 1}}' HanpskerkocTs H MOKHO HAHTH € MOMOMIBIO 3aKOHA MOAHOTO TO-
Ka (71); oma pasna H = I/{2nr) npur > Ru H = Ir/(27rR?) upu r < R {cm. npasmep
2 u3 pasa. 3.12). MarkurHas usayxumns pasia B = po npur > R u B = pould
PpH r < Ri OHAa HCNBITHBACT CKAYOK Ha MOBEPXHOCTHOM MCOISKYNAPHOM TOKE, HBH&I"-
KudennocTs pabia J = (p — 1)Ir/(27R%) (ene unnungpa J = 0). JIusuM MarsuTHON
HHIYKUMH APeZCTABARIOT co 60l KOHUEHTPUYIECKHE OKPYKHOCTH, & .F_:f ult napanriein-
Hir H. [ToBepxHOCTHRN MOTEKYTAPHLI TOK paBeH {= X 7i; OH paBeH No MOIYAK
oz = {2 — 1} /{27 R) n nanpapieH NPOTHRONOMONKHO 7. Tonuet MoneKyIAPHEL ToK
PaBEN HYMO: Juop TR = iy, 27H.
Hpamep 3. PaccMoTpaM cep levUMK H3 (heppomarkeTuka (¢ 3> 1) B Buge Topa co
cpeguum paguycom B, ka koTopui HamoTana o 5MoTKa ¢ GoastiiM yucaom N surKop
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¢ Tokom cHaoit I. B cepievHHke clenaKa yakad nonepedHas Npopedb wHpnHoii b Mar-
HHTHAA HHOIYKLMA HeNpeprlBaa Ha FPaniilax npopeay, nosromy B umeeT oJHHAKOBOS
3HAMEHHE BCIOAY HA OcH cep gednuka. YToOu HaltTu B, 3anminem 3aKoH noAHOrO TOKA

wlNT
aas nanpgxeunocTH: NI = —b + —— 2=z R, [Toayyum: B = .
P Ho fg 2rR 4 pb

» Mexaruamual HamarsuduBauus. MarEITHEE MOMERTH aTOMOB U
MOJEKY. CO3Jal0TCA: a) ABUAKeHHEM 3IeKTPOHOB MO 3aMKHYTHIM 0pGATaM
(op6HTanbHble MarHHTHBIE MOMEHTEHI); 6) COGCTBEHHBIMH MarHATHBIMH
MOMEHTAMH 316K TPOHOB, CBAIAHHEIMU C BHYTPeHHHM MEXaHHYECKHM MO-
MEHTOM — CHMHOM (COWHOBHe MarHUTHBlE MOMEHTHI). MarHHTHEIN Mo-
MEHT KaX/0ro THNa NPOMNOPIUCHATEH CBOEMY MeXaHAYeCKOMY MOMEHTY:
P = ¢ T , TAe MHOXUTEAD g HA3BIBAIOT 2UPOMGSHUMHbLE OTMHOUIENUEM.

Ana opﬁnTaJIbﬂor‘o MOMeHTa § = ——e/m

Jn4 cnuHOBOTO MOMeHTa § = —e/m.

B Juamaenemuxe MarHHTHEE MOMEHTHI BCEX 3JEKTPOHOB ATOMA (MO~
Jekylbl) B OTCYTCTBYE MarHMTHOTO MOJA KOMIICHCHPYIOT APyr ApYTa.
Ipn BAIOYeHHH MATHETHOrO MOJA HA KaXABIM MATHUTHRIA MOMEHT Ha-
YpHaeT ASHCTEOBATH BpalaTeILHEIH MOMEHT, NOJ JeHCTBHEM KOTOPOro
IpPOUCXOIHT BpallcHHe MalHATHOTO MOMEHTa BOKPYD' HallpaBAeHHA Mal-
HHUTHOTOC NOJA (AGPMOPOSCKOR NPEYECLUR):

-
»d—-{'—::ﬁmx g:-—ggx T

dt

BekTop il (v 7,,,) coBepillaeT BpaHleHME C YTIIOBOH CKOPOCTEIO W, = —g B
Takoe BpailleHHe MPHBOAUT K NOABICHHIO ¥ KaX JOTO JAOAOTHUTEN b
HOI'0O MATHHTHOrO MOMeHT4, HANPABIeHHOr O IPOTHE 5 (HedaBUCHMO OT
HalpaBleHHA HCXOJHOTO by, ).

B napamaesemuxe MArHUTHBIE MOMEHTH 2JEKTPOHOB B ATOME HE KOM-
NeHCHPYIOT APYr IpYra Jaxe B OTCYTCTBHE MarHuTHoro noad. Ha cna-
Gl AHAMaCHUTHBIA MeXaHHIM HaMalHHYHBAHHA HaKlajolBaeTca Godee
CHABHBIH OPHEHTAUAOHHLIA MEXaHA3M: B PUCYTCTBHH [OAA OPHEHTALHA
MACHHTHOMG MOMEHTAa II0 NOJI0 OKA3HBaeTCA 3HepreTHYeckKH 6olee Bhl-
roauoi. B crabux noaax (p,, B <« k7') cpeguuit MArHUTHBIH MOMERT IIPO-
NOPUHOHANEH MATHUTHON AH,IYKIHY, B CHALHLIX IIOJAX IPOUCXOUT HACH-
ILeHHe, Bce MarHATHEIE MOMeHTH IOBEPHYTH BJOADb I10Af, ¥ HAMarHIYeH-
HOCTb NPaKTHYeCKU He MeHAeTcA. (OpHEHTAUMONHEI MeXaHMaM HaMar-
HUYUBAHHA MAapaMarHeTHKOB aHaJoruyeH OpDHeHTALHMOHHOMY MeXaHHaMy
NOAAPU3ALKH NOASPHLIX AHMICKTPHKOB, cM. pasj. 3.6. B vacTHoCTH, OCTa-
€TCA BepHHM BHIBoJ 06 06paTHO MpoONOPHUOHAILHON 3aBUCHMOCTH BOC-
IPMUMYHBOCTH OT TEMIEPATYPHI. )

» PeppoMarHeTHKaMu HASHIBAIOTCA BEIECTBA, B KOTODBIX Cyiue-
CTBYeT CNORT2aHHAA HAaMarHWYEHHOCTh B MAKPOCKONMHYeCKUX (Soabmmx
MO CPaBHEHUIO C MeXATOMHHMH PAcCTOSHMAME) 0GJaCTAX -— OOMEHAT.
Paameprl goMenos (~ 107% = 10~% M) maanl o cpaBHeHHIO ¢ pasMepoM
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ofpasua. B npefenax Kamjgoro AoMeHa COWHOBBle MAlHHTHBIE MOMeHTHI
OpUeHTHPOBAHE NapalleibHO IPYT APYTY, YTO ABAACTCA peaylbTaToM
CIeNUAALHOTO KBAHTOBOrO (06MEHHOTO) BIANMOJEHCTBHA MeX Ay HHMH.
B oTcyTCTBHE MAarHUTHOrO NOAA JOMeHbl OPHEHTUDOBAHH TakUM o6pa-
30M, YTO CPeAHAA HaMalHIYeHHOCTD BelllecTBa paBHa Hyak. [Ipu Braove-
HAHM MAaCHUTHOIC IOAS pasMepsl AOMeHOB, HANPABACHHHX BAOIL IOJA,
yBEAHYHBAIOTCA, HAlPaBAeHHNIX NPOTHUB N0AA — yMeHbLIaoTeA. [lpy yee-
AMYEHHH NICAA HaMMHAeTCA NOBOPOT JOMEHOB KaK LeJOro B HAalpaBeHAH
noas. B cHABHHX ITOXAX JoMeHE OPHEHTHPOBaHH B J04L N0A4, T.€. HACTY-
maeT HachileHHe (HAMArAUYEHHOCTH AOCTHIaeT MAaKCHMATLHOTO JHade-
HMA J,, HASEIBAEMOT'O HAMAZHUNERHOCNDI0 HACOIIGERUA).

Sasucamocts J oT H HocHT Hermeituun xapaxTep (puc. 43), T.e.
MarHATHAA TPOHULAEMOCTD, onpejele- i
Mast popMy.aoi 7 = (p— 1)[_:{', JABUCHT
oT H u gocTuraeT rpoMajHHX 3Hade-
HHit g ~ 105 = 108, TIpn cHATHH BHeurHe-
o II0J4 B BelDeCTBe HaﬁJIIO;anTCﬂ coma-
mouxas Hamaznusennocmy J ... Hanpa-
HeHHOCTE HK MATHHTHOT O TORA, MOJHO-
CTHIO paszMaTHHYUBatomero ¢peppoMar-
HMTHRIA ofpaszel], HalRIBaeTCA KOZPY{EC-
cuanol cuaot. PeppomarneTuxn, obna-
Jatote Goremo#t H,, McOONE3YIOTCA
A1 MArOTOBICHHA NOCTOAHHLIX MaTHUTOR. 3ABUCHMOCTE J (}-{ ) npu npa-
MOM W OOpPATHOM HAMACHHYMBAHMH JO HACHILEHWA HA3LIBAETCA nemded
2ucmepeauca. .

Ilpu HarpesaHmu BBIme mesnepamypst Kiopu BelecTBO TEpAeT dbep-
POMAarHUTHHE CBOMCTB2 (CHOHTaHHAA HAMAaTCHHYeHHOCThL ZOMEHOB HMCYe-
38eT) U CTAHOBUTCH tapaMarHeTukoM. B Touke Kiopu npoucxoaur ga-
30BLI IEPeX0g BTOPOro poja.

Puc. 43.

» Sddext Xonra. IIpn noMelreHHy NpOBOARAKA ¢ TOKOM B NONepey-
Hoe (nepneRgAKyAAPHOE TOKY) MarHUTHOE MO B IPOBOJHUKE BOIHHKAET
NoNepevYHOE JAEKTPOCTATHYECKG: NI0Me, HANPaBleHH e NepIeHUKYAAPHO
MACHHTHOY MHIYKLHUH. JTO [O/Ae BOSHUKALT B Pe3yIbTATe CMElleHUA YHO-
PAJOYEHHO JIBAXYINAXCA cBOGOAHBIX 3apAJOB HOA AeficTBHeM cMasl Jlo-
PeHIa, KOTOPOe NMPOJONKaeTCRE A0 Tex nop, noka cuna Jlopenna ne 6y-
AET ypaBHOBeIUEHa BAeKTPUYecKoH cuioll: ¢o[(F) x B] = ¢, £ . Jomuoxus
Ha KOHUSHTPAIWIO CBOGOIHLIX JAPAJOB N, BEIpaldM £ 4epes MJIOTHOCTE
ToKa. B pesyapTare nmomyqum E= —n} x B. Bnaro, 4To naMepeHue

%o
Be/NYHHLL ¥ HAPaBAcHAA HARPAXKEHHOCTH B 3(ibekTe Xoala MO3BONAET

ONpefedUTE Kak KOHLUeHTPALWIO CBOGOAHHIX 2apaloB (B caydae cobof-
HEIX 3apAACE OFHOMO THAA), TAK H HX JHAK.
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3.14. JnexTpoMarHuTHan UHAYKLMS

» 3aKoH IWEKTPOMACHMTHOM MHAYKumM. IIpu mepemelnenuu mian
JechopMaliMi KOHTYPa ¢ TOKOM B NOCTOAHHOM MAarHMTHOM IOVIE CHUIEHI
AMIlepa, HanpapleHHEIE Ha KaXJOM Y4YacTKe NepHeHINKYIAPHO TOKY,
coraacHo (62) cosepmaloT MexaHudeckylo pabory A, = Id®. Tak
Kax monHas paboTa cursl JlopeHIa Haf MoboW. JBUXYHIEHCA dacTullen
paBHa HYJIO, TO TaKas Xe 10 BeTMYMHE, HO ofpaTHad 1o sHaky pafora
COBEPIUAETCA MACrHUTHHIM NOAEM (TAHTeHUUAILHON KOMIOHEHTOH CUIEL
JlopeHna) Haj ABMXKYLIMMHCA IO KOHTYPY CBOGOJHEIMU 3apAjaMu, 4TO
OPUBOAT K BOSHHKHOBEHHIO B KOHTYpe fonolHuTeasHol 240 HHAyKuum:

d dd

54y =-.1dq>=_udt)—d§i=$dq, g=-S. (1)
V> npyHIHIA oTHOCHMTeALHOCTH JHHINTeHHA caeayeT, 4To AT un-
JYKIUA JOIXHA BOAHHKATEL ¥ IPH IIOMEIIEHAH HeOABHXHOINO KOHTYpa. B
nMaMeHAIIEeCA cO BpeMeHeM MarHHTHOE Iose. PaccMoTpuM, HalpHMep,
COMDKEHNe ¢ NOCTORHHON CKOPOCTHIO 3aMKHYTOTO KOHTYPa M IOCTOSH-
Horo MarHuTa. B muepumanbHoll cucteme orcyera (MCO), ceaaannoi ¢
MarHRTOM, CO3JaBaeMoe HM FOJie He 3ABHCHT OT BDEMEHH, H BOSHRKHOBe-
rne 3/C B kouType o6nAcHAETCA AeMCTBUEM cuawl Jiopenua, B apyroi
HCQ, ceazanHON ¢ KOHTYpoM, HabmoaaeTca Takaa xe JJC, o B me-
TOABUKHOM TIPOBOJHUKE OHA He MOXET OLITH BHI3BaHA MalHUTHHIMY CH-
samu. ClefoBaTeIbHO, B H3MEHAIOMWEMCH CO BpEMeHReM MAarHUTHOM IOje
AGMKHO BORHMKATH dMeKTpHYeckoe Itone, Tak Kak pafoTa 3TOro noad npu
06%0/e KORTYpa JOMXKHA OLITh OTAMYHA OT HYJA, TO 3TO NOJE HE ABIAETCH
DIEKTPOCTATHIECKHM: €10 Ha3LIBAIOT GUIPEObLN IMCKMPUECKUM ROJEM.
HTak, He3aBHCHMO OT NPH4HUHLI, IO KOTOPOH MEHAETCA NPOHHABIBAIOLLIAI

KOHTYP MaFHUTHLI TOTOK, B HeM BoaHukaeT OJC uHIyKuuHM, paBHaa

F=-—— B cre) - (18)

{#axow Dapades). Cpeanan DAC ungyxknun 3a koHedHoe Bpema At paBra
&p = —~A®/At, Npowequni Mo KOHTYPY 38 3TO BPeMA 3aPAJ PaBeH
g= [1dt = [(&/R)dt = —(A®/R), rge R~ colpoTHBAEHUE KOHTYPA.

Ilpapuno Jlenna. Hanpasaenne 3/C onpegengerca e 3HakoM; HanoMHuM (cM.
pasg. 3.12), 9T0 KOHTYP SOMKEH SHTE 0UeHMUp 08 annbiM: MONOKATEIbHOE HaNpapae-
H¥e HOPMAJH K TIOBEPXHOCTH NPH BEMUCAeHHH $ H NonoxuTenpHoe HanpasaeHne o 6xXo-
Aa KOHTYpa 134 onpedenedus akaka 3 JC goakuu SeTe cRAZaNE npaBuacM Sypasau-
Ka. 3Hak +—r B topmyae {(76) cooTBeTcTRYET npasuay Jenwya, xoTopoe yTREP#MIAET,
gro IAC uKAYKUMK JOMKHA HMETE TAKOS KANPABACHHME, YTO6M MACKHTHOE [10]1€ Te-
KYLIEro B 3TOM HANPASAEHUN TOKA COZAABAND MATHHTHLN NOTOK APOTHRONOINKHOID
3H3Ka N0 CPARHEHHIO ¢ TeM MIMeHEHHEM HMOTOKA, KOTOpOe ABAASTCA NPHIHHONR BO3-
nukHopeuua D4C. ITpapuno JleHia TecHo CERIAKO ¢ 3AKOHOM COXPRHEHWS DHERTHH.

» Jdpmxeune yyacTka xoHTypa. [Ipu ABMXeHUM d1eMEHTa KOHTY-
pa dl co ckopocTso ¥ paboTa cuikl JlopeHlla Mo NepeHocy. NPOGHOro 3a-
pAza ¢ Baoanb di papua 4 = g[¥ x §] -dl = ¢d¥. 3]C, narosBEMble IpH



3.14. DAEKTPOMAMHUTHAH MHAYKLMNA 235

r R, | R;grR,

Puc. 44,

HpOH3BOﬂbHOM ABHAEHUN yqacTKa H npH noc’ryna'renbnom ABHKCHREN B
OAHOPOAHOM HOME, PABHE COOTBETCTBEHHO:

%:]{axﬁ]-dﬂ ®=[ix B]I (77)

rae | — BexTOp, CoeqMARIOUIEA HAYANO W KOMel yyacTka. Ecan xoHmm!
ABAXYIIErocA NPOBOJHMKA PA3OMKHYTH, TO MeXJIY HMMHM BOJHHKAET
Pa’HOCTE NOTeHNWaloB, pabHad JJC (B kaxjo#l To4Ke HMpPOBOJHAKA
3eKTPOCTAaTHYeCKAs CHA4 ypaBHOBellnBaeTcA ol Jlopenua).

MpuMep 1. PaccMoTpHM JBHMEHHE MepEMEIHKH CONPOTHBACHHEM I B BEPTHR AL~
HOM MarHNTHOM RoJe (puc. 44} MO ZBYM rOPUIOHTANLHEIM PEfLCAM, PACCTORHHE MeX-
AY KOTOpEIMH parHo 1. [Ipeanookum, 4To peabct 3aMKHYTH € OJHON CTOPOHH OT f1e-
PeMEMKH COTpOTHBASHMeM Ry, 3 ¢ Apyroi — conpoTusienuem Ry . UTo6u HaliTh TOK
4epe3 NepeMEIYKY IPH €6 TBHXKEHHM CO CKOPOCTRIO ¥, HCNoAbayR (77), sxuucaum JC
B nepemurdxe: ¢ = Bul, Tor daxr, yro 3/C noxammaopaka B JRMKYyLeica nepeMur-
ke, N02BOARET H306PAIHTE IKBUBANEHTHYR cXeMy W HailTH cHay Toxa: [ = &/ (r+ R).
rae R= R R,/(R, + R;}.

» YpaBHEeHUA BHXPEBOTO BJIEKTPHYECKOTO NOJAA. YpaBHeRHE 4714
BUXPEBOro NMOAA B HHTETpalbHOM dhopMe NOAY4aeTCa NPH JAMACH JAKOHA
$Papagen (76) OIA HeMOJBHXKHOI'GO KOHTYPA B NepeMEHHOM MArHUTHOM

[ A =

Tax kak UAPKYNTALUR HANPAKEHHOCTH JIEKTPOCTATHYECKOrO TOJIA IO 3a-
MKHYTOMY KOHTYPY paBHAa HYJIO, TO TAKOMY Xe YpaBHEHHIO ¥ JOBASTBOPH-
€T noaHoe aMekTpudeckoe node. Auddepenunansuad opMa 2Toro ypas-
HEeHWA HMeeT BHA

rot B = -—%. (79)

Ypaprenusn (78}, (79) npegcrapamior coboli ogHo ua ypasHenust Makcpel-
13 (B MHTErpa’bHOl U AuddepernuaibHol hopmax).

> KpaspcranuoHapHoe opufiuxkeure, Ecau TOKY M ol MeHAIOT-
cR He 04eHb GHICTPO, TO MOXHO NpeHefpedb 3ana3LBaHneM NpOLECcCoB
Ho ppemenn. CKalaHHOE O03HAYAET, YTO NEPeMEHHOE MAaCHMTHOE IOJE B
060H Touxe cucTeMbl onpefeaderca (nmo ¢opmyaram Buo — Capapa —
Jlaﬁna,ca) TOKaMHi B 3TOT K& MOMEHT BpeMeHH; 3AeKTPOCTaTHIECKOE Io-
Rle onpeneNseTcs PACTpefedeHNEM 3apAJOB B HTOT Xe MOMEHT BPEMEHH,
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a BHXPEBOE BJeKTpHYecKoe M0Je BRIYHCIASTCA N0 HIMEHAKIIEMYC] Mar-
HETHOMY ITOJI0 ¢ noMougio (78), (79). UMeHno B 3ToM npuGamxKeHnn pac-
CYNTHIBAIOTCA LieNH NepeMeHHOro Toka, g BLITOAHEHHA 3TOrO IpuGan-
MEHUA HAJO, YTOOLI XapakTepHOe BpeMA HMIMEHEHNA TOKOB T OLLIO BeTd-
KO 10 CPABHEHHIO, BO-TIEPBBIX, C BPEMEHAMHU JOKAIBHBIX PelaKCalHOHHRIX
npoueccos (HanpiMep, BpeMeHeM YCTAHOB/IERHA PaBHOBECHOT O pacpele-
JeRHA 3aPAJSA Ha IPOBOJHHUKE £yp), A BO-BTOPLIX, CO BPEMEHEM 3aIas ibi-
Bamna 7, = {/c (| —xapaxTepHulil pasmep cuctemsr). [locaegnee ycnopue
03Ha4aeT, YTO MBI HpeHe6peraeM TOKOM CMellleHNA B ypaBReHAax Maxc-
BeJl1a.

Mpumep 2, OuexHM BpemMA mnNepepacnpefefeHA JapAja Ha NPOROJHH-
xke. Byfmem cunTaTs, YTC Pfe-Te B NpopojHNKe obpaloBaicA OBTEMHHE da-
psA. YOupaHue 3apsga BHYTPHM MPOM3BOALHOPO OO0hLEM3 MOLIUHRETCA YPARHEHUKO

d t
i:—fj ds = —}—fEnds= -L,T.e. qmqoexp(——-—).

dt " P gop £op

p CaMOMHAYKUMSA ¥ B3aHMHAA RHAYKINA, PaccMoTpuM HeNo BIXK-
HBIH KOHTYp ¢ ToxoM. Ilpegnotoxum, uro Tox J B 5TOM KOHTYpe Dab-
HOMEpHO U3MEHAETCA o BpeMeHeMm. (CoafaBaeMad BTHM TOKOM MarHHT-
HaA MHAYKUKA GyaeT MEHATHCA CO CKOPOCTLIO, TponopinonansHol di /dt.
CilegoBaTelbHO, BOIHAKAOIIEE B KaX J0H TOYKe NPpOCTPAHCTRA BAXPEBOE
noie TOXe NponopudoHaasHo di/di. 3To noae coszgaer B koHTYpe 34C
camoundyxyuuy:

df 1 _drI
F=-L5 (3;*-;2—,55 » CIC), (80)

rae L HaswiBaeTca xosdunuenmon camoundyxyuy WIM undyxmuexo-
embio kouTypa. UugyxTusrocTs usmepsercs B zenpu (8 CI'C — B cmM).
Bemtnny ¥, = LI (¥, = L LI B CI'C) Ha3LIBAIOT NOMOKOCHENIEHUEM
casmoundyryuy xkoutypa. C yuerom (80) moayumm:

dwr 1 4%
-5 (B=-25 = cro) (81)

Ira dopmy/a OKIIBIBACTCA BEPHON ¥ B TOM CIy4qae, KOTJa HIMEHAETCA

He Toabko I, Hou L.

3ameTHMm, wro onpegensine L Kak koodduuneHTa NponopunoHanbHOCTH MeXIY
MOTOKOM M TOKOM BCTPEYAETCA ¢ TPYAHOCTAMM: B Ciyyae JuHeHWHOTo nMpoBoja cof-
CTREHHHH NOTOK HecKoHe eH, 3 ANA MPoaDa KOHETHOH TOANMEL oSuYHOE OIpegene-
HHe NOTOKA HE TOgHTCH, :

IIpumep 3. UBAYKTHBEHOCTE COJCHORAA, PaccMoTpuM coneHoHA IAuKol !
4 mowmagsie S (I Vs }, o KOTOpPOMY Te4eT TOK € TMOBEPXHOCTHOM MJOTHOCTHIO
i = (N/I)I, rge N — aueno suTkon, I — Tox B obmoTke. MarknThoe none B cone-
HOM K€ OJHOPOIHO, €ro HHAYKUNA (B NpubamxeHH HALATLHOTO CONCHOHIA) coraacHo
dopmyne (61) pasua B = uyui. [IpH HaMeHeHHH TOKA UHPKYAAUMA RHXPEROrO NoaA

&=

4B di
BEMHCAAETCA TaK: E.dl= _S-E-t— = —,uo_uSE-z—, a 3/IC Ha pcelt ganse o6MOTKH

di N2pouS df
8, T Hko B JAnAa MHAYKTHRHOCTH M NOTOKOCUEILIEHHA

paBHA 3’,: g = Nuus i y T
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noay YHM:

2
L= L‘;"—‘is—, ¥ = LI = NBS. (82)

Hpumep 4. Tak kax 3]C caMOHMHAYKUMH OPOMOPLHOHANLHA CKOPOCTH M3MeHe-
HMR TOKa, TO HAlHYHE B KOHTYpe HHIYKTHBHOCTH NPSOATCTRYET CAUITKOM SHCTPEIM
namenenHaM Toka. [Ipegnonoxus, 4To NoCAEIORATENLHO COEHHERHES CONPOTHRIS-
nHie R ¥ KaTywky HHAYKTHBHOCThIC L 2aMKHYIH HAa MCTOYHHK ¢ nocroskkol 3G,
papnoil &. HapacTanue moka ot uyas go I, = &/R npoucxogur 3a KoHeuHoe Bpe-
MA ¥ MofuuuseTen ypaBHeunio @ — L{dI/di) = IR, pewenue KoToporo uMeeT BHA
I = Iy{1 — exp(~tR/L}]. XapaxTepHoe Bpema HapacTakua Toka pasro T = L/R.

Ecay umeeTca gBa HemOABUXHEIX KOHTYDA, TO UIMEHEHHE TOKA OJHO-
I'0 KOHTYDa BLI3OBET B ZPYroM nponopunonansryio dI/dt 34C esauausoi

undyryty:
dl; dl,

&=Ly i &g = _LIQ—dt !
rae Ly, u L, HazuiBaloTca xoadfutiienmanu e3ausnot undyxyuu,; 448
HUX OKa3bIBAETCA BEPHa meopeMa edaumHocmu: L, = Ly, (B Hedeppo-
MarHUTHOH cpege). [loTokocnennenue B3auMHON HATYKIAK ONpejeateTca
kak ¥, = L,,J;. OTa pennunHa oKadkIBaeTcA ONpeleeHHON W JN4 ABYX
JAMHEHHLIX TOKOB (B oToM ciayvae ¥ = &),

(83)

p IJHeprus KOHTYpAa. JHEPrueil KOHTYPa ¢ TOKOM Ha3kiBaeTcd paboTa
BHEIIHUX CUJ M HCTOYHMKOB NPH CO3ZaHmM Toka (uiu pafoTa BAXpEBOro
nosid npy ero yruaroxeHun). PaGora mcroynnxa nporus 34C camounn-
JYKIUYM KOHTYDA BBIYMCIACTCA TaK:

wdr Lr
W=A4= L—{(Idt) = . 84
18w = 4 (84

TIpu mociesoBaTENBHO NOAEBOM NMOAXOE SHEPTHA JOMMHA GEITL CBA-
JaHd He € TOKOM B KOHTYPE, 8 C MArHITHBEIM [TOJEM. Sa.BﬂCHMOCTB MNJAOTHO-
CTH 3HEPTHH OT MAarHHTHOH HHIYKIIHY [IPOLIE BCEr'O YCTAHOBHTE B Cly4dae
AIMHHOTO COJEHONAA, B KOTOPOM IIOJE OJHOPOJHO:

E_LuopNQSK_(paﬁfN 1 B* _ BH
Vv S [ 2 - i 2uou | 2pou | 2

(85)

B cayvae HeawHeHHON 3aBHCHMOCTH Bor H BIA TUIOTHOCTH 3HEepPruH
NONY43eTCA BhIpaXeHHe:

| %=/I_{'-d§.

Hcnoawaya Teopemy Boammuoctu {L,; = L,}, MOXHO HOIy4HTH
ofofiende Boipaxenns (84) 414 HECKOTBKHX KOHTYDOB:

T dI ©f g, dfl)
=71 ot — dt) =
]ﬂ (L1 7 + Ly 7 )‘(Il dt)+/ﬂ (Lz T +Ln 7 (15 dt)

L I? L3 L.+ L LW LY
= 121 + 222 + 122 21}'112= 121+ 222_ (86)

w
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3aecy ¥, — moaHOE NOTOKOCUENAeHAe MJA t-ro KOHTYpa. Brgho, ¥To
3HEpPI'MA TOKOB BKJTIOWAET B ce6A DHEPLHIO KaXAOrO TOKa M DHEPIHIO
ux BaaumMogedcTBuA. C NOMOIBIC YPABHEHHH MATHHTHOIO ITOJIA MOKHO
MOKa3aTh, 4TO 3TO BEIPAXKeHUe Beerja npeobpasyeTca X BHAY:

B? BH
W= / av = / av. 87
2o 2 (87)

» 3aKkoH COXPAHEHMA DHEpPrumM M BuuHcienue cmn. [pu megnen-
HOM M2 OTepMHYECKOM HIMEHEHHH PACIIOOKEHNAS Tel i KOHTYPOB € TOKOM
cmeapHa.a paGOTa BHEIIHUX CUJI ¥ HECTOYHHKOB TOKA H,I[eT Ha Ha3MEHeHNEe
SHEPTHHM MalHMTHOTO NOJA W Ha BEIASIeHHE jKoyaepolt TemaoTh. Ilpu
3TOM paboTa BHEIIHMX CHT HAJL KaX AWM TeioM pakHa pafore cui, gelt-
CTBYIOILKX HA TEI0 CO CTOPOHEl MAarHWTHOrO NoaA. Ecinm Tokm noggep-
AKHBAKTCA NOCTOAHHEIMHA, TO HATO YIUTHEATE TOJNEKO AOIIOJIHHTGJIBHYIO
pa6oTy HcTounnkoB npotus DAC unaykuuy, a pabota ucxoguou FC
PABHA Bm,qe.rmromeﬁca TEIIOTE, H B 3AKOHE COXpaHEHHH 3Hepr‘nn OHH CO-
KpaltarTcs.

IIpumep 5. PaccmoTpum gna koHTypa ¢ Tokamu I; u I, koToprie nojgepxkupa-
KOTCA MTOCTOAHHEIMK. JalKiIeM 3aKOoH COXPaHEeHMA IHEPIUMN NPY MEARCHHOM CMELEHHH
Heproro kokTypa. CormacHo (86) HIMEKAETCA TOALKO BDHEPrUA B3AUMOJEHCTBHS TO-
xoB, pasHaa Wi, = LN/ L, = L, U, = I, &,,, rae $;; — noTox B neppom konType,
CO31aBAEMHEIE BTopHM ToKoMm. B To we BpeMA DoTeHUMANLHAR DYHKUNA KOHTYDPA C
TokoM BO BHelrHeM nofie pasHa W, = ~ I, em. (63). Kanymeeca mporusopene o6n-
ACHAETCH, €ECAM YIECTh JONOAKNTENLHYK paboTy HeTodHukob npoTHR 3T uraykuun
B KAXZOM KOHTYpe. JTa paboTa paena [y d® , + L,dd,, = [, dL, I + I, dL,, 1), w0
B A53 pada Boablre, HeM NIMeHeHe dHeprun noax Wy, = I I, dL,,.

3.15. Ypasuenus Maxceenna

» Tox cmemenns. [lus o6obinenna ypabHeHHH >4eKTPOMAarHHTHOTO
NoJid B BakYYMe Ha NepeMeHHBIe tojdd HeoSXoAMMO H3MEHNTh TOABKO OJf-
HCo 13 HaNWCAHHEIX paHee ypaBHenuli {(cMm. paag. 3.4, 3.12); Tpu ypas-
HEeHHA OKAJdbIBAKYTCA BCPDHEIMH B OﬁIJ.IEM cay4ae. OAH&KO 34KOH IIOJHOI'O
TOKa YIS MArHETHOTO TIOJIA B c/IyYae NepeMeRHBIX [0AeH i TOKOB OKa3bi-
BaeTCA HeBepHBIM, B COOTBETCTEMM C 3THM 32KOHOM TOK f } df noaxen
6bITE OJNHAKOBBEIM 14 MI0GKX ABYX HATAHYTHIX
Ha KOHTYp NOBEPXHOCTEN; ecan aapas b o6beMe
Mex 1y BHISpPAHHEIMH NOBEDXHOCTAMA MEHAET-
€, TO 3TO YTBEPXK JeHHe BCTYIlaeT B NIPOTHEBO-
Puc. 45. Petle C 3AaKOHOM COXpaHeHHA 3apaja. Hanpu-
Mep, HpY 3apAjke KoHAeHcaTopa (puc. 45) Tok
depes OJHY U3 YKadaHHHIX MOBepxHocTel pased | = dg/dt, a depes apy-
ryio (Npoxofauyic MexAy NAacTUHAMH) — HYMo. YTo6hl CHATL yKa3aH-
HOe IpOTHBOpedne, Makcpei BB B 9TO YDaBHEHHE MOK CHEWEHUSR, IIPO-
IIOpII,I-IOHaJIbeIfI CKOPOCTH M3MEHCHHA JMCKTDHYECKOr O NoJA:
+ _3__2 (-.' 1 35

jou =5 el crc). (88)
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B AM2NEKTPHUYECKOH Cpefle BLIpaXeHHWe JIA TOKA CMELIEHHA NpPUHAMAeT
BUA:

. _9FE 8P - 1 8E 4P
fw=togr+ 5 (=g 5 ® CTC). (69
Tlepprit 4neH mMpegcTaBAAET COBOM HIOTHOCTL TOKA CMEIUEHUA B Ba-
KyyMe, BTOpOH — pealbHEIE TOK, OGYCIOMICHHBIH IBHXEHHEM CBA3AH-
EbIX 3apAJOP NpH HIMEHEHUH MONApHIOBaHHOCTH. TOK CMEINeHHA Yeped
nosepxHocTh paser d®p/di, rage 5 — DoTOK BeKTOpa yepea MO-
BepPXHOCTh. BBefjeHHe ToKka CMEMieHUR CHUMAET MPOTHBOPEYME C 3aK0-
HOM coxpaHeHua 3apaga. Hanmpumep, Ipx 3apajke MI0CKOIO KOHJAEHCATO-
pa TOK CMEIIEHHA deped MOBEpXHOCTD, NPOXOJANIYI0 MeXIY NTaCTHHAMH,
I, = S(dD/dt) = S{dec/dt) = dq/dl, paBen ToKy no noZBOAAMMM IPO-
BOJAM.

» Cucrema ypabeewmit Makcneana » saxyyme. [locre BBefennsn
TOKa CMEIEHHA CHUCTeMa ypapHeHu#l Makxcpeara » auddepeHuuarbHoi
(popMe NpAHNMAST BHA:

aB

1} rot E= 5
3) div E = p/eq, 4) div B =0.

- a
2) rot B= Hol + ﬁaso‘“a_t‘;

Cucrema ypaBHeHHit Maxceensa B HAETEerpalbRol Gopme:
T d . - r T g d —
1) fg‘diz -—d—tfg'ds’ 2) fﬁ-dﬁ = pD/J-ds+uu£0-at—fE-ds,
3) fﬁ’-d;:si]pdv_, | 4)}£§-d§=0.
0

TlpuBefeM Taxxee sauuce ypasnenni Makceata B AHddepesLnatahon dopme B
cucreme CIC:

3} div F= 4np, 4) div B =0

LaoTHoCTH 3apAfa H TOKa CRA3AHBI COOTHOLIICHHAEM

f}‘.dé': ;-&%fpdV (divi= "%)’

BHIPaXKAIOLINM 3aKOH COXpaHeHHA 3apaja (3T0 ypaBHeHUe ABAAEPCA Clel-
CTBHeM ypaBHenuit Maxcseana).
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Ypasaeana Makcpesa B cpefe ¥MEOT BUA:

AudppepennuansHas popma HHTerpaJjbHaa Gopma

1) {.mtE’=-£ fﬁdﬁ:-%/ids’,

2) 1'ot}'—i'=3f"ﬁ-.{-a—ﬁr }ﬁ-df:/f-d§'+d%/b’-d§',
3) divD =y, fﬂds‘:/pdv,

«4)- divEB =0, j{B’-ds':o

i cayXaT A4 ofipejlelleHHA YeThIpeX BeTHYHH E, 5, g, I_f K ypaBHeHH-
aM Maxaae,n.rla B Cpefle Hago JOBABHTE MAMEPUBALHOIE YPASHENUR CBAIKM
mexay D, E u H, B, xapakrepiayiomye dIeKTpHYeCKHe  MACHUTHEIE
ceoficTBa cpeinl. Jua HaOTPONHMX ANHeNHEIX cpejl TH YPaBHEHUA HMe-
0T BHJ: N .

D=ea§§, B:,ua,uﬁ.

W3 ypasuenuit Makceenia MOXKHO IOTYUNTEH PPaHUYHBE YCJAOBHA M4

E, I_)' E', i (cM. pasp. 3.6, 3.13).

p. 3AaKOR COXPAHEHHA SHEPrHMA KA NEKTPOMALHHTHOIC IO,
W3 ypasuenuii Makceenja MOXHO BEIBECTH CAgfyIOlLlee YPaBHEHUE IJR
mo8oro ofbema V, OrpaHAYeHHOrO MOBEPXHOCTLIO S

.%/(sﬂf%r%)dv-/( E)d V——jﬁ[ﬁ x B].

IlepBBifi 4ieH OMHMCHLIBAST M3MeHeHHe SHePruM 3MeKTPOMArHATHOrG MO
B paccMaTprBacMoM 08beMe. BUaHO, 9To B 0611eM caydae J/IK IOTHOCTU
SHEPrAH DIEKTPOMATHUTHOI'O HOIA OKA3BIBAIOTCA BepHBIME (bOPMYJHI,
ToNy4YeHHBe paHee JIA AOCTORHHOrO BJEKTPUYECKOTO H MarHMTHOIO
noleff. Bropoll 4ien npegcrabiadert caboil pafory Doad Haj JacTHOAMH
B paccMmarpuBaeMoM obneme. HakoHeln, TpeTuil 4ieH ONMUCHIBAET MOTOK
3AEXTPOMATHUTHOU OHEPCHH YePed OrPaHNINBAIOIYIO 06heM JAMKHY TYIO
[OBEPXHOCTE. [0 THOCTE HOTOKA YHEPTHHE B JAHHOH ToYKe IPOCTPAHCTBA
(sexmop Ioiinmunes) oNpefeldeTcA BekTOPaMH H EPB 3TOll Xe
TOYKE!

?:ﬁ—ﬁxﬁ:gxf_f. -' (90)

HOCJIGJIHBE BblpaXeHue CNpapelHBO B A INIOTHOCTH IIOTOKA MEKTPO-
MarHUTHOH JHEPI'MH B BeILIECTRE. IInoTHOCTE JHCPIUH B Cpelge HMeeT BU .

LE.B+LiFB.H (91)
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Hpumep 1. PaccMoTpuM 3apAgKY NMIOCKOT0 KOHIEHCATOPA ¢ KPYTAKMH IIACTH-
HaMH, PACTIONCK EHHEIMI HA PAcCToAHUH b. CKOPOCTbL M3MEHEHHA JHEPCUMH B UHAUHIDE

d N d
pasuycoM v (MeHble PasMepoB NMAACTHH) paBHa E—(—,}eosEQ)(wr%) = rrrzbE-a—.
HanpaeHHOCTE MaCHMTHOTO TNoAA Halifem W= BToporo ypaeHenua Maxceeana:

D
H(2nr) = —-—-—(wr’} (cnpapa cTouT Tok camemenus). [lonyqaem, 4To CKOPOCTL NPUTG-
dD

K& SHEPTHH Yepea 60KOBYI0 MOBEPXHOCTh LMAKHApPa: S(2nrb) = HE(2nrb) = Exrlb—— R

paPHa CKOPOCTH H3MeHEHHA 3HEPCHH B cHBeMeE,

» Peaarusucrckue csoicrsa noxei. [lpu nepexojie #3 o HOM UHEp-
uuaasHoi cuctemul orcdera (HCQ) B Apyryio MaMeHAIOTCA Kak HCTOY-
HUKH 3NEKTPOMArHHTHOrO MoNd (IIOTHOCTH 3apAAa U TOKA), TaK M CaMU
mofA, HO ypaBHeHusa Makcpenaa coxpansior ¢soil BuA. [Ipowe Beero phi-
TAAAAT GOPMYAL Npeo6pasoBaHiA AJI8 UCTOYHUKOB p U § = pi (p — mioT-
HOCTEL ABMXYLIErocA 3apaja). Eciu 0603Ha4HTE 33 py MIOTHOCTEL 3apada
B UCO, B koTopoll j = ¥ = 0, TO ¢ yYeTOM COKPAMIEHUA MPOJONBHEIX
paamepos (cM. paag. 1.11) moxyunm

i - ]-
£ ="7Py, 7= YPV, Y= T‘\/T—W

CpapHHBag C 4-BEKTOPOM 3HEPTUM-UMIYALCE, BHAMM, 4TO (}', pc) obpaay-
10T 4-BeKTOD, T.e. NpeoBGpasyIoTCA APYD 4epe3 ApYra Tak ke, Kak (7, cf),
no $opmyaam npeobpasosanua Jlopenna. 3Has, kak npeobpaayloTea He-
TOYHHKH NOJA, MOKHO HalTH hopMyanl Jaa npeobpazopanun E, B. Oun
BEIDVIAZAT TaK!

Ey=E, E.=vE, +7VxB5),

92)
y o2 . 1 (
E’"—B”, gl—‘}’ gl—?yxg

3aeck V— CKOPOCTH CHCTeMHE oTcdeTa K’ oTHocHTensHO cucTeMil K,
Ipeo6pa3oBannud JANHCAHEl 418 KOMIOHEHT IIOJeH, Napalle/bHEIX U [ep-
nenAuKynApHsx V. WHBapHaHTaMu >THX NpeoSpasoBaHull ABAAIOTCA
ckanapuute Beamsunn & - B u B? — ¢2B%:

E-B=E B, E*-cB?=(E)"-3(B) (93)

Ilpu V < ¢ dopmyanl npeofipazobaiud nojell NpHHAMAOT cne,qylomﬂu
YUPOUIEHHEH BUA:

E':E+VXB, E’:B’-é—?xﬁ". (94)

IMpumep 2. MarHdTHOS NoRe HEPEIATHBRCTCKOR YacTHUEL. PaccMoTpum
HacTHUy, KOTopad AprMxeTcA oTHOCHTenRHo NCO K ¢ nocTosHHO HepeTATHBNCTCKOH
ckopocTe 7. B OO K, ceA3aHHOH ¢ ABMKymelcd YacTHLEN, UMEETCHA TONBKO
anexTpuueckoe noxe K ' = kg e, Hnn nepexoga s HCO K nago sanucaTe dopMynn
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npeoSpasosanpa (H4) ¢ V=~ YUBTLIBAA, 4T B HEPENATHBMCTCKOM PeJene JIMHED
OTPEIKOB He MEHAIOTCA, Moy HHM {114 MOMEHTa, KOTa YacThia nPoXxodnT B K yepes
HAYAM0 KOOD THHAT):

411'50 i’ 4r 3

PaBol o g IxB_sesixr

Ilpu srpoge aTux GopMyn GuINO0 HCMONEIOBAHO PABEHCTEO 1/ ? = HgEp.

MNpumep 3. [TonApPHIALAA AMINEKTDEKA NPH JBHXXKEHRU B MACHHTHOM
note. [Ipu gBIKeHHM AHINEKTPUKA C HEPENRTHBACTCKON CKOPOCTLIO [eprieH JUKY AAp-
HO IHMHHAM MHIYKUHM MAPHETHODO ONR NPOHCXOANT ero moaAaphaauni. B CO, cea-
JAHHOK ¢ JUMIEKTPHKOM, CYIIECTBYeT NONepetHoe dnekTpHYecKkoe ione B ' = 3 X
XapakTep MOJAAPUIALMH JHINEKTPUKS IABACHT OT €0 (POPMHL.

TlpuMep 4. DneKTpHYECKOe NMode PEISTHPHCTCKOM YACTHUBL. FaccMmo-
TPUM YACTULY, KOTOpaR ABuxeTcA oTHocHTeako OO K ¢ nocToanuoit penaTueucT-
crolt cxopocteio 1, B HCO K7, cersannoit ¢ gpixymmelica vacThueid, MMeeTCA TONLKS
anexTpHueckoe none K’ = kgf'f r’?, K nepexoga B HCO K caegyeT Mcnons3onaTh
dopmyart npéobpaszosaina (92} ¢ V = —7. Januulem oTBeT A1 MOMEHTa BPEMEHH,
korga vacTaua B HCO K npoxoauTt 4epes navano koopAMHAT, AnA TOYKH, AeiKALIEN
B nurockoct (2, y). [Tpu nepexcge ot xoopanuar (2', ') k xoopaunaram (z, y} Hago
yU4ecTh, uTo 2’ = vz, ¥’ = y (koOpPAMHATH TOYKM HMaMepAlTcA B K 0JHOBpeMeHHO ©
NPOXMKIEHNEM YaCTHLE Heped HavyaJo xoopIMHaT). B peayabTaTe noaytnm

Yy

- ikl — | P 1A
Be= By = hpm g i By =By = ke

(e +F 7

Bugwo, uro mexkTop B KonaMHeapeH pekTopy 7, OJHAKG HAZ OJHOM H TOM Xe
PAcCTOAHNM OT 3apAfa MOJe B TOYKe, DACMONOKEHHON Ha JIMHMM erc ABIKEHWA,
MeHbIle, HeM B TOYKE, PACTIONMKEHHON Ha TepIIeHAuKyAApe K ckopocTu. MarnuTHoe
TIoae B TOM Xe TAUKE ONpPeiensieTcs BEPaXeHHEM: .

Y oa ' + yeUxF
=13 = —«J = =7 o NP L5
2z X ¥ ix H= 4,, (22 ¥ 37

OTMETHM, HTO PAacCMOTPEHHOE JACKTPHYECKOS T10/1e HE ABIAETCA NOTEHLIHAAEHEIM .

4. Konebauus n BONHDI

4.1. Napmounueckne konebBanus. Cnox(el-me
xoneBanni

» Obume onpegenenna. KoneGaHHAME HA3LIBAIOT TakKoe MIMEHEHHE
COCTOAHHA CHCTEMbI, IIPH KOTOPOM IAPAMETPhE COCTOAHUA MEHAIOTCH CO
BpeMeHeM N0 ICPHOAHYECKOMY WK NOYTH NeproAnieckoMy 3akony. Ecar
KosieGaHHA NPOHCXOAAT NOA BO3AeHCTBHEM BHELUHErD NEDHOJUYECKOTD
BO3JEHCTBHA, TO MX HA3BIBAIOT ebinydcdewnvimu. Ecan konreSanus npo-
HCexOAAT 6e3 BHEUIHUX BOINSHCTBHH, 38 CYET OTKIOHCHMA CHCTEMEl OT
YCTOHYHBOrO TIONOXKEHUsA PABHOBECHA, TO HX HAILIBAKT ce0ofodNolMy BAM
cobemeennbisy. KojeGanua xapakrepusywTed nepuodos T 1 vacmomod
v = 1/T (womepseTrca B zepyaz: I'u}.
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» I‘apuonn'«lecxne KoaeBauna, Konefauna BelIWYNHEI & HA3BIBAKOT
20pMORUYECKUMY, CCII OHA MEHACTCH CO BPEMEHEM t o 3AKOHY !

z = Acos{wt + @), (1)

rae A— axnaumyda kosebanun, ¢ = (wt + py) — faza xoaeGanui, v, —
nauaavnas gasa, w = /T — yuxauxecran, WIH Kpyzo6ad, yacmoma
koxebanuii. Ilepsas 1 BTOpas NpOHIBOAHLIC BEIUYIAHE! & [O BpEMEHH

& = ~Awsin(wt 4 py) = Awcos(wt + @y + 1/2),

2
F = ~Aw? cos(wt + ipg) = Aw? cos{wt + @, + ) @)

COBEpIIAIOT TAPMOHHYECKNE KoNeBAHMA ¢ TAkol e 4acTOTOH, HO ¢ aM-
nmarygamu wA u w? A u co caBuTOM o hase Ha 7/2 M T COOTBETCTBEHHO.

Npumep. Ecau wapecTnn Havammaele (mpw ¢ = 0) 3HaNeHMA BeJWYMHE Z:
z(0) = z, u ee npomssogHoi: E{}) = wu;, TO MOKHO ONPelelHTL AMNINTYAY W
HavasHyo dasy Konebauuit. Ua ypasienni £y, = A cosyy M vy = ~wd sin @y HaXOAKM

A= 2R + (vpfw)? mtgypg = —vg f(wey).

» YpaBHeHMe rapMOHMYecKHX Kodebauun. Kax sngno us (2), ecan
BEJAMYKHA Z M3MeHAeTCH I10 3aKOHY [apMONMYecKHX KodeSamuit (1), To
OHa YIOBACTBOPAET YPASHEHUID 2APMOHUNECKUT Kosebanul:

P+wizr=0. (3)

Bepio n ofipaTHoe yTREpX ACHHE: 6CIH ypasHestie dauxcenus PUINYEcKon
CHUCTEME!, COCTOAHNIE KOTOPOH ONpeieddeTcA OAHON BETHIHHON &, YAANOCh
NpH HEKOTOPHIX YCAOBHAX (OBLIMHO — [IPH MAJLIX 3HATEHUAX &) IPUBECTH
K audpthbepeHUHAILHOMY YPAaBHEHHIO £ + 4T = 0, rge ¥ — NONOKHTeNLHAR
NOCTOAHHAA, TO ¥ HaMeHAeTCA No 3akoHy (1) ¢ w = /¥ (napaMeTpu A
M o ONPEeASAAIOTCA HaqalbHEIMU YCAOBHAMH, CM. npuMep 1).

Ecau npu naMeHeHHH COCTOAHNA GUINYECKOH CHCTEMRl KBaAPATHYHAA
dyuknua

E= 3pi® + Lot (4, # — monoxuTencHble KOHCTAHTH)  (4)

ocTaeTcA nocToAHHOM: F = const, TO r MaMeHseTCA mo 3akoHy (1) mpu
w = /3¢y Jeficrurensio, npojuddepeHuuponar (4) M0 BpeMeHH, Io-
1y4uM YpaBHeHHe pi + »xz = 0, KOTOpoe ABIAETCA yPaBHEHHEM IapMo-
Huvecknx koaeSanuii. O6uidHO Beauunna E \ponopuHoHaldbHa 2HEPTHA
KoxeBaTelbHON CHCTEMEl IPH MANKIX &, TOITOMY Takoll HOAX0[ Ha3BEIBa-
oT FHEP2EMUMECKUM ..uemoao.u CIpeJelcHua YacTOTE KOJIesaHHﬁ.

» KoMmiekcrad 3KCIOHEHTA M BeKTOpHanA guarpamma. Popmyna
Oitiepa exp(i¢) = cos ¢ + i8in ¢ NOIBOMAET PACCMATPHRATE IAKOH I'apMo-
HIuecKHX koneGanuil (1) Kak AefCTBHTENBHYIO YACTH KOMILIEKCHOW JKC-
noweHTH z(t) = Re , rge

& = Aexp(iwt), (5)
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a A= Aexp(ip,) HasrBaeTCA Komnaexcrot amnaumydot xoxeSamuit. Ta-
Kol moAx%oA ocofeHHO yAo6eH NPH PACCMOTPEHHH CHCTEM, KOTODHE OIH-
CHIBAIOTCA AMHEHHLIMYE ypaBHEHMSAMH, TAK Kak B 3TOM clydae JelCTBHU-
TeAbHAad H MHMMad 9acTh NpeobpasyloTca HeaaBUCHMO APYL OT ApYyra.

3akoH rapMoHHYeckHX kxotebanuil (1) MoxeT GHITE IONYYeH Kak Ipo-
eKIHA Ha OCb T DPajJUyCa-BEKTODa BeIMUMHON A, KOTOpEIA paBHOMEp-
HO BpaMIaeTcA NMPOTHB YacOBOH CTPENKH ¢ NOCTONHHOW YIUOBOH cKopo-
CTBI0 & OT HAYAILHOTO YTAOBOTO MOJOXKEHUA @ (B 2TOM CAydae yrod
C OCbI0 T MEHAETCA MO 3aKOHY ¢ = @, + wi). Takol moaxos HasuBaeT-
cA memodos sexmoprblr duazpams; oH ocobeHHO YA0GeH NIPH CAOKCEHUU
20PMONUNECKUT KoaebaHuti, Tak KAk MOIBOJAET clIoXkeHHe (YHKUMH aa-
MEHNTE HATJAAIHEIM CAOXKEHHEM BEKTOPOB (IIPOEKIHA CYMMEI BEKTODOB
paBHa cyMMe MpoeKnuH).

p Caoxense rapMOHMYIECKHX KoJeGaHula 0 HOr 0 HanpaBaeHuA,
CyMMa JBYX FapMOHHYECKHX KOJeOaHHA OJMHAKOBOH YacTOTHI, aMILIY-
TYAH KOTOPHIX paBHel A; M A,, a HadalbHule daskl — ¢ H Py, Opel-
cramIgeT coGol rapMOHHYecKoe KoneSaHne
Takol Xe 4acTOTH, aMILINTYAa ¥ Hadalb-
Had ¢aza KoToporo Moryr ObITh HallAeHR
METOAOM BEKTOPHHIX AiarpaMMm (pHc. 46):

A? = AZ 4 A2 424, A, cos{ip, — 1),
A;sing) + A, sing,

Prc. 46 '8 0 = A, cos

46, ) P+ Ay cos gy

(mapansenorpaMM Ha BeKTOPHOH gUarpaMMe BPaIllaeTcA ¢ YIVIOBOH CKOPO-
CTBIO W KaK ofHe ueioe). PasHocTs ¢as koneSannil o guHaKOBOR JACTOTH
He MEHAETCA CO RpeMeEHEM; TaKHe KoleOaHHA HalBIBAIOTCH XO2epeHmMbl-
s Tlpy ¢, — ¢, = +2mm amnauTyaa MakcuMadeHa: A = A; + A,, a 1pu
Yy — ¢y = £(2m + 1)1 — MuruManpHa: A = |A; — Ay|.

TlpH cAoXeHNH HEKOTEepPeHTHHIX KOMeGAHMH ¢ PAdIAYHBIMH YacTOTa-
MU NapaliejorpaMM Ha BekTOPHOR auarpamme gedbopMHUPYeTCA cO Bpe-
MeHeM, MOJYJb Pe3yJabTHPYIOIIErc BEKTOpa M YLJoBad CKOPOCTB €ro
BpAIUEHUA MEHAKTCA, T.. JBHXEHHE He ABJAETCA MapMOHHYECKUM KO-
deGannem. OaHako NpH CIOXKEHUH KoJeSaHMH ¢ 6AUIKUMY 4GCMOMaMy
{Aw = |w; — wy| € wy,w,) HA HPOMeXYTKe BPEMEHH, MaioM IO CpaB-
HEHHIO C 6pesmenes Kozepenmuocmu T, = 27/Aw, KoJeGaHHA MOXHO
CYHTATE NMPHOIUIHTENRHO KOTePeHTHEIMU. KoaeGaHHA POHCXO AT ¢ 1H-
KJIU4ecKoH YacToTol w = (wy +w,)/2, a UX aMOIRTY A2 NepHOAUdecKH (C
nepuogoM 2w /Aw) uaMeHaeTea oT A, + A, jo {4, — A,|. Takue xoneba-
HUA HA3HIBAIOTCA SUEHUAMY, Wy = Aw — NUKIMYECKOH YacTOTOH OHeHNil,
a MepHoj H3MEHeHUA aMnIuTYAul Ty = 27 /w, — nepuogom 6uenuii. Ecau
A, =4,=4, 10

x(t) = 2Acos(-‘£-2—§—&’1—t) cos(i@%ﬂ-t + goo).
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‘Buenus npefcraBaAioT coboil 0JUH M3 NPHMEPOB #0OYAUPOSANNBIT
xoneBaHul, T.e. KONeGAHUH, MPOUCXOJAUMX TO 23KOHY TapMOHHYECKHX
kodebanui (1), B KOTOpOM OAWH K3 MAaPaMETPOB NEPHOAUYECKH U3Me-
HAETCA CO BPEMEHeM C IePHOJOM, 3HAMATENHHO NPEBLIIAIONIAM NepHOJ
OCHOBHBIX KoaeSanuil. PasaudaioT aMILINTYARYIO, YaCTOTHYIO U adOBYIO
MOAYALIHY.

TMpouasonruoe nepuoguteckoe xonebanue ¢ nepuogoM T MOKeT SEITE
paslokeHo B pad Pypee N0 rapMOHMYECKHM KoMeGaHHAM € YacTOTAMH
w,, =n(27r/T). Takoe pasioxeHNe HA3LIBAETCA 2GPMOHULECKUM BHAALIOM
NepUoIndeckoro KoneGaHud, a WieHBl Pad/oXeHHA — MepPBoil (O0CHOBHOM),
BTOPOH, TPETheH U T.[. 2apMOHUKAMY TNEPHOAMYECKOTO KodebGanud. He-
nepuogHyecke KoaebaHna nMeror, Kak NPaBUJO, HENPePHIBHBIT CHEXTD
YaCTOT H MOryT OBIThH NPeACTABICHH B BHAe unmezpaaa Dyprbe no rap-
MOHHYECKHM KoacOaHMAM BCeX 4acTOT OT Hyad jo GeckoHeyHocTH. Ile-
pHOAUYecKHe KOAeGaHMA UMEIOT JMHEHYATHIA CAEKTP YacToT, OJHAKO He
nobbie KOJeGaHNA ¢ THHEHYATHIM CIIEKTPOM ABIAIOTCA IEPHO SUMECKUMH.

p Caokende BIaMMHO NDEPUIEHANKYAAPHLIX rapMOHHYECKMX KO-
neGarum, Ecru Touka ABHXETCA MO IIOCKOCTH TaKUM 06Pa3oM, 4TO ee
NpOeKIMH Ha OCH £, Y COBEPIIAOT CapMOHMYecKHe XoJeGaHHA, TO ro-
BOPAT O CAOKEHHH BIAWMHO [IepHeH AMKY IAPHEIX PAPMOHHYECKHUX Koleba-
Hnil. [Ipu croxennn koneGanuit odunaxesot uacmomst = A, cos(wi+y, )
u y = A, cos{wit + ¢,) TpaeKTOpHeRh TOUKYN ABIACTCA HAKJIOHHKIA JAIUNC:

2y 2ry ;2
artag- mcos(% — 1) = sin’(p; — 1)

Taxoe gBHXeHNe HAIKLIBAIOT S4AUNMUNECKY NOARPUI 06 AHHBLUY K04 BaHU-
axu, Ilpu 0, — ¢, = (2m+1)7/2 ocn saaunca coBNafaI0OT C OCAMA KOOPAH-
HaT. [Ipn ¢, — ; = T DAMANC BRIDOX AAeTCA B IPAMYIO; Takoe ABMMKEHHe
HAJEIBACTCH AUMEUHO NOAAPUTOBAHKLINY Koaebanusmy. [BiKeHNe TOUKE
MOXeT IPOUCXOANTE N0 YacoBol cTpeike (Npy 2mm < v, — @, < 2mm+m)
WA NPOTUB YACOBOU CTPEIKH, B ITHX CIy4adX MOBOPAT O NPaBol WK Je-
SO BJAMHNTHYECKOH NOAAPHIALMY,

Ilpu croxenun BlaMMHO RepNeHAMKYIAPHEIX KoAebaHul ¢ pazIM4Hk-
MM, HO KPATHEIMH 4acTOTaMM PeaylbTHPYIOUIEe ABHKEHHE NPOHCXOIHT
N0 TPaeKTOPHAM, HadwuiBaeMbiM duzypanu Juceaxcy. o suay durypsl
Jlaccaxy MOXHO YCTaHOBHThL OTHOLIEHHE YaCTOT.

4.2. CeobopgHuie HesaTyxalowmne Kone BaHns

» ChobogHHe MeXaHMueckHe kogeGaumd. Ecin cMmellleHHe KOHCED-
BATHBHOU MEXaHHYECKOU CHCTEME! M3 IOJOXKEHHA YCTOHYMBOIO PAaBHOBE-
CHA ONWCHIBAETCA O JHHM NapaMeTPOM i, TO IpH MadkiX & NOTeHIHATLHas
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JHEPruA uMeeT BUI
1 ,(d%E, 1 f dE, sz’
E. (z})= 5% ( Ta? z=u+ 5% | 73 z=0+ RS (6)

T.¢. OPH MAJIEIX OTKJAOHEHHAX OT YCTOHYHBOLO PABHOBECHA CHCTEMA €O-
BEpIIAET rapMOHNYeckHe Konebanna, [JoTeHIUAIBHY K JHEPIUIO Koaeha
TeNLHON CUCTEMEI NPHHATO OTCHHTHIBATE OT NOJ0OXKEHHA YCTOMYHBOIO
pasrosecus (E, =0 npn ¢ = 0). Obobuennar cuaa F, = —dE,_ /de npu
MaJdBIX 2 NPONOPUMOHAJIBHE CMeleHu: Fy, = —xz. (Ecan ¢ — auHelinad
KoopanHaTa, TO 0606meHHad cHa — NPOeKUdA CHILl Ha HanpapleHHe
CMEWIEHMA; €ClIH & —— YroJl OTKJIOHEHHA, TO ¥ — BpalllaTeNbHLIH MOMEHT. )

Ecau MexaHudeckas cHCTeMa NPEACTABAAST COSOH MATEPHANLHYIO
TOYKY HAH NOCTYIATEARHO ABHAKYLIEECH TEIO, TO KHHETHECKAN JHEPTHA

umeet Bug E, = +mi®. Ypapuenue gpnxenna

mi = —s (7)

HMeeT TakoM e BUJA, KaK na rpy3a Ha npyxue. [losromy geficrey-
WIHYIC Ha TeJ0 8e38pawian iy (T.e‘ HanpasiACHHYK B CTOPOHY IIOQJO-
MEHUA PaBHOBECHA) CHIY HA3bIBAIOT NPH MAIBIX £ Keajuynpyzod CHION:
F, = —sz, a koadpdunuenT x — sfexmuenott acecmrocmyio. Uukanye-
CKaA 4acToTa W Nepuo KoaeOaHHMH MMelOT BHJ!

w= \/%, T=2fr\/-§. (8)

Touka coBepuraeT rapMoHudeckie kogeGanud: ¢ = Acos{wt + @,), a ee
KMHeTH4ecKad H NMOTeHUMadbHad JHePriy — FapMOHMYecKHe koleGaHuA
¢ 3acToTol 2u:

E, = Esin?(wt + ) = + E[1 = cos(2uwt + 2p,)],
E, = Ecos?(wt + ¢y) = 3 E[1 4 cos(2wt + 2¢)],

rae B = L mw?A? = 13cA? — noanan Mexammweckas sHepruf, koTopas
fPONOPUMOHAIEHA KBAAPaTy aMMInTY b, Cpefnsa KHHETHYeCKad 3Hep-
I'Ua PaBHA CpegHel MOTEHUMAIbHOH JHEPruH.

Mpumep 1. [lorenunatsyas sueprua xugkocti 8 U-o6paaron Tpybke (!mc. 47)
TIPM CMEUIEHHH X HIKOCTY Ha & yBeAH4HBaeTca na Amgr = (pSt)ge = (2pg5)z%/2 (p—
NACTHOCTE MUAKOCTH, § — cedenne TPYSKH), & KHHETHIECKAA JHEPrUA DARHA mE?/2,
JHaYUT, UMKIHIECKAR YACTOTA KoJde SaHUil PaBHA w = /2095 /m.

IIpumep 2. B ogHoit m3 sgopelepdopiopckuxs Mogenel aToMa BOJOPOLS Mos
AOKUTEALHHIN AAPAA NPEANONArancAd PBBHOMEDHO PACIpPEfeleHHNM MO WAPY P&aany-
com R, PABHEIM paJUYCY ATOMA, & 3AEKTDOH PACMOAATAICA B UEHTPe wWwapa. Hakgenm
HacTOTY KoXeGaHMHN 3JeKTPOHA fIPH CMEIEHHH €ro M3 MORAMKEHHA papHopecHn. Cuna
APUTAKEHUA NPH CMelleHii Ha ¢ papua F, = ~ke?r/R® (cm. paag. 3.4), moaTomy
npy cMetieHuH Ha r < R SyAYT npoMCX0IHTE MApMOHHYECKNE KONeGAHHA ¢ 4acTOTOH

w = \/ket/(mR3).
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Puc. 47, Puc. 48.

Ilprmep 3. PHIHTLCKKA MARTHEEK, Puruxeckus HARMKUKOM HAIKBASTCA
TBEPAOE TENO ¢ COPUIOHTATLHOU HENOJBUMHOW OCbIC BPallleHU:d, HE [DOXOIALIEH
deped ero ueHTp macc. HIpH OTKACHEHWU MAATHHKA OT [ONCKEHUA DABHOBECHMA Ha
MAaNM Yrol & (pHe. 48} BOAHNKAET MOMEHT CUTH TskecTH, paBHui M = ~mgdsin o
(d — paccTosHME OT ENTPA MACC A0 OCH BPALIEHMA), CTPEMAIMICA BEPHYTE TEI0 B
RONOXKEHAE PABHOBECHA, YPBBHEHME BPAIIATALHOCO ABHKEHMA TREPAOTC Teda HMEET
ug: Jp = ~mgdsina, rge I — mMOMEHT HHEPUNH TEIE OTHOCUTEALHO OCH BPALUEHMI.
Hpy Maaux yraax oTKIOHeHHR & € 1 2To ypapHEHMe NpPeRpallaeTc] B ypabHeHKe
CapMOHNYECKHX KoaeSaHMl oTHocHTeasHO yraa ¢! ¢ + (mgd/I)w = 0. Uuxanuecxan
4ACTOTA U MEPHOM KOAeSaHHA MAATHHKA PARHE

w= v\/mgd/I, T = 2m/If(med).

Hanpumep, 118 0SHOPOAHOrG CTEDYHA AJWHOM !, NOABEWEHHOrO 38 OJHH M3 CBOUX

koHion, moaysum I = mi%/3, d = 12, T = .27/21/(39). Mpusedennott daunold L

damu‘{ecxor'o MEATHHKA HAJHPAETCA OAHHA THKOrCe MATEeMaTHYEeCKOTO MAATHHKSA,
neprog koroporo T = 2wy /L/g panen nepuogy zaHHOCO HUINNECKOrs MAATHHKA:
L= I/(md). (/lna oqHOpOAHOr 0 cTEPXKHA, TIoABeWEHHOTO 38 KoHel, [ = 2//3.) Touka,
HAaXOJAMIARCA Ha PaccToArMl [ oT ocH MogBeca H NEXAHEAA HA MPAMOIL, TPOXO IAINeH
Yepe3 LEHTP MacC [MepneHAMKYNAPHC OCH TOJBECA, HAJLIBAETCA yeHMpoM madonud.
Ecni mogpecyThn Telo Ha 0CH, MPOXONAUIEH “eped NeHTP KavaHH napailensHO
ApexHell OCH, TO MepHOM KOAeGAHHN, a 3HAYNT, H NPHUBEICHHAR ZAUHA MAATHHKA HE
HIMEHATCH.

OSo6ueHHON CHAON B JAHHOM TPHMeDe ABAASTCA MOMEHT CHIE THXKeCTH. HacToTy
MONHO ONPEIEAHTE H ZHEPreTHYECKHM METO JOM, Hak I8 JABHCHMOCTE NOTEHINARBHOK
3HERTHM OT yFaa oTiaoHenus: By = mgd(1 — cosar) = mgda?/2. Jlaa noawoit avepruu
nonyqum: E = %I@z + -;-mgdaz, OTKY 18 HAXOIHM YACTOTY KoJe SaHuil,

lapmonnyeckre KoaeOaHEHA ABAAIOTCA UFOIPOHHBIMY, T.€. HX NepHOST
He 3aBUCHT OT aMIMIMTyAeE. [ledo B ToM, 4TO B YPaBHeHUH TapMoOHMYe-
CKRX KoneSaHui # + vz = 0 koopdUIMEnT ¥ UMeeT PaIMepPHOCTh C~ 2, K
00 co06paxeHHAM pasMepHOCTH MEPHOS HE MOXET 38BHCETH HY OT 4ero,
kpome ¥. Konefanua Gonpluoll aMILINTYAH NEpecTaloT OulTh MapMOHH-
YecKNMH, & 3HA4YHT, H MIOXPOHHHMHM — BO3HUKAET 3ABHCHMOCTH HEDH-
ofa oT aMmauTyLbl. OJHAKO B HeXOTOPHIX CHENHATLHEIX CHyvadx gaxe
Madbie kofe6aHuA MOryT He GLITh N3OXPOHHLIME. IO IPOKCXOJHT Tor-
A2, korga B dopmyne (6) a1a pasaoxenna E, no ¢ Bropas nponsBojHas
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ofpamaeTca B uyae. Takas CHTYauua BOIHMKAeT, HAIDHMEP, IPY OTKJO-
HeHUM I'py3a, NIPHKDEIJIEHHOT O K cepeaune nededopsuposansotl Npyxu-
HBl € 3aKpPelUIeHHBLIMY KOHUAMH, B NMepIeHAWKYASPHOM NpPYyKUHE Halpa-
Baeuny. TloTeHIMARRHAR SHEPTHA MDY MadblX T NPONOPUUOHATbHA x4, u
YpaBHeHMe ABMXKEHNA MMeeT BHA: & + v&3 = 0. PasMepuocTs v B 3TOM
cay4ae M~ 2¢~2, u nepuog koaeGannit T ~ 4~ 1/2A~1 o6paTHO mponopuu-
OHAJIEH aMILIMTY €.

p KomeSaTenbHEIe CHCTEMEL ¢ HECKOIBKMMHU CTENeHAMH ¢Bo60-
a1, Ecau cumelleHHe CHCTEMEB! M3 YCTOUMMBOIGC MOJOKEHHA PaBHOBeCHA
XapakTepuayeTc N He3aBUCHMBIMH NApaMeTPaMM &;, ..., T, TO IIPU
IPOU3BOILHOM MAJoM HAYAlLHOM OTKIACHEHMH 3aBMCHMOCTD ¥, (¢) He Gy-
JeT rapMoHnYecKEM kogebanneM. Oanako a1060e JBHXEHHE MOXeT OhITE
IpeACTaBIeHo B BHAE CYMMBL N coeuMalsHbIX ABHKEHHI, HA3BIBAEMBIX
HOPMOAEHOLNU KOaefameabHblay #odamu, B KaXJOM U3 KOTOPHX BCe Z;
COBEPUIAIOT FAPMOHHYECKUE KoNeGaHUA ¢ HEKOTOPOH HHKIHYECKOH YacTo-
TOH, XapaKTepH3YIolled AaHHYI0 Mody. B ofmem ciydae Bce N dacror
MOryT OHITE paslHIHBIMM.

Iipumep 4. CeasanHple MadTHEKH. PaccMoTpUM gBa 0INH2KOBRIX MaTeMa-
THYECKHUX MAATHHKA JANHOM [, CPY3R KOTOPHX COeIHHeHN HeJedOPMHPOBaHHOMN NpY-
XKUHOH kecTrocThio k (puc. 49). Hopmalbaiie MOZL JaH-
HOI‘"I CHCTeME TIOABONAST YragaThk CMMMETPHA CHCTEeME.
Fapmonnteckne KoaeSaHnA BOIHHKAIOT NpM: 3} 0AMHAXO-
BOM OTKIOHEHUH MAATHUKOB B OAHY CTOpoHY (Z, = Z,)
u 6} OpH OAHHAKOBOM OTKNOHEHUN MAATHWKOB B PA3HNLIE

! i cropoHu (r, = —r;}. B nepeom cmyuae: w; = 4/g/!,
k Bo Bropom: wp = +/(g/l) + (2k/m}. Ecan orknonurs s

m m CTOPOHY TONLKG MEPBHN MARTHHMK, YTO COOTBETCTBYET
HAYANBHEIM YCAOBHAM (T4, T59) = (4,0), To Takoe oT-

Puc. 49, KTIOHEHHE MOKHO MPE[ICTABUTS B BHTE CYMMI ABYX HOp-

ManBHEIX OTKIOHeHnd: (4,0} = ( A, sA)+ (5 14, -+ 4).
3TO 3IHAMMT, HTO ,qmmcenne nepporo MAaRTHHKA ﬁy,qe'r coaepma'r'bca no 2aa-
KOHY! T; = —Acos(wl )+ —Acos(wzt} a4 BTOPOr0 MARTHHKA — [0 JBKOHY:

Ty = %A cos(w,t) - %A cos{wyt). Ecast kfm & gfl, 7o dacToTH w) ¥ wy 6YZYT Gana-

KH: Aw % wy , U [P HanOXeHHK aBYX KoteGanlil ¢ GAMIKUMHN YacTOTaMn Gy ayT

/m
g/t
HabaofaThCA SMetina (oM. pa3g. 4.1): depes ppema Tg/2 = nfAw BTOpOi MaaTHUK
PacKavaeTCH, a NePBEI OCTAHOBUTCA, ellle YePed Takoe Xe BPeMA JHEPTHA CHOBA Tle-

peflaeT K TepBOMY MARTHHKY, H T.[.

!

— » Cpoboaunle KoneSaHHA B 3AEKTPHIECKOM

koHTYpe. KoneGaTebHbIM XOHTYPOM Ha3BIBAET-

CA 3AMKHYTad UENb, COCTOAWAA W3 KOHAEHCATO-
q| pa eMkocThio ¢ M KATYUIKH WHAYXTUBHOCTBIO L
_C L (puc. 50). Ipomeccn B Koe6aTeILHOM KOHTYpE,
9 K2K H B [ellAX TepeMeHHOro ToKA, HCCAeAYIOTCA B
o6.18CTH YACTOT, I'e BBIMOJHACTCH YCIOBUE K8a3t-
2! emayuoxapHoemyu (cM. pazg. 3.14}, T.e. w € ¢fl,
Pxrc. 50. rie { — XapakTepHble paaMepsl CHCTEMEL (B 3TOM
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npHOIMKEHHH, B YACTHOCTH, MOXHO He YYHTHIBATE H3Ay4eHNe KOHTYpA).
Jakon OMa gnd y9aCTKA LUENH, COAEPKALIEr0 WHAYKTUBHOCTH, IPH BRI
GpaHHOM IIpaBuje 3HAKOB AJf 06X04a KOHTYPA M JIA 3apAfa KOH/ACHCA-
topa umeeT BUA: IR = (i, — ¢,) +&, rie R— conpoTupienne npoBojoB
 karywku. C y3eToM cooTHoweHui: | = § (BepHOro Mpu BHIGPAHHEIX
aHakax), ¢ = (¢ — ¢, )/ RuF = ~LI umeem IR = —(q/C) ~ LI. Orcioga
NOLY 1HM

. R 1
Q+f‘?+'ﬁ¢1—0- (9)

Ecnn conpoTHBIEHHE KOHTYPA TPEHESPEXTMO MO (4TC COOTBETCTBYET
R&A/L/CY), To 3apaj Ha KOHAEHCATOPE MAMEHAETCA NO TAPMOHUIECKOMY
BaKOHY ¢ = {,, cos(wi + ) ¢ UHKIM9IECKOH YACTOTOH M IEPHOIOM,
paBHBIMH

w=1/VIC, T=2/IC. (10)

Tok B KOHTYpE M3MEHAETCA MO MapMOHHYECKOMY 3aKOHY C aMILIHTYAoH
1., = wq,, ¢ onepexenneM no $ase Ha 7/2. JHEprus KOHTYpa

DePexOuT U3 3MEKTPUIECKON POPMEI B MACHHTHYIO H 00PATHO: B MOMEHT
MaKCHMAJIBHOM 3ApAAKA KOHJeHcaTopa ona pasHa W = ¢Z,/(2C), a koraa
3apaj KoHfeHcaTopa paBeH Hymo, To W = LIZ /2. Jlaa aaBucuMocTH
MATHHTHOR M 5JEKTPHYECKOH OSHEPrMH OT BpPEMEHH BEpHHL TakKHe XKe
COOTHOWIEHHA, KaK AJA KMHETHYECKOH M NOTEHUHAJLHOH SHEPrHH NpH
MexaHU4IecKuX KoleSaHnax.

4.3. JaTyxaiowme n BoiHy)XAEHHbIE KonebaHus

p 3aryxalomme xKoaebamma. Eciu B kosebarearHoll cucTeMe npouc-
XOJAT MOTEPH 3HEPrHM, TO AMIMIHTYIA KoJle0aHHH YMEHBLIAETCA CO Bpe-
MeneM. Ecnn MNOTEPH 3HEPTHU MeXaHWYEeCKHX koneSaHnii onpeledATCA
CHICH BRIKOTO TPEHHA, KOTOPaA MPH MaJblX CKOPOCTAX MPOIIOPIHOHANL-

Ha CKOPOCTH, TO ypaBHeHHe JBHXKEHHA Ma = —xZ — by OpPHBOJUTCA K
AuHelHOMy AnddepeHIHATEHOMY YPABHEHHIO
1'5+2,8:b+:...=§z=0, (11)

KOTOpoe HA3MBAETCA YPUSHENUEM IJAMYTGOWUT Koaefanul. 3Jech
B = b/(2m) — xoafPuyuenm samyranur, w, — IMKIAMYECKas 4HacTo-
Ta cobCTBeHHBIX KodeGaHuMil B oTcyTcTBHMe 3aryxaunda (mpn 3 — 0).
Pemsenne »roro ypaBHeHHA yAOGHO HCKAaTh B BAJAE SKCIOHEHTHI:
& = A exp(—~t). Mogcrapaad B (11), noly4nM 414 y KBaAPaTHOE ypaBHe-
mue: y2 = 28y +w? =0. Ecan B < w,, To ypaBHeHHe HMeeT JBa KOMILIEKC-
HO CONPAXERHEIX PEIeHUA: 7, 5 = B+ i\/wi — 42, KoTOpHle NPUBOAAT K
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OJMHAKOBREIM OTBETAM, TIOPTOMY MOXHO BaaTh Jo6oe. [Ipumenaa dopmy-
ay Jinepa (cM. pasg. 4.1}, nodydnm:

2(1) = Age™P" cos(wt + ), w=vwd - 57, (12)

I/l HOCTOAHHBIE Ay U ¢y ONPEAEAAIOTCA HAMATEHEIME YCAOBHAMI,
Dyukuna (12) npuHUMaeT Hy/leBoe 3HAYEHHE 4Yepe3 PaBHBIE NMPOMe-

®yTkH BpeMenn T = 2x/w (puc. 51), nosToMy w 1 T yCIOBHO HA3BIBAIOT

P YACTOTOH M MEPUOAOM 3aTYXAWNX KO-

aebannii. Ecan § € wy, To Ha KaxJom

m BpementoM HHTepBate T € 7 K 7! ko-
» JeGaHUHA MOXHO CYMTATh FAPMOHHIECKHA-

W t Mmu, a A(t) = Ayexp(—0t) umeer cMBIca
AMIVIMTYABl KONeGaHHH Ha 3TOM HHTEp-

BaJge. [losromy A(t) HastiBaioT (npu Jio-

Puc. 51. oM f < w,) saBMCALEN OT BpeMe-

HH amnaumydol 3amyrawwyus xoaeba-

nud. Y6rBaHue aMITATY AL 32 RepHod, paBHoe A(1)/A(l +T) = exp(8T),
HA3BEIBAIOT JeKkpesmenmon 3amyTanua, a JorapudM fekpeMedTa

A(t)
AL+ T)

=In = AT (13)
HasBBAIOT aozapudfisudeckus Jexpemenmos 3amyzerus. Beayuauna
N = 1/ noka3siBaeT, 3a CKOABKO MOMHEIX KOAeGAHUH aMITMTYA4 YMEHD-
maeTcA B e 2 2,72 paa.

Ecau § > w, (cuibHOE 3aTyXaHHe), TO KBAJPATHOE ypaBHEHUE AMNA 4

“ . — 2o

MMeeT JBa JeilCTBUTENBHEIX TIOMOXUTENbHBIX KOPHA: ) o = 0%/ wg,
U oflllee peleHue

z(t) = A, exp(=mt) + Aj exp(—,1) (14)

MMeeT HeKoJeGaTelbHHN (aHTApPMOHMYECKHH) XapakTep (mapaMeTphl
Ay, Ay onpeaelAIOTCA HAMAJILHEIME YCIOBHAME),

» 3aTyxawilive 3JeKTPUYECKHe KoJe6aHuA. CpaBHEBaA ypaBHe-
HHe KOIeBaHHUI B DACKTPHYECKOM KOHTYPe (9) ¢ ypapHeHMeM 3aTy XA0LIMX
konebanuit (11), HaxoguM BbIpaXKeHna ANA KO>(DUIMEHTA 2aTyXaHUA M
ACrapAGMUNECKOT O JeKpeMeHTa IATYXAHK!

R

B=ar, A=pT=r—= (15)

Jﬂ’

YcnoBue caaboro naTyxaHud A € 1 mmeer mua: R € +/L/C (peanun-
L/C HaakBaioT 604HOGBIM CONPOMUGIEHUEM KOKMYPA).
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» Bruyxaennme MexaHMueckKHe KoaeSauud, JeuxeHNe CHOTEMEL
noj BO3JelCTBHEM BHemRell TepHOAUYECKOR CHALI HAILIBAIOT Sbinymcden-
HulLKY KoseBanuAKY, CAMY BHELIHIOK CHIY HalbIBAIOT euNyicdawweti Cu-
aotl. Vi3 ypaBHeHRA JBHKeHHA Mma = ~x& ~bv+ F, (t) moay4nM ypaenerue
BUHYNCTEHHWT Koae HaKyii:

i+ 28 +wiz = f(tj, (16)

rje NPHHETo oboanadenye f(t) = F (1)/m.

QOf1tiee pelerHe TAKOIO HE oc?uop 001020 {C OTAUNHON OT HY/IA MPaBOH
YACTBIO) YPABHEEUA MOXET GBITh NPEJCTABICHO B BHJE CYMMB Y4CTHOTO
(T.e. m06oro) peleHUA HeOZHOPOAHOI'C YPAaBHEeHHA U OOLIero pPelleHud
0AHOPOAHOrO ypabuenud. (Ofliee peilieHUe NOIKHO ColePXaTh ¢Boboa-
HEl€ HAPAMETPH, N03BOIAILINE YAOBIETBOPUTE MI06HM HaMaALHEIM Yo
muam.} OAHOpoAHOE ypaBHEHHE MPEACTAaBIAeT cO60H YPABHEHHE 3aTYXa-
IOIWHX KodeGaHui, ero obmee pemenne (dpopmyant (12) u (14)) skcnonen-
UMANLEQ 3aTyXaeT 2a Bpema T ~ 1/8. 3aTyxanne cobcTBenHBIX Koneba-
HMI O3HAYA2T OKOHYAHHKE MEPEXOAHOI0 PeXHMa YCTaHOBIEHHA KoseSaHui
H HACTYIIEHHE PEXUMA YCMAaHOGUS WUICA BRIHYK IeHHEIX KoneSanuil, Xa-
PaKTEPHCTUKH KOTOpPOre onpefeifioTca pyuxuueil f{1) u napaMeTpamn
B, wp, HO He 3ABUCAT OT HAMANLHBIX YCAOBHIL.

YacTHoe pewenue ypapHenua (16) 6ygem uckaTh B BUAe YCTAHOBUE-
muxcs koreGannit, Tak xak mobag nepuogudeckad cuaa Fo{i) momer
6urTh pasaokena b paf Pyphe, TO eCTECTBEHHS UCCICNOBATE YCTAHOBHB-
MYeCH BLIHYXACHHBE KogeSaHud Mo AeHCTBHEM IapMOHHYECKOH BHIHY-
Kpatowedt cuaer f{t) = F,(t)/m=(Fy/m) cos (. Bygem nckars ux B Buje
PapMOHHYeCKHX KodeSaHUN TaKo# Ke YacTOTH, HO CO CABUTOM Ko daae:

z = Acos( + ). (17)
Bi<h
Hogcrasnsa (17) B ypanueHue, HAXOAUM -
A= Fo
my/(w§ — Q)7 +432Q2°
(18)

tgp = 200 )
§¢ = wi-Q%° SOT

Ilpu @ = 0 moayyum ¢ = 0
A = Fy/(mwd) = Fy/x, 9To cooTBeTCTBYET
CTATHYECKOMY CMEILEHHIO Tela BCe] 3a MeA-
Aenno MeHaowenca cunoit. [Ipy @ — o0 ume-
eM A — 0 u ¢ - —7. Ipaduxu A(Q) 1 ¢()
NpUBefeHs! Ha pHc, 52,

> Peaonanc. MakcuManbHce 3HaYeHHE AMIUMTYABl YCTaHOBMAIMXCA
Kosebanuil JOCTAraeTcA NPH pedoxaxckot vacmome (1, = Vwi =28 =

= w? — % u pasio A, = A(R,) = Fy/(2mpuw), rae w = /wg — 2 —
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LHKIBYECKad JACTOTa dATyXawolux koreSanuil. IIpy § <« w, saBucu-
MocTe A({) CofepXKUT peIkNit i y3KUI MAKCHMYM IDH PEIOHAHCHOH 4a-
CTOTE, KOTOpad B 3TOM Npejene 6auaka K cO6CTBEHHON YacToTe Koneba-
HHH CHCTEMH. DTO SRACHWE HA3BIBAETCA PEIOHAHCOM, & KDHBEIE 3aBUCH-
MocTH A({l) — pesonancubimu xpusspmy. XapakTepHCTHKY MaKCHMYMOB
(npu 8 K wp): oTHOmEHNE A .. K CTATHYeCKOMY oTkJoHeHno A(0) pasHo
w/(28) = m/A (A — norapudMAYeCcKHil JeKPEMEHT 3aTYXaHUA; BEAHIHHY
Q = w/) naswBalO¥ dobpomuocmbi koleaTenvnon cucTemul). Mupn-
Ha MakCUMyMa Ha yposHe A, /v/2 paBHa Ko3bULHEHTY 3aTyXaHMA:
A= .

AMOIUTYAa YCTAHOBUBIUMXCA Kole$aHWH CKOPOCTH JOCTHraeT Mak-
cHMaabHoOT o 3HadeHua £/ (2m3) npu @ = w,. Ipn peacnance koneGanun
CKOPOCTH NMPGUCKCAAT B ¢haie ¢ KOMeGaHUAMM BOIMYIIAOEN CHIILL.

PaccMoTpuM npolecc yCTaHOBAEHMA KofeSaHEH UPH 4acTOTe BBIHY-
KAAOWEH CHJIM, DaBHOH Pe3OHAHCHON 4YacToTe (NpejlonaraeTcs, YTO
B € wy). Ecau B HawanbHEIH MOMEHT CMEIEHUE ¥ CKOPOCTE TOYKM PaBHA-
JHCE HYJIO, TO B PACCMATPHBAEMOM IIpefie/ie HaYafEHEM YCAOBHAM YZO-
BIETBOPAET PEIICHNeE:
sinwi + A

A e P sinwt = Ay, (1 - e"m) sinwt.

Tmax max
Tloaydennan sapucuMocTe naoBpawkena Ha puc. 53, Ilpm ¢ € 1/8
AMILIATYa PacTeT NPONCPIMOHANLHO BpemeHm: A(t) = A, 0t =
= Fyt/(2mw); 3aTyXaHue Ha ITOM
JTale BAMAHHA HE OKa3LIBaeT.
OTMeTUM, 4TO BpeMa YCTAHOBe-
HUA KoMeGaHHA BEIHKO MO Cpas-
HeHHIO ¢ nepHosoM: 1/8 > 2r/w.

. Ecu yacToTa Q 6amaka x w, HO
OTINYACTCA OT Hee, TO IBHXKE-
HAE HA HAa4&8JbHOM 3Tane t & 1/8
apeAcTaBIAeT oS0 CYMMY KO-
AeGaHuii ¢ GAM3KMMH 4YacToTa-
FPuc. 53. MH. Ecim BrimoaHeHo ycaopme

w3 [ —w| > 1/F, To B npouecce YCTAHOBIEHHA KOJESAHHI MPOHCXO-
AAT ABHO BbIPaXKeHHbIE SUEHNA (AMILTUTY A3 Ko 6aHui BO3PacTaeT NOYTH
B0 24, B YMEHBWIGETCA oYM 0 HYJA ¢ MEPHOAOM T = 27/|0 — ).

X4

Pe3oHAHC OpH NPOMIBOILNOM NEPHOAUYECKOM BO3 feHcTarM. Ecau nepn-
off BHewHero posgeicTena F (i) KpaTeH mepuody COBCTREHHREIX KOAeSaHUN CHCTEMK
T = 2n/w, To B pasnomennit F (1) 8 pajg Pypre MoxeT NpUCYTCTBOBATL MapMOHNKE
¢ JacToTol w. BEcan fo0poTHOCTE KoaeBaTeasHo! CHCTEMEl BEIXKA, TO N0 AeHcTan-
€M DTOR TAPMOHMKH MOTY T BOSHHKHYTE TAPMOHHIECKHE KOe 0aHHA 3aMeTHON aMITIH-
Tygu. Hanpusep, Ann packaunpaHMa Kadeneir MOXKHO HOJTATKMBATE KX Ha KaXJOM
paamaxe (TOrfa PEIOHAHCHYIO 4acTOTY SYIET MMETh NICPBAA FADMOHHKA), MOKHO ~
wepea pas (6ygeT paboTaTh BTOPAA FAPMOHHKA), K T.J.
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» Bruyxgenane sxexTpugeckue konebauusa. Ecan B konefareas-
HEIA KOHTYDP (cM. pasg. 4.2) skmoynTs nepemennyio 3JC &(2), To Buiny-
K AeHHEIe KoneBadua 6y 1yT OMHCEIBATHCA TAKUM Xe AuddepeHalbHbIM
ypaBHEHHEM, KaK H JAf MEXaHM4eCKOH CHCTEMBI:

§+2084 +wyg =F(t)/L. (19)

3gech ¢ — 3apAj Ha KoHAencaTope, § = R/(2L) — kosdbduouenT saTy-
xanna, w§ = 1/vVLC — nukmmdeckan 4acToTa COBCTBEHHBIX KodeGaHmii
KOHTYpa. PaceMoTpum yeTaHeBUBIIMECA KoJeBanua uof feficTsueM rap-
MoHMHeckoro Bo3geHcTeHA F(t) = &, cos (M. KoneGanun 3apaja nponcxo-
JAT 1o 3akoHy ¢(t) = g, cos(Q + ), rAe A4 AMIVIATYIEL ¢y U CABHTE TIO
dase ¢ Bepubl Bepaxenna (18). OfHako B 3MeKTPUHECKOI HenN HHTEpPeC
NPeJCTAaBIAIT He KoJeSaHusd 3apAfa, a kojebaHua Toka | = ¢, koToprie
NpoOUCXOJAT 1o 3akoHy [ = [ cos{f — ¢,) ¢ aMIIUTYAOH U CARUTOM IO
daze, paBHEIMU '

I, =&, [Rz + (QL - -61'5)2] _1!2, tg e, = (QL - -65) (20)

MakcumyM aMranTy abl KodeSanull Toka (Pe30HAHC) JOCTHTaeTCA EPU
snasenun O, = wy = 1/V/LC u pasen [,(Q o) = &p/R. Ilpn pesonance
KofebanuA Toxa NPOUCXOAAT B daze C KoneGaHHHMH 24C.

KoneGaHusa HallpAMXEHNA Ha CONpOTH-
BJIEHHM, KOHJEHCATODE W KaTyIIKe HH-
AYKTHBHOCTH OIHCEIBAKITCA CIeHyIOMIN-

MM (DOPMYIaMH: f
9L ot "
UC__C_IGQCCOS(Qt e+ 2)!
df m
U, = L—d? = I{QL) cos(Qt—tpl+—2‘)‘ Puc. 54.

KeadhduumenTH HpOMOPHHMOHATLHOCTH MEX Y AMIMUTYAAMH TOKa U
HAIIP/KERNA HAadBIBAIOT: e = 1/(QC) — emxocmupin conpomussenuen,
£y = QL — undyxmuenna conpomusaenues. Bernauny z = ¢y — 2 Ha-
3BIBAIOT PEAXTMUSHLIM CONPOMUGAENUEs UENH, CONpOTUBACHNE R — ax-
MUSHELM Conpomudaeries (B TOM CMBICHE, YTO TOJALKO HA HEM pacceH-
BAaeTCA BHEPrHA), BeAHYMHY 2 = v R? 4 £ — noamvis conpomusiexue.
Popmyay (20) moxHo nepenncars B Buge: Iy = &,/z, tgyp, = z/R. Bee
OTH COOTHOIICHMA CTAHOBATCA OYEHL HATJAJHLIMU IIPY WCIIOJL3OBaHWA
BeKTOpHHIX guarpamm (puc. 54). Ilpu peaonance ¢ = 0, T.e. konrebanua
HaNpAXeHHN HAa eMKOCTH M HA HHAYKTHBHOCTH KOMOEHCHPYIOT APYT ApY-
T4 ¥ CONPOTHBJCHNE LENMN NMPEBPAIIAETCA B AKTHBHOE CONPOTHRISHHE H.
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» MommuocTs Ha yyacTKe Renu. Jedcmayouus, nm sPdexmus-
HbIM, IHGUERUEM TIEPEMEHHOTO ToKa (Hanpaxeunsa, 3JC) HaawBaeTCa Ta-
KOe 3HaYeHHe HOCTOAHHOTO TOKA, APH KOTOPOM HAa aKTHBHOM CONPOTH-
BJeHHM BBIJGAACTCA 34 HEPHOM TAaKOoe XKe KOJAMYeCTBO TeIIOTH, KAK MPH
nepeMeHHOM ToKe (T.e. Cpej{HeKBaAPATHYHOE 3a NEPUC] BHaAYEHHE):

T
f I*Rdt = I*RT.
0

Mas cunycongansaoro Toka J, = I,/V3, Upy= Uﬂ/\/ﬁ. Eciu capur ¢azet
MeX Y TOKOM U HALIPAKEHHEM PaBeH , TO CPEAHAA 3a EPHO S MOLIHOCTD
pasHa

1 T 1 :
P= ?/o Uy cos{Q8) 1, cos(§2 — ) dt = -§U010 cos = I,U cosep.

A4 peak THBHOI'O COTIPOTHBICHHUA CPeJHAA MOLIHOCTE PABHA HYJ0.

4.4, Ynpyrue BonHbl

» OcHOBHEIe onpefgeneHud. Ecau HernpepLlBHaA cpefa obaagaeT
YOPYTUMH CBOHCTRAMH, TO JRMKEHUE TOUEK B OFHOM MeCTe Cpefsl (B tc-
Mmounuke) TPUBCAUT K PACHPOCTPAHEHUIO 3TOIC JAUXEHNAA ¢ CIpeJeien-
HOH CKOPOCTHIO B BHJE yIPYron BonHsl. BoaHosoe gemxenue cpefnl omu-
celBaoT yHkuuen £(7, 1), 3afalomel cMeleHRe Yacmuybt cpedul OT paB-
HOBECHOT 0 MONOKeHUA T B MOMeHT Bpemern ¢, (JacTuuel cpegut Ha3nipa-
I0T JOCTATOMHC MaJeHBKHI Maxpockonuveckut, T.e. coflepxattni 60/s-
mWoe YHCIO ATOMOB M MOJEKYJ, JAEMENT cpelrl.) YIpyras BOXHA MOXET
PACIpOCTPaHATHCA B TPEXMEPHOM cpede, ABYXMepHOH cpefe (ynpyras
MeMOpaHa) H OJHOMEPHOH cpele (YNPYTHil CTEpXeHL, HATAHYTAad KeCT-
Kafg HUTb, cTOAS Boaayxa). [Tpocreiiiunit BUE BONHEI — NAGCKAR 804NG, B
KoTopoil dhyHKIMA £ = f(:z,t] MEHAETCHA TOABKC B OAHOM HANDABAEHUH I
3aBHCHT OT KoOpPAHHATH! . Ecan npu atom BexTop & nepHeHAUKYAApen
HANPABICHUIO PACIpPOCTPAHEHHA BOJHEL, TO BONHA HA3LIBAETCA NOMEDEY-
Hotl, & eCHAK TaPANIeIeH — nNpodoabHOL,

Cpesa uasweIBaeTCA 0OWOpPOOHOU, eCAHM Bee ee TOYKM IKBHBaJeHTHBI,
udomponHoet, eciu B Hell pPABHONpPABHE! BCe HalpaBieHna, ynpyzotl, ecan
BO3HHKAIOLIHE CUARI 3aBUCAT TOABKO OT CMellleHus (fedbopMailun), auned-
totl, ecyl CUIBI POIOPUAOHANBHE JedopMatiuam. B abcoatoTHo ynpyroi
cpefie MexaHU4YeCKad 3HEPTHA BOJHLL He paccensaeTcA (He npespalaetcd
80 BHYTpeHw0). Ecan cpefia obaagaeT ToaEKo 06BEMEOH YIIPYFOCTRIO,
TG B Hell MOTYT PacupOCTPaHATHCA TOJABKO HPOAOILHbIE BOHEI (HUJA-
KOCTE, I'a3), ecii OKa 061ajaeT TaKXe yIpYTocTbio POPMEL, TO BOIMOX-
HH] } ICNepedHbIe (CABHNOBHE) BOMHEL B nueilnok cpege pacipocTpaHe-
HHE BOJH OIUCHBAeTCA JHHeHHEIME AuddepeHuNalbHEIME YPaBHEEMAMH,
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 OCYUIECTBAAETCA NPURYUN CYnepnoduyuu: eciu ABAa HE3ABUCUMEIX MC-
TOYHMKA BLISEIBAKT JBe pasHblx BOMHH £ (7, 1) u &4(F,{), To coBMecTHOe
JelCTBHE MCTOYHHKOB BHI3OBET BOAHY £(7 1) = £,(7, 1) + £5(7,1). Taxoe
Ke YyTBePXJCHHe BEPHO M VA OJHOTO HCTOYHHKA, ABMXKEHHE KOTOPOrO
MOXHO Da3lOXHTE HA JBa ABHXKeHHA. ITOCKOIBKY Mo6yio BDYyHKUHIO Bpe-
MEHH MOMCHO NPeJCTABUThL B BUje UHTerpata Pypre no rapmoHmeckum
GYRKIMAM, TO BOIHOROE JBMXKEHHE JHHEHHON CPEABI MOXHO DaioNKHTE
Ha 2GDMONUYECKUE 804HbL Heped MPOM3BOABHYIO TOYKY TaDPMOHHYECKOH
BOJIHEL MOXHO HPOBECTH €AHHCTBEHHYIO IOBEPXHOCTh MOCTOAHHOH basnl,
KOTOPasA HA3EIBAETCA 604H060U nOGEprHOCMybo, Uil Bponmon 60amu,

p YpaBHeHHe ILTOCKOH rapMOHUYe CKOM BONRK. ECIH B HCTO4HHKE
cMellenne nmpoucxoguT mo sakony £(0,f) = £, coswl, To B TOYKAX ¢
KOODAMHATOR I CMeLUeHHe HPOHCXOJHT IO TakoMY P 3aKOHY, HO ¢
3ana3jelBaHMeM Ha &/v, I'lé ¥ — CKOPOCTh PacupOCTPAHEHHA BOIHLL

E(z, t)=¢,, cos[ (t———)] £mcos(?t-%x):fmcos(wtwkz). (21)

3aech A=2mv/w=vT — dauna soanvi, k=w/v=2r/A— soancsoe vucao.
J1nHa BOJHLI IpeacTaBIAeT cob60H NPOCTPAHCTEEHHEIR Hepuo npodmas
PAPMOHHYECKOU ROJNHEL, TOYKH, OTCTOANINE HA JIMHY BOMHE, COBEPIIAIOT
CHHXPOHHEIE Kone6aHud (pasHocTe das Ayp = 27), pasHOCTE has Mex gy
NPOM3BOILHEIMY TOYKaMM paBHa A = 2m{¢, — ¢,)/A. B ypasHeuun (21)
ApeqnoaraeTcA, ITO NOTEPH JHEPIHM Ha PACCTOAHMH T NpeHeSpexXHMo
MaJhl; HeSOJbINOE pACCeHBaHHME BHEPTHN MOXHO Y4eCTh dMIOMPHYECKH,
BBeAA B (21) MHOXUTEND exp{—vz), rle v — xosfPuyuenm zamyrarus
soanbe. Ecaut BReCTH 804M060Y sexmop k, HANDABICHHBI TePHEH AHKYIAD-
HO (PPOHTY BOJHEL B CTOPOHY €€ pacnpocTpaHenus, To (21) npunumaer
BN, MHAAPUAHTHEIA N0 OTHOIEHHIO K BHIGODY CHCTEMEl KOOPHHHAT:

EF 1) =€ cos(wt — k- 7),  E(F,t) =& et (22)

Tlocrennsan ¢opma 3anucn ypabHeHua Geryiuell BONHBE HCOOAL3YET (Op-
MyJly Oudepa; (PUanYecKuil CMBICT UMeeT TOJLKO JeHCTBUTENBHAA YACTh
Reé. Ecan ckopocTh BOJHEI He 3aBHCAT OT YacTOTHL (OTCYTCTBYET AMC-
MEPCHA), 'TO MIOCKOE BOJHOROE BOAMYIUeHue Jobol hopMbl pacnpocTpa-
HAeTcA Oe3 UCKAXEeHHA G OPMEL

b Cohepudeckue ¥ NUIMHDUYECKHE PACKOAAMINECH BOJHEL.
Ecau Bosna pacnpocTpanseTcst oT TodedHOro (cdepudeckoro) WM JH-
HEWHOro {UMWIKHAPWYECKOr0) HCTOYHHKA U3OTPONHO MO BCeM HANpaBJe-
HMAM, TG BOJHOBBIE NOBEPXHOCTH GYAYT HMeTh COOTBETCTBeHHO dhop-
My cdep WIM KPYTroOBRIX NUWIMHApPOB. B 3THX ciydaAx ypaBHeHUs pac-
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XOAAIMIUXCA BOJH B OTCYTCTEHE HOTEPEL 3HEPIHH MMET CJIe,q}’IOIIH‘[ﬁ BHA:

£(r,t) = %‘ cos(wt — kr) {cdhepudeckan BoaHa),

§o
VR

rae r = ot + 32+ 2?2, R = /22 + y2. Y6rpauue aMIIUTYAL IPOUC-
XOAHT BCAENCTBHE BO3paCTaHHA HIOLIALN BOIHOBOH MOBEPXHOCTH; 3AKOH
COXpaHeHHA DHepruH TpebyeT, YToOH HOTOK 3HEPCHU OCTaBajcd HOCTO-
AHHBIM (HAIIOMHHUM, YTO DHEPTHA KoJle GaHHI IPONOPIUOHAALHA KBAPATY

AMELIMTYAR]; TaKke ¢M. Huxke).

§R.Y) =

cos{wt — kR) (umannApuYeckas BOMHA),

» Bomuopoe ypaprmenue. HeniocpegcTBeHHON HOACTAHOBKOH MOXKHO
yOEARTECA, YTO CMElIeHHE TAPMOHMYeCKOH BOJHH £(F,1) yJOBIETBODAET
YDaBHEHUIO
H2€ % g% 1 0%
dz? + Ay? + 822 v? G’
KOTOpOE HAJLIBAETCA GOANHOGBIM -Ypadnenues. ECAM CKOpOCTbL TApMOHH-
4eCKOH BOJHHI He 3aBHCHT OT HACTOTH (3ABHCHMOCTL w OT k ABAAETCH
JHHEHHOH, T.€. OTCYTCTBYET ANCIEPCHA), TO TAKOMY K€ YPaBHEHUIO YIO-
BJAETBOPAET Mw6ad CYHEPHOININA NICCKUX BOIH. BepHo Takxke u oSpaT-
HOe YTBEpHK/JAeHHe: eCA ypaRHeHUe JBHXKEHMA “acTHIEI Cpefbl YAalOCh
IpHBECTH K (23), To BOMHOBLIC BOBMYILIEHHA JAHHOU CPEAE! PacIpoCTpa~
HAKTCA €O CKOPOCTLIO v,
B oanomeprom cayvae ofluee pemrenue ypaBHenus (23) umeeT Bug

£ = fy(z = 1) + fyla + v1), (24)

. i
rge f; u f, — npomesoabHule {guddepenunpyemble) bynkuuu. [Iepsoe
claraeMoe OHHMCHIBAeT PacHpOCTPaHeHWe IUocKore curHada f(z) co
CKOPOCThIO ¥ 63 MaMeHeHHA GOPMLL B HANPaBJIeHUH OOMOXKUTEILHLX X,
a BTOpOE caaTaeMoe — paclipocTpaHeHne curHata f, () co ckopocThio ¥
B HAIIpaABIeHUH CTPHLIATENBHEIX I,

Npumep 1. Yapyruit cTepmxens. CHIB, BOIHUKAIWME OPU NPOAOILHEIX
¥NpYrux fedopMankaX CTERXKHA, NoA4YsHAIOTCA 2aKoHy ['yka: o = Ee, rae o = Ff5 —
HANPRMCENUE B JAHHOH TO4Ke CTepXHA (cpeAu), ¢ — (oTHocuTennHaR) fedopMaunn
Alfl, E— mogyan Houra. JedopMalia B TOUKe ¢ KOOPAKHATOMN T BRIPAXKACTCA HEPED
(z+dz) —&(z) 8¢

dz T
cpeAnl paaMepoM Ar # Maccoit Am = pAx S, pasna a(z + Az) — o(z). YpaBnenne
ABHKEHHA MACTHUM CPefsl KMeeT BUA:

HACTHYIO TPORIABOAHYIO: € = . Cuna, geficTBYIOMIAR HA YACTHUY

8% . p 9%
8z2 ~ E 842’
3HauMT, CKOPOCTL PACNPOCTPAHEHHA BONH B YIPYTOM €TEpPKHE PaBHa v = Ejp C

TaKo# Me CKOPOCTLI0 PACHPOCTPAHAETCA NPOLQNEHAR BOHA B YOPYCoH cpefe.
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Mpumep 2. Haranyras crpyna. [lo crpyue, cuta nataxenns Kotopoit pap-
wa T', MOReT paclpocTPanaATLCA nonepedHan poaua. [lycts npodmas cTpyHu B gau-
HEH MOMEHT 3agaerTck dyukunedt £(z,t). [oayuum ypapHenwe IBMAKEHHA HACTHIL
cpeAbl PasMepoM Az B NPeAnoJoxeHHH ¢NIasHoiit sotHb: ¢ /82 € 1. Beprakaabuan
npoeKLNA CHAK HATAXKeHna pasta F (7] = Tsina = T(8¢/8z) (o — yron naksiona
CTPYHH); BepPTHKANLHAR CitTa, AeHCTBYIOIUAL HA YACTRUY CPegll pa3sMepoM AT M Mac-
coit Am = p, A §, pasua F (z + Az) ~ F (z) (p) — IxHe{HAA NMIOTHOCTE CTPYHR).
YpanpHeHHe THMKEHNA YACTHLE cpefsl KMEET BHT

¢ _pm 8%
az? T 52
JHAMHT, CKOPOCTE PACTPOCTRAHEHHMA BOJMH B YNIPYCOM CTERXKHE PABHA ¥ = /T,n"pl.

NMpumep 3. Boapgymusii cTond » unankgpe. O6beMHaR yOpyrocTh rasa
(man Mmool TepMoaUHAMUMECKY MPOCTO CPell) XapaKTepHIYeTCR o&bEeMHEIM MO-
rynem ynpyroctu K = =V (8p/8V) = p{8p/8p}. Inauenne K 3abucur oT yciaosui,
NPX KOTOPHX NPOHCXGAUT ofbeMHan gedopsmauna rasa, Jax apykopex ko/leGaHmni
(w » 16 T'u) moxkHo NpeHeSpevs TEMI00GMEHOM MEXIY PA3HEIMH YACTHIUAMU Cpe-

At K cunTaTh K agwabaTuyueckum mogyaem ynpyrocTi: K, = -V(ap,fBV) ax’ Ha-

MeHEHHEe AABNEHMA B JAHHONR TOuYKe LMAMHAPa PaBHo (NpH Manwix fethOpMALMAX)
Ap(r) = =K({dV/V) = = K{8/8z); cura, geAcThyloN@A Ha YacTHIY BO3AYUIHOH Cpednt
paaMepom Az it Maccolt Am = p Az 5, pasna AF ={Ap(z) — Ap(r+ Ar)]S. Ypasuenne
ABHKEHUR HacTHUE CPefal HMEET BHJ

8z2 K 812
3HAMHT, CKOPOCTH PACIPOCTPAHEHNA BOMH B BO3AYIIHOM LIMAMHADE paBHa v = +/ K /p=

= +/8p/0p. (3TH BHpaXeHNR BepHE 117 X060it TEPMOANHAMINECKN NPOCTOI Cpeqa:
ANA PeaNLHOrC raza, AnA KHAKocTH.) JIR 3ByKOBLIX BOSH B RASANEHOM Ta3e NOTYHHM;

K =+p, v = y/vp/p = \/vRT /1, vAe 4 — nokazaTeas aguadaTul (oM, pasg. 2.2).

» (O6pempat mroTHOCTE 3Heprud, [lnoTHOCTE NOTOKA DHEPIrHUA.
IlnoTHOCTH KMHETHYECKOH H IIOTEHUHAJLHOH JHEPruM B JaHHOH TOYKE
IOCKON YIPYT 0N KPOKOJALHON BOJHHL

XL AN
w=t(5) w=7(3%)
Mns Gerynieit BOIHE! Apou3BoaLHOll dopMu € = f{r * vt) AuIOIHAETCA
cooTromenue (96/): = vI(86/0x)%. Yamrwsas, 4TO ANA yOpYrow
npojcALHON Boaubl v? = E/p, NOAY¥HM, 9T IMOTHOCTHM KMHETHYECKOH
H HOTEHUMANLHON JHEPTUH B KaX J0# To4uke GeTryIeH BOAHLL PaBHE APYT
Apyry. ITO yTBEpPXK JeHHE BepHO AiA Seryell BoaHE moboit apupoasl. B
CIy4ae TapMOHUYECKOH EIOCKOH BOAHE (21) o6bemHAA BHEPTHA BOIHH I
€e Cpefinee 1O BpeMeHN 3HAYeHNE HMEIOT AN

w = w, +w, = pwiEl sin?(wt — ke), {w) = %pwzfﬁ.‘

[laoTHOCTL HOTOKA DHEPrUM (sexmop Ywoea) B JanHON Todke Hery-
uelt BOMHEI paBHa :

T = wi, (25)

S A. I Tloaauun, B. J. [loaauun u ap.
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rae i# — CKOPOCTEL mepencca sHeprud. [Has GeagHCIepCHOHHON CpeAHl
# = ¥, rae ¥ —.CKOPOCTEh paclipoCTPaHeHUA BOJNHE!, BXOJALNAA B BOIHO-
Boe yparrenne (24). Jaa rapmonnieckoi eryiuel BoHn (21) u=v, rae
v — a3 oBas CKOpOCTE BOAHBL: U = w/ k. DHEPriua, nepenocumad Geryuei
BOJIHOH Yepes IMoMlaaKky doa eJMHULY BPeMeHN (TFOTOK 3HEPrUM), PaBHa
d® = [7 - d5. Mogyab cpedHero o BpeMeHU 3HAYEHHA MOAYIR BeKTOpa
¥MoBa (€ro HHOTAa HA3BIBAIOT UHMEHCUBKOCTIbI0 B0ANb) [LIR TapMOHU-
seckolt maockolt Bommsl pasen | = [(U')| = v{w) = £pww?€2,. B caywae
HPOWIBOILHOM (B TOM 4HCTE c'rou‘ieg) IpOJOALHOM YAPYTOH BOTHBEL MOX-
HO MCIIONLE30BATH BHIPAKEHHE AJH U <depes MOWHOCTL YOPYruX cua (Ha
eIHHALY ILICMIAAM): B
7=-o2.
rge o = E 8¢/8z -- nanpaxeHue B JaHHOU To'uke cpedrl (cMm. mpaMep 1).
Jna momepedHol BOAHLI B cTpyhe (upusep 2) noTok 3HEPrHU UMEeT
AHAMOTHIHBIN BH]:
g O 08 ¢
Pl —=-T=
9t dz Ot
» ducoepcua. I'pynmopas ¢KoOpocTh. JABHCHMOCTE CKOPOCTH Tap-
MOHHMECKOH BOJHLL OT HaCTOTH WA ATMHLL BOJIHEL Hasbipaelcs ducne-
peuet, a cpeja, B KOTopoi 1abliofaeTcs yro ABAeKHE, HasLIBaeTCA Juc-
nepaupywwed. B Iucneprupyoued cpeie HecHMHYCOH,1adsHb Geryumi
HMIOYJIbC MEHAET CBOKY (pOPMY B TIpONECCe JBHKEHHH, HOCKOIBKY TapMo-
HUYeCKHE BOHBL, BXOJAIMME B €0 paiiokedte ypbe, MepeMemaloTed ¢
pasHOol cKopocThio. UKOPOCTE NepeHoca SHEPUHE, BXOJALIAA B BBIpaXe-
nue (25) A1a BekTopa YMoBa, OUPEJEIACTCH B F1OM CAydYae KAK CKOPOCTE
ABHKEHUA UEHTPA HMIYIhca (MIH KaK CKOPOCTEL TOYKY, B KOTOPOH fe-
dopMalMA MAKCHMAIBHA} U HAIWBACTCA 2pynnosull CKOPOCMbI0 BOIHO-
BoOro naketa (B oTiuune o1 Huroestd ckopoCmU CHHYCOIAALEON BOJKEL
v = w/k). KoHevHmlil MMIyIbe pasMepoM Ar Ha3bIBAIOT GOAHOSHLLM Na-
xemos Mo TOH NPUYHHE, ¥TO B ero paMoxeHue B uHTerpad <bypwe no
CApMOHHYECKUM BOJXHAM BXOJHT KOHeYHAd FPYNNa BOJAH, CHEKTpalbHad
ITHPHHA, KOTOPOH onpelelseTcd coornomennem: Ax - Ak ~ 1. [pyunosas
CKOPOCTh TAKOT0 MMHIY.ILCA panHa
duw dv

Upp = -&?:v—)\a—, (26)
rie v =w/k — crazosad ckopocTs Boassl. [loHATHEM TpynToBOl ckopocTH
BOJHOBOTO MAKETA MOXHO NOILIOBATLCA TOALKO B TOM CAyYae, eciu
ero ClleKTpaJbHafd INHPHHA CTOIH Mala, YTO 3ABHCHMOCTL wik) MOXHO
CYATATEL JHHEHHOH.

JLAa namecTpaums paceMOTPHM BOARY, RURICLULYIOCH CYNEPNeIHINEH BCere ABYX
Gerylmx BOIH SAHIKHX HACTOT H 0INHAKGBOH AMITANTY J6:

£E=§, cos{{w + Aw)t — (k + Ak}r] + ¢ vos[{w — Awlt — (k - Ak)z] =
= 2£, cos{Awt - Ak ) cos(wl — kr).
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Buauo, ure orubarulas BOJH MMEeCT NPOCTPaNCTBOHNLIA Nepold Az = 2x/Ak n
NePEMEIIAETCA €O CKOROCTLID U = Aw/Ak.

p HuTepdepennnsa poad. /Ipe BOTHE Ha3iIBAKIO ICH NOZELEHTHHLLRY,
eCad B 060l TOYKe MPOCTPAHCTHA OHE CO31alT KOl ¢ PeUTHBLIE Koxefa-
Hitd, Pa3kocTb raid KOTOpPLIX He MEHAETCH o Bpemenem {eM. pasg. 4.1).
HCTOYHNKH KOICPCHTHEIX BOJNH HA3BIBAWTCH AOZEPEHIMHBLMY UCTROVNY-
wamy. TIpH CHOKEHEH HEKOrePCHTHLIX BOIH CPEAlAN 110 RPEMEHY DACPrHs
pPe3YALTHPYICUICI0 KoaeBallia paBHa cyMMe WX cpejainx adeprai. lpu
CAOMEHHA KOICPRHTULIX BOJH, KOTeOAHNA YacTUIL B KOTOPLIX HpOHCXO-
JAT B OAHOM N GHMAKHX HAUPABACHUAX, MoxeT waflilojarbes HBldelue
unmepdepenyun, T.€. YOTOHIEBOe BO BpeMenil ocaafaene Korebasul b
OJAHEX TOYKAX MPOCTPAHCTBA ¥ yomaenne 1 Apyviwux. Fean rodka naxo-
JUTCA Ha PACCTOANNE ) OT OAAOT0 H3 KOTCPCIFFNHX HCTOYRUKOR W HA
PacCTORUKH 7y © - OT APYI 0o, TO PARINOCTL hid MeHY KomeGaHHAMNI B
TOR TOUKC PaBHA

r,— 1 _ - A
Ap = (pyp--kry) - (g — by} = 2"""""1“'1' =P Pyp) = 27"T —Agy.

Jieck Ay passiocth,  $Ed MeRTY  KOICOARHUMHE  HCTOMIHKOR,
A= (ry~r,) pesvocms oda 6ot Ye10Bue MaKOIMYMA E3YALTHPY 0~
umx koacHanui: Ayp == 4-2mm, yeroswe Mupnvyan A p = +2x{(m - 5«),
Fae o HOPHACK rrepdrepeultonHor o Makcisy sa (munumysva). B cay-
vae ciibariLx nerorungon {Ag, = 0) ol veannns npniiMao) ocobeil-
IO HPOCTON B

A=dmd (Makcomys), A= d{m- L JA (vMunnayM).

u
Opusep 4. Paccuot prs Rz 2RCIITHX KOFSDETHES 15
TOMHHKZ LHAWHAPINCCKE BoaH. KOTOPLIR HAXOARTEN Ha [
CTOsHHR A2 Apyr o1 apyra. B TodKax, pacmoiom e wiig
T BICTOYHUKOB, PAJHOCTE X011a RONE QURCACTACTCS 1 OO BA-
MpaBielNeM HATYHOHHA M paplia A = %)\ cas (pur. 55), B eay-
Mae CHHGAIHWX HOTOUHHKGR HAAYICHRS 6eaabaenn b BalpaRi-
HUM 0 = O 8 yeraeno B Halpanienisn £ = r,l"?, A B AN 100
NHMKOB, COREpUIAKINNX KoteGaHne B aporusadase (&0, -~ =), -
Haobopor. Puc. 55.

» Croaune poxsnl. CobcTreEnne koneGanus. BaxHbM DpuMe-
POM MHTepgIePEHINIT ABIACTCA CINOAYAR 60aNU, BOIRUKAIOLIAA IIPH €J10-
HEHNH JBYX GAHHAKOBLIX MAOCKHX GelrylUNX BOJil. PACHPOCTPAHARLIAXCA
HaBcTpewy Apyr Apyry: '

£ =¢,, cos{wl — kz) + &, cos{wt + kz) = 2, coskxcoswt. (27

AMILTHTY 12 Kote BaH il TOYeK BOJHBI A{x) =2Acos kz nepuogutecku Me-
HAeTcs OT Ryad (B yasar BOJHB) A0 2A (B nyusocmasar pogHwl). Pac-
CTOAHNE MeXAY COCCANNMM y3aamu pasho A/2. KoseGanns Toduex Mex-
AY ABYMA yaJTaMM HPOHCXOAAT B ¢hade, HO 1O paiHble CTODORN yala —
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Puc. 56,

B npoTiBodase. B yanax paBHa HYJIO aMIIHTYAa KoleGaHuil CKOPOCTH,
HO MaKCHMAaJbHOE JHAYeHME HMEeT AMILIUTYAA KoMeGanull gedopMalum
3¢/0z. B ny4nocTax, HAo6OPOT, OTCYTCTBYWT AedphopMAIHH, HO C MaK-
CUMAILHOH aMILINTYAOH HPOMCXOJAT KoJefaHua ckopoctn. Cpeguas mo
BpeMEHH SHEPTA MMeeT OJMHAKOROE 3HadeHHe BO BCEX TOYKAX CToAYel
BoaHH. BexTop ¥MoBa paBeH HYJIO KaK B YaJax, TAK M B IYYHOCTAX, & B
APOMEXYTOYHEIX TOMKAX OEPUOAUYECKH MeHAET CBOE HAmpaBJeHHE.
EciM xoHen ¢TepskHA, COBEPIIAIINEr0 KoJeSaTeNBHOE JBHXEHHE,
KEeCTKO JaKPEIIEH, TO CMELIEHHE TOYEK KOHIA CTEPKHA PABHO HYJIO; €CTH
KOHEIl CTepXHA cBobojeH, To paBHa HYA0 gedopmaund. B nmepsom cayvae
IpaHHYHoe ycJoBre umeeT BUA £[._, =0, a Bo BTopom — 3¢/0%|,~o = 0,
rje snadenne ¥ = 0 COOTBETCTBYET KOHUY cTepXHA. {Takue ke yclIoBus
BOIHUKAKT A5 KodeGaHHN BO3AYXa B UMJAMHAPHYECKOH TpySke B caydae
3AKPBITOrO WIH OTKPHITOTO KOHUA Tpy6ku. Jaa momepednsIx komeSaHui
HaTARYTOH CTPYHH HI NPHMEPS 2 BOIMOKEH TOJEKO MEPBHI BADHAHT,
KOI'a KOHEll CTPYHbI 3akpemnied.) Eciu Bce TOUKM KOHEYHOD'D CTEpPXKHA
COBEPIIAIOT FAPMOHNYECKHE KOAeBaHMA ¢ OTHON YaCTOTOMH, TO TaKoe ABH-
MeHUE HAalBIBAIOT cofcmaeHHblMY Koaebanuamny cTepxHa, Ecan caenats
MEICACHHBIH pa3ped SeCKOHEYHO VIMHHOLO CTEpXKHA B TOM MeCTe, Tie
HAXOAMTCA y3el cToAYell BOJHBI, TO 6YJeT YAOBIETEOPATECA FPAHHYHOE
YCAOBKE LA 3aKpelleHHOI0 KOHLA, & €M B TOM MECTE, [Ae Iy4YHOCTh, —
To 44A ¢BOGOAHOTO. JHAYUT, cBOGOAHEIE KOJeGaHNA CTEPIKHA JAHHOU [ B
cny4ae ABYX CBOGOAHHIX UIH ABYX 33KPEIJEHHBIX KOHIOB JOJKHEI ¥A0-
BJAETBOPATE YCIOBUIO ! = -é-mz\, und w,, = amv/l {cnexTp co6cTREHHRIX
wonebanui, m = 1, 2, ...}, a B ¢cAy¥ae OJHOTG JaKPENMICHHOT O KOHUA —
yerosuio | = 3(m — £)A, nm w,,, = n(m ~ +)v/l. Cobersennoe Kone-
SaHue ¢ HaWHHIUIEH YACTOTOU HADHIBAETCA OCKOGMbIM xOaelaHueM, Bee
OCTalbHbIE COGCTRECHHBIE KOMESAHUA — 0fepmonamt HIH 2aPMONLKEHY.

» OTpaxenne Serymen BOJAHEL. PaccMOTDHM OTpaXenue 6elylero
UMIIYJABCA OT KCHIUA CTepXHA. ECJM KOHell CTepXHA 3aKpelleH, TO I'pa-
HIYHOMY YCI0BUI £)._o = 0 ¥ HaYAIbHEIM ycaoBUAM (oJHH HaGerarouii
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EMIYJbC) YAOBIETBOPAET CYNePHOINUKA HAGErAIOUEr 0 UMIYALCA U TOYHO
Takoro Xe no popme Seryuiero eMy HaBCTpedy KMOY/IbCA, B KOTOPOM CMe-
[EHMA TOYEK UMEIOT MPOTHBONOACKHOE HAPABICHUE (puc. 56, a). Ecan
e KCHELl CTePXHA CBOGOJeH, TO rpaHRYHOMY ycioBHIO 0£/02|,_o = 0
YACBIETBOPAET SeryMUil HABCTPEYY UMNYILC CMEIIEHMIH TAKODO XKe 3Ha-
ka {puc. 56, §}. B cayvae Gerylleil BoJHH OTpaXeHUe OT CBOSOLHOLO
KOHIla IPOHCXCANT 6e3 U3MeHeHUA (pasnl, IpH 3TOM o6pasyeTca CToa4an
BOJMHA C NYYHOCTLID HAa KOHIE CTEPXHA. OTpa}KEHHe T JaKpPeIeHHOT O
KOHII2 MPOHCXOAUT ¢ HaMeHeHMeM (adbl Ha m, OpH 3ToM obpaayeTca ¢To-
A4af BOJHA ¢ Y3AOM HA KOHIE CTEpPXHA.

Puc. 57,

» Oddext Jonrepa B akycTuke. [Ipy gsumxennu HcTounnka 1 (1)
OpHEMHHKA BOJH, €CAIN PACCTOAHNE MEXAY HUMH H3IMeHAeTCH, TO peEru-
CTPHpYeMaR 4acToTa OTIAHYaeTCd oT MadyuaeMoil. HanpaBmM ocb T oT
NpHeMHHKa K HCTCYHHKY. EC.HH HCTOIYHHK HEAYYAsT IBYK C ‘-Ia.CTOTOI:'I VD
U ABHXETCA BAOIL OCH T CO CKOPOCTRIO v (pic. 57), To paccToAHNe Mex-
Ay COCefHUMH MAaKCHMyMaMM BOJHEI, PacnpoCTpaHAKIIEHCA BACIE £ CO
CKOPOCTBIO U~ HANPABIEHHH NpHeMHHUKa, OyeT paBHo A = vT; + viT,, a

ee JacToTa paBHA ¥/ A:
v

v4ur
Ecau npHeMHUK HEOOABUMKEH, TO OH 3APECHCTPHPYET UMEHHO 3TY HacTo-
Ty. Ecan npreMBuK IBHXeTCA CO CKOPOCTBIO U, TO MHTEPBAI BDEMEHH
Mex Iy TPHXOJAOM COCEefHHX MaKCUMyMoB pabeH T¥ = A/(v +vf), a HacTo-
Ta NpUHUMaEeMOro tHrHada pabHa 1/T":

,_uAE vt

v =y (28)

(29)

v Py’
Sddexr Jdonrepa HabliogaeTcd B TOM CIy4ae, KOI'lla HsMeHAETCA pac-
CTOAHHE MeX Y UCTOMHNKCM H NPHeMHUKOM.

4.5. dnexTPOMarHuTHbIE BOAHBLI

» CroMCTBA MEKTPOMANHHTHBEIX BOJH. JJIeKTPOMaCHHTHOH BOJ-
HOH HadbIBaeTCA paclpocTpaHeHie Bo3MyLIEHHH 516K TPOMATHHTHOT O Mo-
JIf B MyCTOM MPOCTPAHCTEE HJH B CPEfe B OTCYTCTBHE HCTOTHUKOB. Cyie-
CTBOBaHME HIEKTPOMATHUTHBIX BOJH CleyeT M2 Teopuu Makceenna (cM.
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pa3g. 3.15), B koTtopolt yTBepx AaeTCA, UTC NepeMEHHOE JMEKTPHYECKOS
NOJiE NOPOX JIAeT NepeMeHHO¢ MALHUTHOE IloNe, a TepeMeHHoe MarHuTHoe
noJle HOPOXKAALT OEPeMEHHOC JCKTPHIecKoe Noke. B caydae oqHOpOAHOH
H3oTponHow cpeabl ypasueEua Makcpennra uMeloT BAJ

9B 53
1) l'Ot.E —‘-67, 2} I‘Otﬁ _6t_’ (30)

3) divD =0, 4) div B =0,

1l
Il

= =
rae D =¢c F, B = ,up.of-f. JIAR 3ACKTPOMATHUTHOTO 1101, 3ABUCALIET O
TOMBLKO OT KOOPJMHATH T, MOJAYYaeM YPaRHEeHUA,

_aH, BB, 8H, _ OE,
WloTgy = "oz * MR T Br (31)
o DB, __ o0, 3E, _ 0H, '
o T T et h T o

B sTom crnydae ypapHemMs AN NPOJAOIRHBIX KOMIOOHCHT HMET BHA
OE_ [O0r = 8FE_ 0t = 0, 8H_/8x = Ol /8t = 0, T.e. Bee NpoJloaLHEe
KOMOOHCHTLI NOJAA HABIAKTCA MTOCTOAHHLIME BEITHYHHAMY.

Herpymio y6eauTsea, 470 IHOLCPCUHEIC KOMIOHEHTN 30eK TPOMarHUT-
HOFO [TOMH O JIHHAKTCA BOJHOBOMY YPABICHUIO!

»E ’H
= v ~ 2
AE, = €0/t G5 AH, = E€oMity =75
(TakuM Xc ypaBHeHUAM noguunRIOTCA £, u H ). U3 »THx ypasrenui cre-
AYET, 4TO 3ACKTPOMATHUTHBIE BOIMYUIEHHA B Cpefe PAclpOCTPAHAIOTCA

€O CKOPOCTLIO
1 ¢ ¢

TRy JER on’

rae ¢ = 1/, fEgfig = 3 - 10% M/c —- cropocmp aaekmpomaznumubiz 6oan &
gaxyyme, a n = |/Efi — MOKa3aTelb NPEAOMICHHA CPEAbL.

PaccMOTPHM MIOCKYK 3MeKTPOMATHHTHYIO BOAHY OIpefedeHHON Ha-
CTOTH {MOMOLDOMATNUUECKYIO NACCKYIO 604MY), PACTIPOCTPAHAKLLYIOCH
BAons oct x: B, = Ey cos(wt —kz), E, = Ey, cos(wt — kx + ). Ua (31)
nonyyaem: H, = —\/Eeo/p;;u E, H, = Jeeg/upy E,. Vla aTux ¢opmyxn
MOXKHO 10JYHHUTH CBOHCTBA MA0CKOH Heryiled aleK TPOMarHUTHOM BOJIREL

1} DaexTpoMarHHTHaA BOTHA RONEPEWHA,

2) Tax kak P H= 0, To FLH. BexTopn (E, I_I., k) o6pasyior
NpaByIic TPOHKY BeKTOPOB (T.e. HanpasieHHe BEKTOPA Exi cOBMNa jasT
€ HAMpaBIeHHEM PACNPOCTPAHEHMA BOJHEL).

3) Beruuunre: ektopoB E u I B Kax el MOMEHT BpeMeHH CBA3aHEL

cooTHOMEnNeM | /Eeq E = /iy H (F = vB).

(32)
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OT pasHocTH $)a3 @ 3aBUCHT XapaKTep NOJNXPHIANMH BOAHbL [Ipn
p = £MT BOAHA OKASEIBAETCA NAOCKOTIOARPUIOEARKOH, T . BekTOp E CO-
pepiuaeT KoleSaHuA B 0AHOH MIOCKOCTH {3TY NIOCKOCTb HA3BIBAIOT RACC-
KOCMBI0 NOASPUIAYUY B04HYI), & IPH HHOH PAAHOCTH Ha3 — sAaunmuve-
cxu nosxpuiosantott wix (npu ¢ = x(m + 3 )7 u npn on = Egy) —
noaspuiceannod no xpyey (cm. pasg. 4.1).

p DHeprua dDAeKTPOMArHNTHHX BOJH., O6beMHad NIOTHOCTE 3Hep-
UM JeKTPOMalHHTHON BOAHBI BEIYHCIRETCA N0 dhopMy.e

1
-1 2, 1 2 _ 2 _ 2 _
W= GeEg B+ qupH® =eggE° = ppgH* = ;EH.
B cayyae MoHoXpoMaTH4eCKOH NIOCKONOJAPU3OBAHHON BOAHBI HMECM
w = ggy B2 cos®(wt - kz), (w) = Jee, Ey.
JAns 2a1nnTHYECKH NOAAPN3OBANHON BOTHEL
=¢e, | EZ, cos? kz)+E2,cos?(wt—k = Ltecy{E%+ E?

w=¢6y | By, cos®(wi—kz)+ Eg,cos®(wt—kz+p)|, (w)= Feeg(Eyo+E]).

JAas  pomHb, noaspmacbamHOM mno kpyry (B, = Ey, = E,
¢ = L Tm), RI0THOCTb SHEPT'MH He MEHAETCA CO BpeMeneM: w = £€y BL.

HJIDTHOCTB [I0TOKa 3HEPTHH B 2IeKTPOMArHITHOH BOJHE onpejelseT-
cs pekTopoM Hoiturunra (cM. pasg. 3.13):

g:wﬁ':ﬁxﬁ,

KOTOPEIA HAIDPABJEH B CTOPOHY PAacIpoCTpanedds BonHel. Humencusno-
CMbI0 FACKMPoMaZHUMHOU 60ANBE HASBIBAETCA MOAYIb CpeJHEro Mo Bpe-
MenH BexkTopa [lofinTuHra:

= [{5)] = v{w

» Jasneque poauwm. B cooTBeTCTBUM ¢ TEOPHEH OTHOCHTEAHIOCTH,
NOTOK 3HEPTHH JMEKTPOMATHHTHOT O NOAA B BAKYYME 03Ha4aeT CylieCTBO-
BaHile MMIYAbCa DAEKTPOMACHHTHOro NojA. OO6BeMHad MIOTHOCTbL HUM-
Ty/bCa 31eKTPOMACHUTHOrO MoAA pabHa (No Mogyaio) w/e, OTOK HM-
nyabca paBed S /e, ero Moayak pabeH w. [IpH oTpaxeH MM UM IorJoLe-
HHUY BOJHE IPOHCXOAUT M3MEHeHHe MMIYIbCa BOJHEL, YTO JOIKHO NpO-
ABMATLCA B JaBJICHUH BOJHBI Ha NMpenATcTeHe. IIpH HOpPMAalbHOM OTpa-
HEHHM mIockod BoJHHI AaBleHHe pasuo p = {w)(l + R), rge R — goan
OTpaxenHolt srepruu (Koadduvtenm ompaxcenunr). B pamkax »aexTpo-
AVHAMUKH JaBjieHMe BOAHEI oOBACHAETCA AEHCTBHEM MALHHMTHOrO MOJA
BONHE HA TOK, BORGYHKJAEMBI HA OTpaXkaioulel 11OBEPXHOCTH 3MeKTPH-
HECKMM T0JIEM BOAHEL
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» Haaydeume mIockoro ToKa. IIpocTefilMM NpUMepoM CHCTe-
MBI, Co3falllell NepeMeHHBlE NOJA H HIAYHalOEd [UIOCKYIO 3JeK-
TPOMACHHTHYIO BOJHY, ABIASTCA NEPEMEHHHEIH
no BpeMeHH MIOCKMH ToK. PaccMoTpuM Tok
B IIOCKOCTH (&, z), HAaNpaBjieHHEIH BJOJb 2
H M3MEHAIMIMACA MO JakoHy {, = ijcoswt
(puc. 58). 3 sakoHa MNockoro Toka JIA ya-
KOT'O KOHTYPa, OXBATHIBAIOLIET'O TOK, MOLY YKM
B,(0,1) = £ 1 pyiy coswt, rhe 3HAK ¢—» CoOT-
BETCTBYET MO CNpPaBa OT IMOCKOCTH (1A
Maneix y > 0), 3HaK ¢+» — CIeBa OT MIOCKO-
ctu. Henonsaya caap Mexay E n B B mioc-
Kot Boise, noxytuM FE,(0,1) = —Ag coswt, rge
EY Ap = gciy = iy/(264¢). DnexTpuieckoe mo-
Pumc. B8, Je HallpaBJeHO NPOTHB TOKa, erc paboTa Haj

TOKOM OTPHUATEIbHA, T.e. TOK OTJAET BOJHE
suepruio. [loje BAaIH oT miockocTn uMeeT BUI E(y, t) =—Ap cos{wi—ky)
npu y > 0 E{y,t) = —Ag cos(wt + ky) npn y < 0.

» Haaydenme BOAH ABMKYyuIMMHcA dapafgamu. Haiydenne dsek-
TPOMATHHTHEIX BOJH NPOUCXOZHT NPHU ABMXEHUH 3apAJOB C yCKOPeHH-
eM. [IpocTelitian M3jy9aoLad CACTeMa ~— MeKTPHMECKUH AMNONb, Ii-
NOJBHEIA MOMEHT KOTOPOTO SHICTPO MEHACTCH CO BpeMeHeM (0Cyuds-
mop, nan subpamop I'epya). Tak Kak 3/1€KTPOMarHHTHbIE BO3MYIIEHHA
PAcIpOCTPAHAIOTCA €O CKOPOCTBIO U = ¢f\/EqHy, TO TOJMe WAIY4eHHs Ha
PacCTOAHUH 7 B MOMEHT BpeMeHHU ¢ ONpeelfeTca ABIKEHHEM 3apAJoB B
gunone B MoMeHT ¢ =t — r/v. Iloste HALYYeHHA BEIMAAJNT AOCTATOYHO
MPOCTO TOABKO B 8044060t 30Ke, T.e. Ha PACCTOAHHAX, GOABLIUX KakK Mo
CPABHEHHIO C pa3MepaMHl AWMOMA, Tak W Mo CPABHEHUIO ¢ A = vT, Tje T —
xapaKTepHoe BPeMA H3MeHeHHA JUNOALHOTO MOMEHTA (B ClIyHae rapMo-
HirYecknx koneGaHuit A — AuuHa Bo.rmbl] QnekTpH-
4eckoe # MarHUTHOE NoJe B BOMHOBOM 30He NeplieH-
AVKYJAPHBL pafuycy-BeKTOPY 7, MpoBedeHHOMY OT
AUMOJIA K TOYKe HabJII0 JeHAA:

_ 1
- 4:rss v2r3
Puc. 59. B3auMuoe pacloficKeHHe BEKTOPOR E, Hur
u3oBpaxeHo Ha puc, 59. Y6uiBauue noell ¢ pacCTOAHUEM TPOUCXOAUT MO

aakeny 1/r. Bexrop IToMHTHHrA B BOAHOBON 20He HalpaBjeH BACIAL ©; B
HANpPaB/JeHHH, COCTAB/AICIIEM Yroa 8 ¢ BeKTopoM ;5', OH paBeH:

1 sin® 8 _1
411'55 Amisr? 5"’"!‘"

[(ﬁ)( F) X F]t—-rfu’

-

4“?} 2 [px F]t-rfu'
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TloToK 3HePIHH Yepe3 3aMKHYTYIO HOBEPXHOCTL ecTh HE YTO MHOE, KAK
MOIIHOCTS: H3IYYeHHA JHIOJA;

1 2p?

"
— 2 . o
P_]{; S(A)2nr-sinfdf = pr—

CHvuTaA, YTO JBUXETCA TOJABKC OIJHH H3 3aDAACE AMIONA, MONYYHM
copMyay JJE MOIMHOCTY HIIYYEHUA YCKOPEHHC JBHXYMEHCA JaCTHUHL:

1 2¢%2

= dmeey 3 (33)

KoTopa# OKa3bIBaeTCA NMpONopPLUHOHANLHOM KBAAPATy €€ YCKOPEHHA.

JunednbiM 2EPMOHUNECKUM OCUYUAARTLOPOM HAIBIBACTCA JJIEKTPHYE-
CKHH AWNoib, MOMEHT KOTOPOrO U3MEHASTCH MO IapMOHUYECKOMY 3aKO-
Hy: § = Py coswt. 3aBUCHMOCTb MHTEHCHBHOCTH M3/MYYEHHOH BOMHBI OT
yraa § uMmeeT Bujg

_ 1 pisin®d
I=[(3)= 4megy 8mdr?

JaBucumocts [(f) mpu r = const (Juazpamma HaANpasseHHoCTU)
m3obpaxena Ha (puc. 60). CpeAHAd mo BpeMeHN MOIMHOCTb WANYHeHHA
TAKOr'o OCLHIIATOPA . 0

1 W52 Yo
= —=F (34) />
4megy Jv
nponoplHoHaibHa YeTREPTOH CTENEHH erc Po
HacTOTHL. Puc. 0.

IIpamep 1. CaoSoaHKIA 3AEKTPOH B fTode NAGCKOH SAEKTPOMarHHTHOM BOJXHEL ©
amnanTygoit B, cosepwaet BumyRAeHHLe KoneGanua ¢ amnantyaol A = eEq/(mw?)
{ypaBuenne gBUKEHHA aMeKTpOHA UMeeT BUA: MmE = —eF, coswt). Bugno, uro Mom-
HOCTh M3MYYeHHA CBa 50 HOr0 3NEKTPOHA B ITONE SAEKTPOMATHNTHOH BOJHE HE 3aBUCHT
OT YAcTOTH, a CEHeHHE PACCEAHHA {OTHOLIEHNE MONIHOCTH MATYHEHHA K HHTEHCHBHO-

. P 8 (ke?)? —30 2

CTH Mafalouielt BONHKE) PAaBHO 0 = T =300 " 10 M*. Ipyras cuTyauua
BOIHUKAET, KOMJa B T00¢ INEKTPOMACHHTHON BOJNHE] TONAJAaeT ATOMHLIM JN1EKTPOH,
CoSCTREHHAR YACTOTA Wy KOJeSaHUt KOTOPOT O PENHKA N0 CPABHEHHIC € YACTOTOI Na-
Aafomel (cpeTomol) BOAHK. AMNAuTYfa koneSanuit B oToM cay4ae {cM. pasg. 4.3)
paBHa A = eEy /(mw}]), T.e. nowTH He 3aBuCHT OT w. B 3ToM cmy4ae MowkocTh Ha-
JYHEHUA M CEYEHHE DACCEAHMA CBETA MPOTOPLUMOHANTLHE W, 4To gaer kauecTReHHOE
obuAcienne rorybomy upeTy HeBa (roayGoit CBET pacceHBaeTCa CHALHEE),

Ipuamep 2. Eciu npeacTaBuTh, 4TO 3MEKTPOH B ATOME COBEPIAET COSCTREH-
HEZe KONeGAHHA ¢ HACTOTOM Wy, TO 3HEPTHA Konefanuit papHa W = mwg A2, a mom-

dW ke?wh A? ke?u
HOCTD UBJYHEHHA PABHA P = — m—— = =i, [JonyuaeM = ——2W,
dt 3c? Amnc?

CACAOBATENLHO, BHEPUHA ATOMA MIMeHAeTCH No aanoHy W = Wjexp(-t/7), rae
™ = 3med{ke?w?) ~ 1077 - 1078 ¢ HaaBAIOT spemenesm sbicseuusaNus amoxa.

P Oddext Jomnepa JA8 3ACKTPOMATHUTHEX BOJH B BaKyyMe.
Tnasyoe oTamiue oT akycTudeckoro 3dupexta Jdomnepa (cM. paag. 4.4) co-
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CTOHT B TOM, YTO OTCYTCTBYeT CHCTeMa OTCHeTa, CBA3aHHaA Co cpefoil,
116 KOTOpol pacnpocTpaHaeTeA BoaHa, [loaToMy cooTHOLIEHNE MeX Y Ya-
CTOTON M3NY4eHUA v, (M3MepeHHOH B CHCTeMe OTCHeTa HCTouHMKa K, ) 1
3aperBCTPHPOBaHHOl YacToTol ¥ (WaMepeHHOW B CUCTEME OTCYeTa NpH-
eMHHKa K} MOXKeT 3aBUCETL TOJBKO OT HX OTHOCHTENBHOH CKOPOCTH.
Iycts B K, HCTOYHMK JBMXKETCA CO CKOPOCTBIO U, HampaBleHHON Moj
yriom & K paguycy-BeKTOpY, NPOBEIEHHOMY OT MPHeMHHMKA K HCTOYHH-

Ky. [loBTOpAA paccyXAeHHA, NPHBeAeHHEE B pas . 4.4, moay4nm
T — ,
1+ (v/c)cosh

rje P, — 4acTOTa HCTOYHHKA, H3MepeHHAA vacaMi cUcTeMsl K. ﬂépe-
X041 K coGcTBennoMy Bpemenn (T = Ty, mim ¥ = v, /7y, oM. pasg. 1.11),

noaAyYHM
v, vo/ 1 — vie? (35)

Ve ¥[1+ (v/c) cos 8] = T4 (v/c)cosd

Bujano, 4To BcaeAcTBHe NpecfpaloBaHUA BpeMeHH HabaljaeTca He
TONLKO NPOJCALHLIN, HO U nonepedHslit 3¢ddexT Jomepa (npn ABHXeHHU
HCTOYHUKA NePNeH UKy IAPHC HANPABJICHUIO Ha MPHEMHHK).

[Toneanto mocmoTpere Ha adpbexT Honaepa
¢ MHoW Touku apenusn. IJockonnky daza wome-
GaHnA P QAHHOH TOYKe BOMHEI (it — k) mons-
Ha OHITH MHBAPMAHTHA [0 CTHOWIEHWIC K Tepe-
XoAy B APYLYIO CHCTEMY OTCHeTa, TO {E, w/c)
npexcTapiaeT coboil 4-BeKTOP HYJeBOH [AAM-
ua (k% — w?fe? = 0). Ecan B cucreme K,
OCh ¥ HAMPaRUTHL NapalielbHO CKOPOCTH HCTOY-

Hnka #® (puc. 61), To B 3Tolt CHcTeMe oTcye-

(K., K.) Ta k. = —kcosf = —(wfc)cosf. [Tpumennn gan

He:hn . nepexoga K cucreme K, npeobpasosanua Jo-

Puc. 61. peHua, uMeem: wy/c = v[{w/fc) - k,(v/c}], nan

wy = y[w + w{v/c) cos §). Bupaxkan w, npuxoqum

K (35). DTOT MeTOS NOIBONAET, 3AMUCAB npeo6pasoBaHii Jlopesna gaa soaxcsoro

BexTopa K, NonyHuTh hoOpMYIL IAB ABAEHUA aGEpPPALMM CBETA, HMEIUIEro BAKHOE
3HAYEHHE B ACTROHOMMHN.

» lllkana 5AeKTPOMATHHTHEIX BOXH. B 3aBHCHMOCTH OT CHOCOGOB
MINYYeHHA M PErMCTPAUNM DAeKTPOMATHUTHBIX BOJH, B LIKaJde YacTOT v
WM AJAMH BONH B BakyyMe A = ¢/v BLIJE/iAIOT HECKONbKO AHAINAa3OHOB C
YCIOBHBLIMH {NepeK PEIBAIOILHMHCA) CPAHUIIAMH!
1. Paanosoanst (A > 0,05 mMm).
2. Onuveckoe (cBeToBoe) Manyyenne (10 HM < A < 1 Mm):
a) undpakpacuoe (HK) nanydenne (770 M < A < 1 MM),
6) Baaumeri cBet (380 HM < A < 770 HM),
B} yasTpaguoneTosoe (Y} usaydenne (10 uMm < A < 380 um).
3. PentrenoBckoe maayyvenue (0,01 nv < A < 100 um).
4. Tamma-wanyyenue (ramma-ayyn) (A < 0,1 M),
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5. OnTuka

5.1. NeomeTpuieckan onTuka. PoTomeTpus

» OCHOBHEIE 3AKOHH MeOMeTPHYECKON ONTHKH. ONTHKA 3aHHMA-
eTCA H3YYeHNEM DJIEKTPOMAr HATHOTO H3AYIeHHA ONTHYECKOTO (CBEeTOBO-
ro) AuanaszoHa {cM. pasjd. 4.§) ABJeHHNA, BO3HUKAIOINX NPY €00 PAcpo-
CTPaHEHHN B OPOCTPAHCTRE M BIaHMOAEHCTBHU C BEIECTBOM. [ eomempu-
YECKAR ONMUKAd OTBIEKAETCA OT BOJHOBOT'O XaPaKTePa H OT NOAAPHIALIHN
CBETOBOT'O H3JY4eHHA, ONEPHPYA NCHATHAMU CEEMOBBIE AYueti, YKa3rIBa-
IO X HAOpPaBIeHUe PACHPOCTPAHEHNA CBETA, H YAIKHX C6EMOGBIT NYuKO8,
o6pa3cBaHHbLIX CBETOBBIMH NYYaMH.

OcHOBHbIE 3aKOHBI [€CMETPUYECKOH ONTHKH NEPEHUCIEHB! HIXKE.

1. 3axox npaxoauHelnoze pacRpocmMpPaHeRus ceema.

2. Jaxon HeFABUCUMOCTIN CBEMOBKY NYuKo8. JHEPTHA B KadJoM
Iy4Ke PACOPOCTPAHASTCA HESABUCUMO OT IPYTHX NYHYKOB; OCBELEHHOCTE
NOBEPXHOCTH, Ha KOTOPYIO MafaeT HeCKOJBKO MYYKOB, paBHa CyMMe
OCBELIEHHOCTEH, CO3/aBaEMBIX KaXKIBIM MY4KOM B OTJelsHOCTH.

3. Jaxow ompancetus caema. OTPaXeHHBN Y4 MeXKUT B N0 CKOCMU
nadenus, obpasyeMoll MaJalolUdM JyYoM M HOPMadbiky K NOBEPXHOCTH
B TOMKEe NafeHHA; yroa NajeHUA paBeH yray orpaxeHnda. Bee yrawl
OTCYHTBIBAIOTCA OT HOpMaJH.

4. Jawon npesosaenug ceema. IpeloMneRHBIR yy JeXUT B NACCKO-
CTH TajeNud; OTHOILIEH!E CHHYCa YTJa MajeHHA &, K CHHYCY YI.a Ipe-
JOMJIEHHA (t5 32BHCUT OT JJIMHBL BOJHBI, HO He 3ABHCHT OT YIJ1a NAajeHuA
{saxon Creanuyca): ‘ .
s.{no:1 =M (1)
sin oy

=ng = on
HOCTOHHHB.FI BEJUHYHIA nzl HA3IBIBAETCHA OMHCCUMEADHBM NOXAZAMEACM
NpeaoMacHUR BTopoi cpedbl OTHOCHTENLHO liephoi, KOTOPHI pagel oT-
HOUIEHHIO (aﬁcomomnur} nokazameaet npeA0ACHUR Ka.)KJS[OI:l Ha Cped
(mokasaTenedl LpesOMIEHHA cpeill oTHocuTenbHO Bakyyma). O Touxu
IpeHNA BO.I'IHOBOﬁ ONITHKH NOKalaTedb IIpeJOMICHHEA YKadkblBaeT, BO CKONE-
KO paa r,ba.aoaaﬂ CKOpOCTh CBE"I‘OBOE’] BOJHBD ,qauuoi'{ HacTOTH MEeHBIIEZ, YEM
CKOPOCTD ITOH BOJAHEI B BAKYYME:

p:i, n = JHE m /e (2)

n

(cM. pasa. 4.5). Eenu ny < ny, To pn @ > @y, TAE SIN O, = Rgy < 1,
HabliogaeTcA nodanoe ompaxcenus caema, T.€. oTCYTCTBYET MPLAOMIEH-
UL ay4. [IpH pacupocTpaHeHHY J1yHa cBeTa B cpede © MOCTEHeHHO Me-
HAIOMHMCR BAO.Ih HCKOTOPOH OCH HOKAMNATEICM NP IOMICI (13 CIOHCTOR
cpeae) yaebuo wcnodssosate gopsvay {1) B8 suae nsina = coust, re
LU Ao .YK?.L'.]FlHIIOfI OChH. BH,.-’I[I{)_. HTO ¢ NOCTENCHHO MeUpRc ey, (U,
TROUEXGANT NEKPHBICHUC JY 4.
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K mepevnciaeHHEIM 3akoHaM reoMeTpHueckoll olITHKH clefyeT Aoba-
BHTE APURYUN 0Opamumsocmy CaemMosbdT NYukoe.,

3aKoHbI TeOMETPHYECKOH ONTHKH AeltTBYIOT TOr A, KOl Ja CKa3HBa-
I0TCA HeCYIeCTBeHHEIMH ABMeHHA UHTepdepeHUnH, Judpakiuy U MoJd-
pH3aUMH. JTO NPOHCXOAHT B TeX CAYIAAX, KOI'Jd AMIUIETYAL BOJHHL U ee
MepBHe NpPOCTPAHCTBeHHBE NPON3BCAHEIE MAIC MEHAIOTCA Ha JJIHHE BOf-
HEL DTH yCIOBAS HAPYIIAlTCA Ha TPAHULE TeHH, BOJIUIN MeoMeTpHYeCKON
TOYKH CXOXKAEHHA AyHen (dokyca), IpH NPOXOK JEHHH CBETA Yepe3 yIKHe
AvabparMel, IpY PacIpPOCTPaHEHHH CBETA B CPEaX ¢ Pe3Ko MEeHAIOUIMM-
¢f moKazaTeseM MNPeJoMAeHUA wil ¢ SojbminM NololledneM. HanpumMep,
NpH MPOXOXAEHUY CBETA Yepea AMadparMy ¢ MUHHMANBHBIM pasMepoM d
MYHOK CBETA PAacIIbIBAETCA 3a cHeT Audpakiuiy Ha paccToarun | ~ d*/A;
Ha PacCTOAHHAX, MAJILIX No CPaBHEHHIO ¢ I, MOXHO MONB3IOBATLCA DAKOHA-
MH r'eoMeTpHYeCKol ONTHKH.

C 3akoHaMH recMeTPUYECKON ONITHKM TECHO CBA3AHEL npunyun od.
zenca (BoJHOBoe MocTpoenne lwiirenca) u npunyun Pepaa. IIpuBIUMN
Tofirenca onupaeTca Ha abcTpakTHO-BONHOBRE NpelcTABICHUA U O3BO-
JAeT MOCTPOUTH B KaX ol ToYKe BCIOMOIATENBHYIO BOIHOBYH [TOBEDX-
HOCTh, HOPMAJAb K KOTODPOM yKasbiBaeT HaNpaBieHme ayda cBera. Haa
NOCTPOEHAS BOJHOBOM NMOBEPXHCCTH B MOMEHT BpeMeHn t + At Bce To4-
KM BOJHOBOHN NMOBEPXHOCTH B MOMEHT BPEMEHM ! PACCMATPUBAIOTCA KAk
HCTOYHUKH BTOPHYHBIX CBeTOBBIX BoaH, Orufaiomas cepHvecknx BOJ-
HOBb?( NOBePXHOCTeN BTOPHYHEIX BOAH 06pasyeT HOBYK BOJAHOBYIO No-
BEPXHOCTE OCHOBHGH BOJIHEL.

Tlpunuun $Pepma ApageTCA OHUM H3 NPUMEPOB BADHALHOHHBIX NPHH-
LHUOOB, HOPAOIIWX B ¢Hanke 6oabllyic poib. OH YTBEPXKIAET, ITO Bpe-
MA pacnpocTpaHeHHA CBeTa MO UCTUHHON TPaekTOpHM ABJAAETCA 2KCTpe-
MaJBHBIM (06BIMHO — MEHHMAJILHBIM MM MAKCHMAABHEIM) 11O CpaBHEHUIO
CO BCeMH BoOGDAKaeMBIMH OIM3JeXallUMH TPacKToPHAMH. Bosee Tod-
HO ~— 3TO BpeMA He MeHseTcA (B MepBOM MopsKe MAJOCTH) NPH MaioM
HCKaXeHUH TpaeKTOpHH. BpeMA npoXoX AeHHA CBETa Yeped Cpefy ¢ mepe-
MeHHBIM (MM KyCOYHO-TNEPEMEHHEIM) MOKA3aTENeM IPLIOMACHHS ya06Ho
BEIDAXAaTh 4epe3 onmuveckyw dauny nymu L:

a1 2.
t_];c_/;l-_?' L—-/ll ndl. (3]

OT0 NOHATHE OKAJBIBAETCA MONEIHBIM H NPH H3YyHMeHHH MHTepdepeHINH.
TMpusyune Coiresca un PepMa No3BOAAIT NOAYIUTH OCHOBHEIE 3AKOHR
reoMeTPUYeCKOH ONTHKH, HC HE MO3BOJAIOT BEIHTH 38 ¢€ IPEAeJHL.
OaHoll W3 BaXHBIX 33434 reOMETPHYECKOH ONTUKHN ABJIAETCH NGCTPO-
eHne ujofpuadxcenutt, GOPMUPYEMEIX ONTHYECKUMM CHCTEMAMH, H M3yye
HHe Ux cboiicT. Hao6paxkeeM HalHBaeTCA TOYKa CXOXIEHMA Jy4ed,
npomelmux cOTHYecKylo cucremy. CHCTeMa OTpaXalomux U NpeJoMA-
IOUWX ChepHYecKHX (M MIOCKAX) MOBEPXHOCTEH, MepNeHAMKYAAPHHIX K



5.1. FEOMETPUYECKAA ONTHKA. <POTOMETPMA 269

HeKOToPoH ocH, popMUPYeT H3oOpaXeHHe TOYEYHOTO HCTOMHHKA Jdy4a-
MH, NaJalOUEMU oA MAIHM YoM K ocH (napakcugabroe npubaudce-
nue). OChb CHCTEME! HAJHIBAIOT ONTRUNECKOU GCbI0; TOYKY CXOXKJCHUA Ma-
paaebHOTC OCH MyYKa Jydel — foxyconm cicmenmsy; NepleH AUKYIAPHYIO
OCH IIGCKOCTh, TPOBEAeHHYI0 B GoKyce, — doxaabrotl naocxecmeiw. Teo-
peTHYeCKUH Mpejea pasMepoB H3oGpaxeHNd U pajpelatowell cnocobHo-
CTH CNITHYECKUX CHCTEM ONpefeideTcA Audppakunei ceeTa. BaxHoe faa
JAaabHeHIero cBolCTBO N306paXKeHHH: OITUYeCKHe AJAMHEL BCEX JAy4el oT
HCTOMHUKA A0 H3o6paNKeHHA OMHAKOBLL, T.e. ONTUYECKad CHCTEMA He U3-
MEeHSIeT Pa3zHOCTH Xola ayvell.

» <PoTomerpus. Haayyenne B JaHHOH TOYKe NPOCTPAHCTBA B JAHHOM
HaTIPaB/JeHIH XapaKTePU3YeTCA UHMENCUSHOCTLI Ayuucmozo nomoxa I

d® = IcosfdsdS2, (4)

rae d® — ayuucmuitt nomox (3HEPria, NePeHOCHMAA B eAUHHAILY BPeMeHH
yeped IVIOIAJKY ds Jy4aMM, 3aKJIOYeHHBIMH B TedecHoM yrae d1); ¢ —
Yros MEX[Y BhIACICHHLIM HaflpaBieHHeM M HOPMAMbIo K Miomaike. [ipo-
uaBeflenne cos @ ds HaapiBaeTCa sudusol deauvunotl nacwadxy B JaHHOM
HanpabieHun. O6beMHAA MIOTHOCTD JyaucTol ueprun u = dW/dV pas-

Ha : 1 .
w= ?/um. 5)

B cuyyae maorponsoro uanyueHnus u = 4w /c. UurencupHocTs [ # mioT-
HOCTb ¢ MOXHC OABEPTHYTE CNEKMPUALROMY PAFAONCENUIY 10 HACTOTAM
HAM JAMHAM BOJIH:

oo o oo
=f uud.'.f:/ uwdw=/ uy dA.
i} a Q

IIpupaBHuBad BHEPrHIO, JAK/IIOYEHHY B COOTBETCTBYIOINX APYTD APYTY
CIeKTPaAbHBIX HHTEPBalaX, MOXKHO HAlTH CBHA3L MEXAY DaldiMYHBIMH
CUeKTpaAbHBIMH NpeicTabBieHUAMH. HanpuMep, npupapsas u, dv = u, dA,
€ y4eToM A = ¢/V moNy4HM

u, = (e/v?)u,.

AH&JIOPH‘iHO MCHHO INPpOH3BECTH DAlJICKEeHHNe Mo JBYM B2aHMHC MEpIeH-
AMKYJAPHBIM MOJAPUIALNAM.

Onpegeneﬂﬂue BHILE FHEPIEMUNECKUE TAPAXRMEpUCMULUY HCNOORAYIOT OPH obB-
EKTHBHOM ONHCaHHK H3NYHEHHA, ‘I’omo..uempuuecnue, WIN caemcsbie XapaKTepHCcTH-
K YMHTHBAOT BOCNPHUMHMHROCTE Ma3a K cBeTOBOMY HaaydeHuo, JyuncTuil noTok
HIMepAKT B BATTAX, 8 COOTBETCTBYIOWYIO eMY GOTOMETPHHECKY ¢ JMHHLY HAZHBA-~
T coemosbim ROMoxos ¥ UIMEPAKT B aosenar (AM). YTobu nepeitTu K cBETOBOMY
oToky, Ha g0 AYHMUCTHIE FOTOK YMHOXKHTE Ha csemosyro sffexrmusnocma 1 (namepa-
eTcA B aM/BT), xoTopan 418 ZANHEE BOAHE Ay = 555 HM paBHa 1y = 625 am/BT, a gna
APyritx AnUH BoaH paBHa 7y Vy, rae V) — xpuBar sudnocmu, MIM omHocUMEabHol
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cnenmpaabnod uyscmeurneannocmu paasa (V(A) = 1 npn A = 555 uM u nagaer go
HYJR NpY OPHEAWKEHUH K CPaiillaM BHANMOTO gnanaioka). Jas nepecyeTa oT npo-
HIBOIBHOT'O JYHUHCTOTD NMOTOKS K CBETOBOMY TMOTOKY MOMKHO HCNONLICBATE ¢OPM}'JIY
S, = fCD)V,‘ dA. AHATOrHYHEM 00pPa’oM NPOUCXOAHT NEPEcHeT OT GCTANbHHIX
JHEpreTHYeCKHX XapakKTepHCTHK K CREeTOBRM H “8060130'1‘ (Hanpm\tep, OGT HHTEeHCHB-
HGUTH HAAYHEHHUA K HHTEHCHBHOCTH CBGTB)‘

A xapakTepHCTUKY TOUYEYHOTO UCTOYHNKA HCHOAB3YIOT IHEPZemU-
HECKYI0 CUAY UCIOURUKG, OLIPSEIACMYI0 KaK JAYIHCTEY NOTOK B ZaHHOM
HADDABJIEHHM B PACHETe Ha efUHUHHBIA TenecHHN yrox: d& = JdQ. Cee-
TORAA XAPAKTEPUCTUKA - CUAQ CHEMA UCMOUHUKA — OMPeJeNAeTCA Ye-
pea cseToBOH 1IOTOK. Fannuna cuisl ceta xandeaa ABIACTCA OCHOBHOM
equanied CH (1M = kaujeda X cp, Ijge ¢p -~ crmepaduan). Ecu He npo-
UCXOAUT IO IOTICHTIA HAM PaCCeHHA HIMYYEHRH, TO Ha PACCTOAHHU P OT
HCTOYHHKA B 'TOM X€ HANPaBRJIEHHH MHTEHCHBHOCTL W3JIydenUA DaBHa

re’

[Torok TyyucTol dHepruu, IPAX0 AAUIHACH Ha eUHRLY TLI0MIA AN OCBe-
(H{aeMOH TOBEPXHOCTH, HA3IBIBACTLA SNEPEREMUNECKOL OCHEUERROCTBIO0.
CooTBeTCTBYI0IIAA CBETOBAA BETHMUHA HARLIBACTCA NPOCTO OCEEU[EHKO-
cmbio ¥ MaMepderea B awwncar (k). Ecau naayvenue Todedsoro uerov-
HUKa AafaeT 10,1 yraom § k opMantd, To

Il = —5 €08 f.
r
Jaa upoTAXkeHABX HCTOYHHKOB, T.€. JIA H3JIYHallleid MOBePXHOCTH,
BBOJAT 3HEPZEMUNECKYI APKOCTML B JAHHOM Hanpasienun B, (cBeTopas
XapaKTEePUCTHKA -~ APKOCMS). JHepreTHYLCKad CHIa HCTOYHHKA, COOT-
BETCTBYIOUETO TLIOIIA IKC d§, PABHA

dJ = Bycosfds, wau d® = B, cosfdsdsl, (6)

rae - - yroa Mexly HOPMAJRI K HIIYU2IOHEeH ITOBEPXHOCTH H Hallpa-
pierfeM uaaydenud, Herodnuk, y koroporo By He 3asUCHT oT HanpasJe-
HHA. HASLIBASTCA 1asbepmoaenum ucmounuxon. Jlambeprosekuit ucrod-
HUK U060# (hopMuL KaKeTCR paBHOMeplo APDKuM (HanpiMep, guck JIyae
wi Coanna). JTuepeemunecras céemusnocms R (cBeToBan XapakTeph-
CTHKA - - CACMUMOCME) GIPEIeTACTOA KaK IOJIHBIH AYYUCTHI MOTOK B
TEICHOM YO0 27 B pacdere i o MHHIY LI0MIA 0 HAIYYamel Topepx-

IR A |

o= [H‘,lnm‘?rfﬂ, (N

Laa mnvandeprosenoro werovauk 12 = rii.
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Pne. 62. Puc. 63.

[Ipumep. OcBemennocTh, CO3JABAEMAN CBeTALIEHCH MNOBEPXHOCTLIC 5 Ha He-
KOTOPOM YHACTKe OCBellaeMoll MOBEPXHOCTH ds’, paBHa CyMMe BKJAJOB OT BCex
yuactkon ds. Temecuuli yron, mog koTopuM ds’ Buana ot ds, pasen cosf' ds'fr?
{puc. 82). [aa cBeTOBOrO NOTOKA, NOCHLTAEMOTd B 3TOT TEACCHLN Yrod, nMeeM
By cosf ds{cos§’ ds',ﬂ’rz) Tax xax cosfds/r? papen Tenecmomy yrny dfl, mog koTo-
PLIM M3NYHROWMI Y4aCTOK BUAEH OT TCUKH OCBelleHNs, To dff = Be cos &' df1.

Hanpumep, NPH OCBERICHNH AaMOepTOBCKHM _AHCKOM MaseHBKON MADINAAKY, pac-
MOJOMKEHHOH HAa ocM AWCKA M OPMEeHTHDOBAMHON MepleHAMKYNapHc ocu {puc. 63),
d(} = 27 5in 6'd€’, u nocae unrerpupopanna noayunm E = 7B sin? §,, rae 8§, — yroa
MOAYPACcTBOPA KOHYCA, NOJ KOTOPLIM AMCK BHACH OT DCBELIACMON MACIIAAKM.

5.2. NuTepdeperuus ceeTa

| 4 KOI‘GPEHTHOCTB CBETOBERIX ROJH. HPH HAJOXEHHH CBETOBHIX
BOJH, 0613 al0IUNX O4YeHb BEICOKON 1acTOTOH Kodefanui, MOXKHO Habmo-
JaTb TOBKO YCPEAHEHHYIO MO BPEMEHH JHEpruio koaebaHWUR, KOTOPYIO
X4paKTEePH3YIOT UMmMeHcuanoemeio xodebanuld [ = (Efz) Ilpu caoxe-
HUH ABYX KoJdebHaHHN =E+ E,noayaum [ =1 + I, + I}y, rae
I,= 2(31 . 32) Ha3hlBAIOT HHTEPDEPEHIMOHHEIM YieHoM. Ecan 1), =0,
TO NMYYKH CBETA HAJBIBAIOT HEKOZEREHMHLLMU, BOJIHbI, NOMAPHAICBAHHEIE
BO BRaHMHO NepNEeHIHKYIAPHLEIX HallpaBICHURX, BCETAda HEKOTepE€HTHEHI.
MOHO}{POM&TH‘-I&CKHE BOJAHEL ABJIAITCA KOIeDEHTHEIMHA TOJABKO B TOM CAY-
Yae, ec/H OCTaeTCA MOCTOAHHOR HX PasHoCTh das (T.e. UX YaCTOTH co-
BNaJal0T) W eClIH OHH NAPalIelbHO (MM MOYTH MapalielbHO) MOJAPH3C-
BaHEI. Hpﬂ HAJOXEHHY TaKHX BOTH

rge Ap — palnocThk dad konebaHuil B JaHHOH Touke. B wacTHOM caydae
npn I) = I, = I, umeem [ = 21,(1 +cos Ayp). Jaa cungasHLIX konebauuil:
I= (/T +/I,)?, axa xone6anuit » npotusodase: I = (/T - /13 )?
» HWnrepdepennns gpyx poan. [Ipn natoxenun gyx rmocxnx BOJH
E =B, cos(wi—k, -7 u E'2 == Byq cos(wt— —k,-7) nonyuny A= (k, —k,) 7.
HOBep)(HOCTH NOCTOAHHOM PasHOCTH (had NPEACTABARIT COGOM MIOCKO-
CTH, NEPACHARKYARPHElE BEKTOPY (k1 —k 4). PaccToARNe Mex 1y coceqHn-
MH ILIOCKOCTAMH ¢ MAKCHMAalbHOH MHTEHCHBHOCTBIO PABHO

27 T A

Az = |k, = k| = ksin{a/2) = 2sin(e/2)’ )
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rde o ~— Yoo MexJy BeKTOpaMiu El " 52. IIpy MaJmX o NOIy4UM
Az~ Afe. Eciu B 061acTH MepexpRITUR BOIH NOCTABHTE IIOCKUIL 3KpaH,
flapaJiie bHbEH (Fl - EQ), TO Ha HeM 5yAyT HabIi0JaTLCA NapaJielbHLie
yepelYKLIHeCA TEMHEE U CBET/LIE NOJIOCH.

IIpu HanoXeHUH chepUdecKUX BOMH OT ABYX CHH(}AIHHIX TOYEYHEIX
MCTOYHHUKOB YCAOBHE MaKCHMyMa MHTEHCHBHOCTH M-TO NOPAJKa HMeeT
BHJ 'y ~ 7y = mA (3T0 ypaBHeHMe rHNep6oona BPAlEHHA ¢ OChIO, IPO-
xoafWed depeas ucTOMHUKH). IIpy pasMellleHun IKpaHa NapaliesbHo 3TOM
OCH MOJYHUM CBETbIE U TEMHbIE MONOCKH B Bi e rUNepboa. Ecau paccro-
AHME go dKkpaHa [) BeiMKO MO CPaBHEHUIO ¢ PaccToRHHeM d Mexay HCToY-
HUKAMH, TO B LeHTpe 3KPaHa NOAyIUM pPaBHO-
OTCTORLIME FOYTH NapalielbHEE Donock. Pac-
CTOAHME MeXJy noiocamMu GyJeT Takoe Xe, Kak
B onsime fOnza, r'ge uNTepdepeHLHA co3aeT-
¢ ABYMA NAPAIJIeJbHEIMH JUHEAHBIMM HCTOM-

Puc. 64. HUKAMH KOTepeHTHOro cbeTa. Ecau r — pac-

: CTORHWE OT HeKOTOpOH TOYKH JKpaHa J0O ero
uentpa (puc. 64), To r; = D? + (z + d/2)%, r2 = D* + (z — d/2)%, n
npy d,z & D noayyuM Aas pa’sHOCTH Xoja A = ry ~r, & 2d/D & az,
rie @ = d/D — yroj, nog KOTOPLIM HCTOMHHK BHEH M3 LUEHTDPA 3Kpa-
Ha. HHTeHCUBHOCTE MeHaeTc oT 41 npu A = az = mA go Hyas npn
A = {m+ 5)A. Paccrosnue MexJy nofocamu passo Az = A/a = AD/d.

Ha 6oselioM paccTOAHMM OT JBYX CHHGAIHEIX AMHEHHEIX MCTOMHH-
KOB (r,7, » d) MOMHO HamHcaTb ro — 7, & dsinf, rae § — yron
MeXJy HOPMAaJbl K IIDCKOCTH HCTOYHMKOB M HanpaBieHHeM Habmoge-
HuE HHTepdepenunu (npubauscenie Ppayxzofiepa). AMIINTYAH KOMe-
6aHMil B MHTEPGEPUPYIOUIUX BOSHAX MOXHO CINTATh OJUHAKOBLIMH, T.€.
I'=21,[1+cos(kdsin 8)]. MakcumyMul BHTepGhepeRMK HABMIOAIOTCA TIOL
yrAaMH, YAOBIETBOPALIMMY COOTHOMEHHIO sin f = mA/d.

» Hurepdepennua GoabLIOro IHCIA BOMH.
PaccmoTpum unTepdpepenumio oT N OIMHAKOBHIX
CHHGA3HEIX UCTOUHHKOB, PACHONOKEHHBIX HA OJHOLH
npAMolt Ha paceTosHUM d apyr oT apyra. Ha 6oan-
IOM paccTOAHUM OT HCTOYHMkoB {r 3> Nd) B Ha-
npabieRin § npoucxoguT craoxenue N koneGanmit
OJUHAKOBOW aMNAMTYAR A,, MpHUYeM pa3HocThb (baa

Puc. 65. MeXAY COCEAHHMH KoJeGaHMAMHM paBHa ¢ = dsinéd,
PesyavTupyouyio aMnauTyay A HaiigeM U3 ypaBHeruit (CM. BEKTOPHYIO
Auarpammy Ha puc. 85): Ay = Rsin{#/2), A = Rsin(N¢/2). Hekaowaa
pajuyc ONMCaHHOW oKkpyxHOCTH R, mogyuum:

sin(N¢/2) [=1 sin?(N¢/2)

A=A, sin(¢/2) = sin%($/2)

(9)
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» Hurepdepenumsa oT ecTeCTBEHHRIX HCTOYHHKOE cheTa. Ha-
Jy4eHie eCTECTBEHHBX (TEeMIOBRIX) UCTOUHUKOB CBETA COCTOUT M3 MHO-
HECTBA 4208 8044, CMOHTAHHO HCIOYLIEHHEIX BO3OYKIHHEIMA ATOMaMM
[pH HX 8WCBENURANUY, T.€. IPH BOIBPALICEHHM B HOPMAJLHOE COCTORHHE.
Jnutensrocts wyra ~ 10~ 1028 ¢, on cogepxat 10° < 10® xoreGanuii.
3uaHuT, 4Ba PA3HHIX €CTECTBEeHHRIX UCTOYHUKA HEKOT€PEHTHEL JaXe npH
BEIJEJEHUH B HX U3MYYEHUM YIKOH CHEKTPAJILHON NOJOCH, IOCKOALKY pas-
HOCTb a3 xoneSannii oveHb SHCTPO H XaOTHIECKH MEHAETCA B KaX 0H
rouke Habswogenun. Jaa Habaofenua uHTepdepeHUMHA Ha O H3TYUEHUE
oT OJHOr0 HCTOYHAKA PACIIENMTS Ha JBA WM HECKOJLKO MYYKOB H 3acTa-
BATH UX MONMajgaTh B TOYKY HaGMofeHNA PasInYHEIMU NyTaAMA. [Ipu aToM
6yaeT NPOKCXOAUTE UHTephepeHINE KaXoT0 U3 UYTOB ¢ caMHM coboil,
H yCIoBlie MAKCHMYMa UM MUHUMYMa Gy1eT OJHOBPEMEeHHO BHITIOTHATLCH
A BCeX TyroB OFHON 4aCTOTH, HCMYLIEHHRIX U3 OJHOM U TOH Xe TOYKU
HCTOYHMKA. ¥Y/JO6HO BRECTH OMMUNECKYI0 pRIHOCTL 10da MYHKOB

rje MHTErPUPOBAHME BEJeTCA BAOAL JHHEM, KOTODYK JAHHBIN My4OK
NPOXOJHT OT TOYKH M3AYYEHUR 4O TOYKM WHTepdepeHIUUU. YcaoBue
MakcuMyMa: A = ml; ycnoeue mMuHEMyMa: A = (m + %)z\,’ rge m
HA3LIBAETCA Nopadrosm unmepdepenyuy,

IlpuBegemM kaaccHdeckue NpUMeEpEl TOMYHEHHA ABYX KOTEPEHTHEIX
HCTOYHMKOB.

1. Onmm IOuea (ynomunanch Boille). CoMHewHENA CBeT NajaeT Ha
O4eHs Y3KYIO LeAb B NEPBOM DKpaHe, BCASACTENE gudpakUli pacxoauTcE
¥ NagaeT Ha fBe y3KUe WeTH Bo BropoM 3kpare. OnATh xke u3-3a gudpax-
O NOc/e 3TUX Liedell cBeT pacXoguTca M o6pasyeT NepeKphlBaKIUnecs
KOTepeHTHBIEe TYIKH.

2. 3eprasa Ppeneas. CRET OT APKO CRETALUEHCH WEAN A L3ET HA JBa
3epKada, CKpeleHHsIX 1o yraoMm noutd 180°. Bauako pacnosoxeHHEe
MHUMEIE H306paXKeHna Wean o6pa3yioT JBa KOTEPEeHTHHX UCTOYHUKA.

3. Bunpuama Ppereas. CbeT OT APKO OCBEWEHHOH LIeay NpesoMas-
€TCA B ABYX CTEKAAHHBIX APNaMaX ¢ MalbIMH NPeJoMIAIINMY YTIaMH,
ClOXKEHHBIX CBOMMHM ocHoBaHuaMH. B pesyasrare npenoMaerusr obpady-
KOTCR gBa GAMAKO PACOAOKEHHBX MHHMBIX H306paXeHuA LeIH.

4. Buaunza Bute. Cobupallllas UH3a paspesaeTca NOMNoIaM U Mo-
JOBMHKH CJErka pasABUCaloTCH. BHAHH3a OCBEUIaeTCA Y3KOH INeAbIo, Ma-
PaanejbHOR AMHUE paspeda. Kaxjaa nonoBHHKA JNH3IL GOPMHEPYET CBOE
AelcTBUTEN HOE H3OGpaKEHUE LIETH.

5. 3epraao Jaoiida. CeeT OT yakol el OTPAXKAETCA OT 3epPKabHON
IockocTH, 06paaya MuMMoe usobpaxenne wean. HuTepdepupyior ceer
OT CaMoOit Wean U OT ee HACOPAKEHUR.
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» Bunanue pasmepor ucrounmka. IHpocTpancrBeHnas Kole-
PEHTROCTE. PasHoCTs X04a Ay4ell B JaHHONR TOYKe JKPaHa UMEET Onpe-
AeJeHHOE 3HaMeHHe TOABLKO B CIyHae TodevHoro ucTounuka, Ilpu nepexo-
A& OT OAHOU TOYKM NPOTAXKEHHOIO HCTOYHHKA K APYToi pasHOCTE Xoda
MeHAeTcA. Ecn pasHOCT Xo0/ja HIMEHHTCA Ha A/2, TO yCAOBUE MAaKCHMY-
Ma PeBPaTATCA B YCIOBHE MUHUMYMa, T.€. HaloXeHHe HHTepdepeHIHOH-
HEIX KapTHH OT Pa3HEIX YYaCTKOB NPOTANKEHHOrO UCTOMHUKA NPUBOJHT
K CMa3LIBAHHIO OO MHTEPpdEpeHNORHON KapTUHEL.

PacemoTpum, Hanpumep, mIockuit ucTodHnk. lpegnonoxum, 2To nep-
BLII K3 HHTepGhEPUPYIONWMX TyHell HCXOAUT OT UCTOMHUKA 104 YDJIOM
K €ro HODMAJIH, a BTOPOil — Nod yraoM a,. [Iycts
STH AYYM JEeXAT B OJHOH IMOCKOCTH C HOPMAIBIO,
a YTJIBl M3Jy4eHUf NOYTH OJHHAKOBH AJAA BCEX ToO-
ek MCTOYHNUKa (pHc. 66). [Ipu nepexoge oT ogHOTO
KOHIfa HCTOYHMKA K APYTOMY AAUHA OYTH NEPBOrO
Jy“a HIMEHNTCA Ha {sino, BToporo-— Ha {sina,
({ — pasMepHl MCTOYHMKA B IIOCKOCTH JY4elH), a
PasHOCTE XOAa HM3MeHWTCA Ha {(sina, — sino,).
Yenobue coxpaHeHns HHTephepeHUIMORHON KApTUHE (ycnoBue npocmpau-
cmeennol KOzepenmuocmu) IPUHUMAET BAJ

[|sina, — sina, | < Af2.

Jipamep 1. B onwre Oura ! '— mupuna uein B nNepeoM  BKpade,
ay = —ay = b/{2L), rae b — paccTonnue MeXAY tiedsimMy Bo BTOpoM dxpaHe, L 35 b —
PACCTOAHNE MEX AY oKpanamm; noayunm: 20{b/2L) < A /2, m.e. ! < AL/(2b). [Tepenumem
Ty dopmyay B snge: b < A/ (2¢), rae ¥ = I/ L — yraceme pasmepu MCTGUHNKA, WK
YT O PAcXoK JeHWA NaJalRMX Ha ABe Wwean ayqyeh. HanpuMep, npy npamMoM ocaeite HuK
weaen Coanues o & 0,009 pag, A & 500 1, T.€. PACCTORHNE MEXAY WEIAME JO0KHO
SuITH Menbiue 0,06 My, Mmenno nosToMy Hage crayana CoNHEYHWNE CBET NPONYCKATE
4Hepe? YIKYIO Weab., -

» Bamanue HEMOHOXpOMATHYHOCTH cBeTa., BpeMmennas kore-
peHTHOCTE, Hapylllen#e MOHOXPOMATHYHOCTH CKAAJHBAICIIMXCA BOJH
MOXeT NPUBECTH K CMA3LIBAHMIO KapTHHH KHTepgepenyuu. Mpegnoao-
XKUM, 9TO YacTOTHl H3NY<aeMEIX BOJIH AeXKAT B Y3KOM CIEKTPaibHOM HH-
repBate Aw. CUIBHOE HCKAXeHUEe KAPTHHE! UHTepdEPEHIUY TTPOUCXOAUT
B TOM CIy4ae, eClU Pa3HOCThH X043 A NPEBHIAET HEKOTOPOE KPUTHUYe-
CKOe 3HadeHue L, , KOTODOe Ha3HBAT daunot xozepenmuocmy; L, nme-
eT CMBICT JAubl Yyed 604K, UCTYCKAEMOrO ATOMOM B OJHOM aKTe H3-
JydeHHA (HAMOMHHM, MTO YCTOH4NBaA WHTepbepeHLMA IPOUCXOANT IPU
CAONKEHHH LYFOB B OZHOM H3 Pa3efeHHHX MYyYKOB ¢ COOTRETCTBYIOWMMU
UM LyraMu B ApyroM nyd4xe). Bpema r,'= L, /c, koTopoe Ha3LBalwT epe-
MENEM KO2EPENMNOCTIY, UMERT CMBICH 8A'tfmev%:\mcmu uyza eoan. B co-
OTBETCTBHHN ¢ 06LIMMU CBOMCTBAMU Npeobpasopanua Pypre, CEKTPaib-
Had UIMPUHA BOAHOBOTO NIAKETA CBA3AHA € €r0 JIHTEISHOCTEI0 COOTHOLIE-
HneM Aw At ~ 2. (Ilpumep: cobopbatHass cnﬂycou,ﬁa. A(t]smwot rae
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A == const B unTepBade —r/2 <t < v/2u A =0 BHe 3TOrO HHTEpBAXA, HME-
sin[+(w — wg)7]
(w —wy)7

eT paaioxenne Pypbe a(w) ~ , IIIPUHA KOTOPOT0 PaBHa

27 .

Aw ~ -—.) MakcuMairHEI NIOpAAOK CIEKTPa, B KOTOPOM MOXHO Habro-
r :

JATh MHTepdEepeHINIo, MOXHO OlUleHNTh Kak N ~ L /A =7 /T = w/fAw.

» Hurepdepenunus B TOHKHX IVIeHKaX. PaccMoTpuM naTepdepen-
MO AyYed, OTDaXeHHLX OT NepejHell M 3aJHEeHd IOBEPXHOCTEH TOH-
xoil nienky (puc. 67). Bygem cuuratk GppoHT
BSOIHH IIOCKUM, T.e. HCTOYHHK JOCTATOTHO
yaaneHHBIME. Tak xak QPOHT NpeJOMACHHOM
BOJHS TMEPNEHAUKYARPEH Ayqy, TO ay4 1 B
Touke D u 1y 2 B Touke D' umetor ofuna-
KoBble (adbl. JHAYUT, ONTHYECKAA PAIHOCTE
xoAa ny4edt 8 Touxe D pasna n(D'C+CD). d

KpoMe TOro, K pasHOCTM XOja HaAo AO- &
6aBUTE A/2, YTO MO3BOINT YHECTH U3IMEHe-
HHe a3kl Ha T OPH OTPAXKEHHH OT Cpedsl
¢ B4IBIIMM MOKA3aTeleM NpetoMieHus (Ha
rpaunue Bo31yXx — njenka B Touke ). Hoce npeobpasobati noayYnM:

A =2dncosy + -;—,

rie 4 — TOMMHa OAEHKM, N -— €€ [I0KAa3aTelb NPEIOMIEHHA. YCIOBUE
MaxkcUMyMa QA HaOAIoqeHHA B OTPaXeHHOM cBeTe A = mA BHIOJIHAETCH
ANA ONpeEAeHHBIX AJHH BOaH. [Jlid OYeHbL TOHKMX IJIEHOK YCJIOBHIO
MaKCHMyMa YJOBIETBODHIOT OfHa WIW gBe IIWHBI BOAHEI U3 BUZHMOrO
AUaliaaoHa, H MAeHKa OKAa3biBAeTCHA OKPALIEHHON. YCJOBHH) MAKCHMYMa
JIf HabJAOJeHUs B OTPAXKEHHOM CBETE COOTBETCTBYET [MA TOH Ke
JMAHHLL BOJHEI YCAOBHE MMUHUMYMa AMA HaGAI0d¢HHA B MPOXOAAUIEM CBeTe
{oTpaxeHull Ha CpaHHue BO3yX — IIeHKa we npoucxoauT). Kak Beerga
np¥ MHTepdepeHIHH, DJHEPT HA He YBETUYNBAETCH, a epepacpeJelaeTca.

PaccMOTpHM Teneps ABa BAXHBIX ¢Iydad.

1} Hosocwt pesnotl moawunst. Ecau ayvu najgaior noj NOYTH NOCTO-
AMHLIM YIJOM, HalPHMEP HOPMAJIBHO, & TOMIHHA TJeHKH MEHAETCH, TO
JAUHHA MOCTOAHHOH TOMUMHBL €CTh JUHHUH MOCTOAHHOI DasHOCTH XOJa.
Ipr ocpemuenun MOHOXPOMATUYECKHM CBETOM 3TY THHUH GyAYT BHAHM B
BUJIE TEMHsIX MM CBETAbIX nosoc. [ipu mabmoaenun B 6eroM ceeTe (Npu
YCAOBHYM MaJfOH TONUMHE! ILTEHKH) IWHUM OyayT nBeTHRiMU. HuTepde-
PEHUMA TPOUCXOAUT BOIMIH MOBEDXHOCTH ieHKN (MiTepdepeHUHOHHAA
KAapTUHa JOKAIH3oBaHa Ha TIOBEPXHOCTH).

2) Ioaocw: pasuozo Hexqona, TOTLMHA ILIEHKN NOCTOAHHA, OCBELe-
HUte BefeTcA pacceAHHEIM CRETOM OT YAANEHHOrO HCTOYHEKA. Metas yroa
Habniogenus, Mul GYI6M OAYSATE TO YCIOBRE MAKCUMYMA, TO MEHHMYMA.
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PuTepdeperuitonHas KapTHHA JOKATH30BaHA HA GECKOHEYHOCTH (MaH B
dOKANBHON NAOCKOCTH AHH3EL). JIA O4eHE TOHKHX ILIEHOK CBET MOXeET
6HTE He MOHOXPOMATHYHEIM, HabqlojeHe Nod JaHHEIM YTI0M BRIAEIAET
Ty JJMHY BOJHEI, 418 KOTOPOH BEIIOIHEHO YCIOBHE MaKCHMYMa.

IIpamep 2. Konbua HeioTona., Ecad nicckoBHOykayle JAHMHIY MOACKHTE
Ha NOBEPXHOCTS CTEKAAHHOH MAACTHHKM M OCBEINATh MOHOXPOMATHYECKMM CBETOM,
NATAIOWHM HOPMANBHO, TO Ha BOIAYUIKCM ITPOMEXYTKe Oy Ay T HABMOZATHCA NOIOCH
paBHOM TOJMNIUHE, MMeNHe ¢dopMy okpyxHocren, TonmmHa NpomexyTka paBHa
¢ VA +r2 — R & r?/{2R), rae r — pagnyc okpyxuoctn {puc. 68). Ycaomne
MuBuMyMma uMeeT Ut 2d+4 (Af2) = (m + ;—).\, wn r, = VmAR. B ueHTpe KapTuHL
SygeT TeMHoe NATHO,

p Ilpunuunu ronorpacgun. lojsorpadus ucnoisdyeTca A48 danucy
06BEMHOTO HAG6paXeHUA NpeaMeTa. [IpeaMeT OCRELIAETCHA CBETOM Jla3e-
pa, o6lIafaloluMM OYeHE BEICOKOH CTeneHkI0 Ko-
FepEeHTHOCTH, ¥ NonajaeT Ha GOTOMLIACTHHKY.
HndopManuio ¢ ¢opMe npeaMeTa HeCeT 3aBH-
CHMOCTL (a3t NpeiMeTHOH BOJHHI OT MOJOXeE-
HEA Ha MiacTuHke. Ecim Ha nAacTHHKY ofHO-
BPEMEHHO CO CBETOM, OTPaXeHHEIM OT NpeAMe-
Ta, MOCIaTh OTPAXKEHHEA OT 3epKaJa ONOPHBIH
JA3epHEH JYY, KOTOPEIM OCBEIAeTCH NPEAMET,
TO B pe3yiaLTaTe MHTepdepeHUnH obpasyeTca
BO/IHA, aMITUTYJa H MHTEHCHBHOCTL KOTOPOH
6YAyT 3aBHCETH OT a3nl npegMeTHoH BoaHe. Tak kak nogepuenne go-
TONMACTHHKH NPOTOPUAOHAILHO HHTEHCHBHOCTH, TO Ha Hell COXpaHUTCA
undopManua o ¢aze BoaHb. JCRelag OPOABICHHYIO TLIACTHHKY CBETOM
TOCC Xe JAa3epa, MOXHO BOCCTAHOBHTE UCXOAHBIH CHIHAM.

Ilpu sanicy METepdepeHIHOHHOrO CHI'HaJa B 06beMe TOJACTOR Hpo-
apauHoll GOTONTACTHHKY BOSHUKAET 065 eMHAA 20402pAMME, KOTOPAA He-
ceT HHDOPMAIHIC KaK 0 (popMe IpefMeTa, Tak ¥ 0 JINHe BONHL Ja3epHO-
ro curdanxa. IIpy oceemwenny roforpaMmer 6ebIM CBETOM BONHBL APYTHX
4acTOT PacAT APYT APYTa 3a CHeT HHTepepeHIUH, U BO3HUKALT H206pas
*eHWe NpegMeTa, OCBEleHHOI'0 MOHOXDOMATHYECKIM Aa3ePHEIM CBETOM.
Ecin B ofHOH NAacTHHKE 3aNHCATH TPHU COJOTPAMME OT Nazepos ¢ paa-
JUYHBIME AIUHAME BOJH, TO OPH OCBEUIEHWH GETLIM CBETOM BO3HHMKAET
o6beMHOE tBeTHOE H3o6paxenue.

Pnc. 68,

» Hoaayuenme Basunosa — “Jepenkona. Ilpu gemxennn wacTuis!
B Cpeje co CKOpocThio V, Npepnialomen (haloRyl CKOpoCTh ¥ = ¢/n
CBeTa B 3TOH Cpefe, BOMHUKALT UANYYeHHE MK TPOMATHHTHEIX BOIH TIOA
onpefleleHRLIM YIA0M K HaNpaB/leHHI0 IBMXEHHA $acTHIE. JjAeMeHTap-
HOe O8BACHEHHEe DTOrC ABIEHHA COBEPIUEHHO aHANOTHYHO OGBACHEHHMIO
BOIHHKHOBEHUA YIapHOU BOJHLI TIPH ABHKEHHH CO CBEPX3BYKOBOH CKOpO-
cThio. IIpH npoXom feHHN “acTHIEL BOMHHKAET H3JYveHHe Boa 6y X JeHHBIX
el aToMOB cpejbl. PasHOCTE XoJ4a BOAH, MIAYUEHHEIX BOIGYX JeHHRIMH
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-

aToMaMM B Hanpaniennu 0 ¥a noamkennit A
n B (puc. 69), paBHa

A= v% — Lcosh = L(%— —cosﬂ)‘

Eciu V < v, To 418 moSoro yraa & MOxHO
nojobpaTh Takoe L, 4To HanyieHHe Todek A
u B racut apyr gpyra (A=4/2). Mlpu V > v
TO Xe caMoe OTHOCHTCH Kk JeGoMY yriy, He
paBHoMy 8, = arccos{v/V) (MoxHO Jo6HTBCA
A = £A/2). Oanako B HanpaBIeHHH §; Bce TOUKH HAMYHaloT BOJHBHL C
oMHOM U TOH Xe Hazo, T.e. MPOHCXOUT BIAUMHOE YCHUICHNE MATYHEHUA.

Puc. 89,

5.3. Aundpakuuna

» Hpunmun Fwoirenca — Ppenens. Andpakuneit HasupaloTca o1-
KJGHEHHA OT 3aKOHA NPAMOJMHEHHOT O pacipoCTpaHeHud caeTa. Ipubay-
WeHHBIH pacyqeT WHTEHCHBHOCTH CBeTa NOQCHEe HpeHHTCTBHIv'[ HAH OTREp-
CTHH B JkpaHe oNHpaeTcA Ha npunyun Dioteenca — Ppenead, KoTOphLi
JOMOMHAET FeoMeTpHYecKoe MocTpoenne [lofirenca (cM. paag. 5.1) yeao-
BHEM HHTepepeHIUH BTOPHYHEIX Jy4eil. CoraacHo >ToMy IPHHUMNY, BCe
TOYKH IIpOHBBO.J'IbHOﬁ NOBEPXHOCTH, oxpyx(alomeﬁ HCTOYMHHEKH BOJH, ABIA-
OTCH HCTOYHHKaMH KOT€pPeHTHHIX BTOPDHYHEIX BOJH, & aMIJIHTYIa KOJge-
5aHNil BOMHAE B NPOHABOABHON TOUKE BHE 3TOH [OBEPXHOCTH MOXeT GHITE
NOTYYeHa Kak pe3yabTaT MHTepdepeHUNH BTOpHuHEIX BoaH. OOBIMHO B
Ka4%eCTBe TaKOH NOBEPXHOCTH BHIOUPAIOT GPOHT BOAHH, TOT Ja HCTOYHH-
KM BTODUYHEIX BOJH CHH(GA3IHB, AMIIHTYAa BTOPHYHOHU BOJHEL NPONOP-
LUHMOHANLHA aMAANTYAE NEPBUYHON BONHHL ¥ MJOMALH YHacTKa MOBEpX-

HOCTH:
K{a)

dE = E, exp[i(wt — kr}] ds, (10)

r
rae Ey — (xoMniexcHaa) aMnanTyAa NepBHYHON BOMHE! B TOUKAX PPOHTA,
@ ~— yI'os MeXJy HalPaBJeHHEM M3TYHEHHS M HOPMAJLIO K MOBEPXHOCTH,
T ~— PacCTOAHNE OT (PPOHTA BTOPUUHHX UCTOUHUKOB A0 TOUKH Habilofe-
Hug, K(a) — Megnenno ySupaomas gysxuua (K(x) = 0).

» 3onm dpenens. PacemoTpum ua-
Jdy4eHHe TOMEYHOr'0 UCTOYHHKA CBETA.

B xavecTBe MOBEPXHOCTH BTOPMYHHIX “9 ; 4
BOMH BHIGepeM cdepy pagHycoM o o %) : B
HayuuM Bkaad pPAadIHYHEIX YYaCTKOB b

Chephl B koqe6aHMA BOJHE B To4ke B,
Haxojdweiica Ha paccToanuk a + & oT
Herovnuka (puc. 70). s Touku B pa- Puc. 70,



278 . ONTHK A

JHycaMu r 1 r + dr 3aceveM Ha cdepe aBe okpyxHocTH. H3 TeopeMtl ko-
cunycor r? = a® 4 (a+4)? ~2a{a+b) cos § nony4um r dr = a(a+b) sin & df.
3nauut, peanuuna (ds/r) = 2ra’sinfdé/r = 2radr/(a + b) ne 3abucur
OT r, T.e. BKJaJ Bl OT Y4acTKOB, COOTBeTCTBYIOUIMX OJHHAKOBLIM HIMEHe-
HMAM ATMHE! NYTH dr (T.e. OAWHAKOBLIM NDAPALIEHUAM Gashl di), HMe-
10T OJNHaKOBEE aMILTHTYA: dF. CaegopaTeabHo, BekTopHad guarpaMMa
CKAABIBAIOMMXCA KoneGanui (puc. 71} HMeeT BHJ MEJIEHHO 3aKDy4H-
BatollelicA ¢NUpaTn (¢ y4eToM MeAJeHHOro yMeHbillenua K{a)). Ha co-
obpakensail CHMMETDHH MOXHO CASJaTh BHIBOJ, YTC COHPadb CXO0AUTCA K
1enTpy okpyxHocTH. CyMMa Beell CIUpAH COOTBETCTBYET cBOGOAHOMY
PacnpOCTPAHEHUIO CBETA B OTCYTCTBUE DKPAHOB.

YacTh MOBEPXHOCTH OT LEHTPa 10 TO4eK, rde r, = b + Af2, Hasml-
BAaeTCH nepaoti 3onot Ppeneas, OT kpad NepPBOH 30HHL A0 1y = b+ A -—
LeHTp BTopol 3onoM PpeHess, u T.4. ByujHo,
4TO eClN OTKPbITh TOALKO MEPBYIO 30-
Hy Dpenenn, a BCe 0CTAABHOE 33KPHThH
DKPAHOM, TO AMILTUTYAa kodebanuit Gy-
JeT B 2 pada Goabllle, 4eM B OTCYTCTBHE
DKpaHa, a MHTEHCHBHOCT: — B 4 paza
Goawute. Ecau oTkphITE ABe nepBhIe 30-
HBl, TO AMILTUTYJa M HHTEHCUBHOCTH B
To4Yke B OyayT ONM3KH K HYJdIO, H T.4.
HaofopoT, ecan 2akpbiTs 3KpaHOM He-
60JLII0E MHCAO LeHTPpaIbHBIX 30H Ppe-
Lo S 3O amocTu oG 3 TouKe B -

Puc. 71. oHa GyeT MoYTH Takol Xe, KaK U B OT-
CYTCTBHE 3KpaHa (3TOT napajokcalbHblil GakT MIBECTEH NOJ HazpaHUeM
anATHO [lyacconas). UToOb NOHATE, KaKHe 30HK 5yIY T 3aKPHITH LN OT-
KPBbITHl B KaX0M KOHKDETHOM CIy4ae, MOJE3N0 JHATE PAJHYC OKpYXHO-
cTu 1, sacekaemod 1y Touku B paauycoM-sexTopom b+ A, Ilpy maasix A

Ol MMECT BUJY
2abi
R(A) =/ P

Hrobu HAWTH pajuyc m-# 30HLI <PpeHend, Hajo mogcTa MThE A = mh.
Aas niacekoro GpPoHTA BOAHE!, YTO COOTBETCTBYET TIPEAf ibHOMY CAYHAK
a — oo, noay4duM R(A) = vV2bA.

Meroa zon dperensa xopoiuo paboTaeT TOARKO NPH He 04eHb 5O.b-
woM 4icde 30 Pperend. [YToT MeTOA CIOKHO UPHMEHMTb K TOMKAM,
JEXKATHM B Cropole oT Hewrpa skpaita. Judpakusounotr abdekThl npo-
nagar npa & 3 A, T.e. npa b € RY A

2-1 30Ha

o ———

p Judppaxuusa Ppayrrodgepa ot wean. Judpakimen bpayuragpe-
pa HABAKT AUGPAKIA B3 HapALIcAHEIX JyHax, 'T.e. KOPAQ paliocts
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¢ha3 BTOPUYHEIX BOJH, UCXOJAWIMX OT PaldidHLIX TOYEK pPaccMaTpHBae-
MOr0 Y4acTKa BOJHOBOTO (PPOHTA, MOKHO HAfTH B NPeATIOA0KEHHH HX
napa/aelsHOCTH. B 5ToM npubnkenny JudbpakIMOHHAA KapTUHA YIpO-
MAETCH, ¥ MOXHO PACCYMTHIBATE MHTEHCUBHOCTL CBETAa B Pa’HLIX TOY-
kaxX skpaHa. Ilpubauxenne Ppaynrocdepa felcTBYeT B ABYX cAydasx:
BO-NEPBEIX, €CAN JIY4H CBeTa nocle gudpakiiuy ¢co0HpaloTCA JUHAON B ee
HOKAJNBHOR IIOCKOCTH, U BO-BTOPHIX, €CAM 3KPAH yAaleH oT Jqudpakuu-
OHHOI'O OTBEPCTHR Ha A0CTaTO4HO GoAblIoe paceTofArue (r > R A).
Paccuuraem B npubaukenuy Ppaynrodepa Judpakiyie MIOCKoH Mo-
HOXPOMATHYeCKoH BONHLE Ha LieAd WHpuHoi b. OrpaHmdnMcE uaydeHu-
eM HOPMAaJBHOTO NaJeHNA BOAHKLL Ha 5KPaH C Jr ‘
WEALIO; B 3TOM CAYHAL BCE TOMKY IMEJH HBJAA- ‘ l’
I0TCA HCTOYHUKAMH BTOPHMHBIX CHHQAIHBIX " b -
BoJH. PajofreM MJIOCKOCTL INEMH Ha 60Jb- 7{ o
moe $ucao N OAMHAKOBHIX Y3KUX HOAOCOK
(puc. 72). AMIUIMTY A CBETA OT KaXA0H NO- N
Aocku pasHa E,/N, rae E, — aMmiuTyga
CBeTa, NOCHLIAEMOro IEAbIc B HANDABAEHHU
§ =0 (B aTOM cy4ae BCe MONOCKE HRAYYAIOT Puc. 72,
cpeT cuHdaano). [lpu uanydeHnu B HanpaBAeHUH, COCTABAAIOULIEM YIroa 6
¢ HOPMaJLI0, PAa3HOCTE (a3 MeXAY UIIyUeHHmeM COCEZHUX TOAOCOK pab-
#a S = (2r/A)(b/N)sinf, pasnocTs a3z MexAy KPalHHMYU MOIOCKAMU
paBHa ¢ = {2n/A)bsin § = Néy. Hcnoasdya Bupaxenue (9) 441 unTepde-
peHuun N MCTOYMHHKOB, MOAYMUM aMILTHTYAY MAJIYYeHHA Iueln B Hampa-
BreHuu & (sindp Hado daMeHUTE Ha J):

sin(/2)
w/2
HHTeHCHBHOCTS M3AYdeHuA, pasHaa [, = I sin?(p/2)/(p/2)?, a Takxe

XapakTepHEIE BEKTOPHEIE gMarpaMMbl HaoOpaxkeHsl Ha puc, 73, Yclobue
MHHUMYMOB H3JAY1eHHA HMeeT BHUA:

bsind=mi (m=12..) (12)

~_ bsind
L.

rae go=21r£sin9‘ (11)

Yenosue Maxcumymos: bsinf = (m + £)A (m =1, 2,...). Makcumyms!
HHTEHCHBHOCTH OTHOCATCR Kak Io : [; : [,... = 1: {15m) : (2,5m)%. ..
MakcnmanbHbIi NOpAAOK clekTpa onpejendeTca ycaosueM m < b/(2A).

» Aundpaxuyua Ppayurodepa o Kpyraom oTsepcTnu. Paape-
maoman cnocoGHoCTs ONTRIecKuX npubopos. B cayvae qugpak-
1HH Ha KPYTJIOM OTBEPCTHM pPAaclpe/efeHne HHTEHCUBHOCTH UMEET BHJ
KOHNEHTPUYECKHX TEMHRIX M CBETALIX KDYCOB BOKPYT LEHTPAalLHOTO
CBETNOT'O NATHA. Pacnpefenenne MHTEHCMBHOCTHM NPH MaJbIX yraax § c
OCBKC OTBEPCTHA BhIpa¥acTcR Hepe? ¢yHKkuuic Beccead mepeoro nmopag-
Ka: | = [,J}(mD8/X), rae D — guwameTp oTmepcTHA. Bremme yriosoe
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b sin?)

Puc. 73.

pacnpefeieHue HHTEHCHBHOCTH Mado oTAH4aeTca OT caydad Judpakiun
Ha LUEeJH; IEPBHIA MHHUMYM COOTBETCTBYeT yray 8, = 1,22X/D.

¥Yroa 8, MOXHO CYHTATh YIVOM JUbPaKUUOHHOTO PacIMpPeH)A My4Ka
cseta. PacniniBanue nyyka 6yjeT caabuiM Ha paccToaHuAx [, yaAoBIeTRO-
palommx ycaosuio: 16, « D, wm [ « D?*/). DTo HepaBeHCTBO ABAAETCA
yClIoBHEM NPUMEHHMOCTH PeOMeTPHYeCckoi onTHkY (cM. pazg. 5.1).

Mpu HabmofeHun B oNTHYecKUN NpuGop (IMH3a, Tedeckon) ABYX 61u3-
KUX To4eK OHM 6YAYT u3obpaxaThea Ha 3KpaHe B BUAS MaJeHBKUX [U-
DPAKHUOHHEIX KDYXKKOB. YCIOBHO CYHTAETCA, YTO M306DAXKEHHA TOMEK
HEPaa UM, ECIH OHH cOIM3HANCH HACTOALKO, YTO HeHTpalbHEI MaK-
CHMYM OJHOI'0 KPYXKa COBIaJ ¢ NEPBLIM MHHEMYMOM JPYTOro (Kpuime-
puti Paaes). BHaYUT, yII0BOE padpellleHie TakHX NPUEOPOB BLIPaKaeTCa

dopmyaon
A

in = 1,225

min
3'1'0’1‘ npejes BOBMOXKHOIC pPaldpeilleHUuR npﬂﬁopa HaKJaALIBAeTCH BOJHO-

poil IpUpofoil cBeTa H He MOKET GLIThL NPEB3OHACH HUKAKUMH TEXHHYe-
CKMMM yCOBepPIIEHCTBOBAHNAMHU.

» Aundpaknuonsas pemerka. JudpakuuonHoll penieTKol HasbiBa-
ETCE TOCIEAOBATEIBHOCTE U3 Oonbliore uucia N oJAMHAKOBRIX NapaJ-
AeabHux weneit, Mupusa xaxjolt wead pab-
Ha b, paccTofHHE MEX Y COCETHUME LIEAAMH, KO-
TOpOe HasblBAIOT NepuodoM pewemsy, papHo d
(pmc. 74). Kaxjaa weat Hany4aeT B Hanpabne-
HUK § cBeT, aMIIMTyAa KoToporo E; onpefeas-
eTca BepadenueM (11). PasnocTs a3 Mexay co-
CeHUMH LleAAMu paBHa 6 = (2w/A)dsind, u ana
BEIMMCIEHIA HTOTOBOR aMIIUTY ARl MOXHO OTIATH

Puc. 74, BOCHOAL3OBATLCE QopMmyolt (9) Aaf cyMMH Ko-
Aebannit N HedaBHCHMEBIX HCTOYHHKOB:

sin(N§/2) . _ , sin’(Né/2) . d
sin(5/2) ! I-Il sin2(6/2) y  TAe 5—2#:811’19.

E=zF,
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Taasrvle maxcumymsb: du@paxyuonnotl peuemny oNpeqelaiOTCH YCIOBNEM
dsinf = ma. (13)

B nanpaBJeHUM I'TaBHEIX MAaKCHMYMOB HHTeHCHBHOCTL Maly4HeHHOHW BOA-
ut I = N?]| NCAHOCTBIO onpeeAfeTcA HHTEHCHBHOCTBIO H3/MyYeHHA OT-
JeNBHOMW LIeAH B 3TOM HANpPabieHuH. Ecan riaBHEI MakcuMyM oKaxeTca
B6auan MurnMyMa I, (8), onpegeasemoro ycnoeneM bsin# = k), To aToT
MaKCHMYM OKaXeTCA nofaBieHHbIM. MaKcHMaibHEN NMOPAJOK CHEKTpa
onpeenneTca ycaosueM m & d/A.

Mexay KaxAbIMM JBYMA IJIaBHEIMH MAaKCHMyMaMu JudpaklMoH-
AaA KapTHHA cofepkuT N — 1 muuumym u N — 2 dobasounviz mak-
cumyma. MUHUMYMBI OnpefeasioTcA ycaoBHaAMH dsin = (m + n/N)A
{rn=1,2,..., N —1). UNTeHCHBHOCTD 406aBOYHBIX MAKCHMYMOB Topas-
O MeHBIe, 4eM TIaBHBIX, ¥ MPH GONbINOM YHCAS IITPHXOB MX MOXHO He
YYATHBATE.

[Ipn magennu ceeTa Ha pemeTky mod yraoMm 8, # ) ycioBne riaBHEIX
MaXcHMyYMOB npHOSpeTaeT BRI

d(sin§ —sin fy) = mA. (14)

s rpy6eix pemeTok (d 3> A) a¢ddekTHBHBIM OKa3BIBAETCA NCIONBIOBA-
HUE CKONB3AIMX Ty4el (0, = 7/2), 419 KOTOPHIX YCIOBUE I'TaBHBIX MaK-
cUMyMoB fpHobpeTaer Bua: dcosfy (9 — 6,) = mA. Bugho, 110 poas ad-
$eKTUBHOTO MepHUo/a B 3TOM CIydae UrpaeT Malad BeanduHa dcosd).

» Audpaxkunounas pemerka Kax CIeKTpaILHLR npubop. Croi-

¢TBa JI060ro CHEKTPaAbHOrO OpHSOopa ONPEAesIOTCH ero yasoaot duc-

nepcuetl, ducnepcuonnod obaacmen U paspewziomell croco GHOCMBI,
YrioBol AWCHepcHeld Ha3kBaeTcA npouzBogdas D = df,, /dA, rge,

f,, — DonoXeHWe TJIABHOTO MaKCHMyMa m-ro Iopagka. Ma yciaosus
TAaBHOIO MAKCHMYMa IIOLY UM
m
D, = o—
dcosf

JvcmepcionHol 06AaCTHE HA3BIBAETCA MaKCHMaJbHad LIMpHHA A
CIIEKTPAALHOT 0O HHTEpPBala, IPH KOTOPOH €Il¢ HET NepeKPEITHA CIEKTPOB
cocegHUx nopARkoB. M3 ypasHenuil dsin # = m(A+AX) ndsinbf=(m+1)A
umeeM AA = A/m. BugHo, 4TO 1A HCCleJOBAHUA IIMPOKUX Y4acTKOB
CHEeKTpa HafO MPHMEHATh HA3KHE MOPAIKH.

Pasperamouiei, cnocobHOCTLIO HaaLIBaeTCA oTHOIeHNe R = A/8A, rge
d\ — HaMMeHbIIA® Da3HOCTbL AAMH BOJNH, KOTODEIE MOXET DPa3pelluThb
CHeKTpaabHu npubop. JBe JMHUM CIHTAIOTCA pajpelleHHEIMH, €CIH
MaKCHUMYM OJHOH NMHUE MONal Ha MUHNMYM apyroul (kpurepun Panen).
W ypasrenmit dsind = (m + 1/N)A u dsind = m(A 4+ 6)) noayaum
8X = A/(mN}, re.

A

3 = mhN.

R=
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» Indpaxuus peHTreHoBCKHX Ayded Ha kpucTamwie. JinHa Boa-
HBl PEHTreHOBCKMX AYdeH CPaBHMMa C PacCTOAHMEM MEXAY ATOMaMH
KPHCTALIMYECKOH pelleTKH, KOTOpas AAA NajalolinX Aydell IpescTaBlIA-
eT coboli npocmpancmaenuyw Su@paxyuonnyw pewemsy. Yclobue AH-
ppakIMOHHBIX MAKCUMYMOB COCTOHT B OJHOBPeMeHHOM BHINOAHEHNH TPex
ypaBHenu# (14) g4 Tpex B3aMMHO NEPIEH UKy AAPHLIX KPHCTAMIIMISCKHIX
oceit (yeaosus Jays):

d;(cos a—cos ag) =n, A, dy(cos B—cos fy) =nyA, da(cosy=cosyp) =nyd,

r4e o, B, ¥ — YTJIBL ¢ OCAMI, CBA3aHHbIE YCAOBHeM cos2a+cos? f+cosy =1,
OTH TpH YpaBHEHHA HeJb3fA OJHOBPEMEHHC Y/OBAETBODHTE HDPH MpPO-
H3BOJALHO BHIGpaHHOM HalpaBieHHH NaJalolliero Ay4a U 3aJaHHOH JAH-
‘He BOJMHEI. DTO 3HAYHT, YTO NpH 0GAYYeHMH KPHCTa11a MOHOXPOMaTH-
YeCKHMH, HO PAcCEAHHEIMM PEHTTeHOBCKHMH JaydaMH (T.e. MMEIOIUMH
BCEBOAMOXHEBIE HaNpaBAeHHA) BOIHMKAOT AUMPAKUUOHHLIE MAKCHMYMEI
BO BIIOJHE ONpeJeIeHHLIX HANPaBICHHAX. AHAMN3 NOJYHAIOUHXCA 4ay50-
2pasit TIC3BOJAET MOAYHMATh HHGOPMAaLMIC O CTPOeHHH KpHcTanta. [u-
(PpaKUMOHHBIE MaKCHMyMBbL OTCYTCTBYIOT, €CAH A/2 MpeBEILIAET, BCe Me-
PHOAH PEWIeTKH; AN BAJIHMOLC CBETA KPHCTARI MOXHO CYHTATE OJHO-
POAHONR CpPejoil.

OTpaxenue peHTIeHOBCKUX AyYeH OT MOBEPXHOCTH KPHCTAMNA MOKHO
TaKXe PACCMATPHBATEL KaK MHTephepeHuno ayyell, 0TpaXeHHBIX OT CH-
CTEMBI IOCHEJOBATENbHEIX ATOMHBIX IockocTell B Kpuctante. ITo anano-
THY ¢ MHTepdepeRLNell B TOHKHX ILACHKaX (CM. pa3d. 5.2}, pasHOCTE XoJa
MeX Y JydaMy, OTpaXeHHEIMH OT COCEJHMX IMIOCKOCTeH, paBHa dsinf,
rie # -— yroa Mex Ay majarollBM JIYHYOM M ATOMHON MIOCKCCTBIO (He C
HopMmadbno!), a d — MexnnockocTHoe paccrosHue. {OTMeTHM, 4T¢ no-
KajaTeJh [IpENOMIEHHA PEHTTEHOBCKHX Ay4YeH MaJo OTANYASTCA OT eiH-
HALEL, cM. pasd. 5.5.) OTpaxenve HabM0JaeTCA TOALKO B HANPaBJEHH-
AX AMPAKUMOHHBIX MAKCHMYMOB, YAOBIETBOPAIOIIMX yeaosuo Byavda --
Bpezea:

2dsind = mh,

raem =1, 2, ...— HOpAJOK AN PEKUMOHHOTr O MAKCHMYMa,

5.4. Nonspuaauus ceeta. @opmynst Ppenens

» IoaapmiopaHHIL M ecTeCTBERHLIR cBeT. [lockas BOJIHA HAdLI-
BASTCA AUHEUHONOARPUIOEARNOT HIH RAGCKONOAAPUI 08GHHOU, ECTH KOJe-
Sanua BekTOpa E NpPOUCXOAAT B OJHON [AOCKOCTH, NEPHEHAUKYIAPHOMR
(hpOHTY BOMHHI (€€ Ha3HIBAIOT RADCKOCTALI NOARPUIAYUY BOXHLL). MoHo-
XpoMaTH4YeCKad A0CKad BoJHa AAGo AMHeNHO noaApuzoBaHa, aubo mo-
JAPH3OBAHA IO DANHIICY HAM 1O KpYry (cM. pasf. 4.5). SMMnTHYeCKH
NOASAPN3OBaHHAas] BOAKA NPeACcTaBaAeT cobol CyMMY ABYX B3aMHO IIep-.
NEHIUKYNAPHBEIX MIOCKMX BOJH, MEXJY KONeOGaHUAMH KOTOPEIX HMEETCH
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pasHoCTh das. Ecmecmeennnt c6em, HCIYLIEHHRBIE HarpeTHMit TEAAMH,
ABAAG ICA HEMONAPHIOBAHHKIM, NMOCKOABKY HalpableHye KojeGanuil Bek-
ropa E B Kax ol Touke BLICTPC U XAOTHYeCKU Menserca, Cmech ecre-
CTHEHHOI'O M NICTAPHIOBAHHOTO CBETA HA3LIBAETCA UGCTUMHO NOARPUIO-
GUNHDBLM CBETOM,

Hoasgpusamopom HAILIBAETCA YCTPOHCTRO, IOTAQILAIONIEE CBET, NOAH-
PRAICBANHEIY B OAHOM NACCKOCTH, HO NPONYCKAOLIEE CBET, ACNAPU3OBAH-
HLIK B TIepTIes fUKy AgpHOH miockocTk. [InockocTs moAapuaatuu npoiue-
JUCI'G CBETA HA3LIBAIOT NACCKOCIGIO NPORYCKAHUA nedspuzamope. Ecan
eCTECTREHRLIN CBET TPONYCTHTL Yeped NOAAPUIATODP, TO CH CTAHET AH-
HCRHO HONAPH3OBAHHLIM, a er0 HHTEHCHBHOCTL YMEHBUIMTCA B ABa paja
(ecau HeT MOCJOWIEHKA B IMIOCKOCTH NPONYcKaH#A moxapuiaTopa). Ecau
anHellEC NONAPU3OBAHKELIN CBET UHTEHCMBHOCTSI [; DpONYCTHTE 4epea
ORAPUIATOR, ILIOCKOCTh MPONYCKAHUE KOTOPOTO COCTABAACT YToM o ¢
NAOCKOCTRIO KofeSaHHI CBETOROI BOMHL!, T0 HHTEHCUBHOCTB HPOICAUIEH
BodHL Oy AeT COCTABAATE

I=1,c08°
(saxon Mamoca). O6LACHRETCA 3TO TeM, HTO AHNCHHO NOAAPH3OBAHIBIR
creT ¢ aMnanryaofi Ep npegcTarider cobolt cymmy ABYX AuHeMHO no-
ASPHIOBANHEIX BOJIH: BOJHA, MONAPH30BAHEAE B ILIOCKOCTH LIPOIYCKARHA
(ee ammuTuTy1a paBHa [ cos &), HPONACT Yepes NOAAPNIATOP Oe3 H3Me-
HeHITE, @ WTOpad BOARA 6yJeT norfaoueHa.

p OTpaxcHHe W OpeJoMiIeHHe BOAH. DPopmyam DPpeHend.
HurencrsHocTs ¥ HOJAAPH3ALNMA OTPa-
KEHHOMH ¥ FPEAOMICHHOK BOXH 3aBHCHAT OT
TOTG, Kak MONAPH3IcBada NaJaolas noj-
Ha, JanuileM rpaHudHLIE YCIOBHA HA M0-
HEPXHOCTH palflena ABYX cpej:

Gt B = EY, nl(k, + Ep) = nlEY,
I+ HE=H, H+HE =K

310ch BHXKHHe HIJeKcH T, 7 0603Ha-
4aj0T TaHTCEHUMAALHYI) M HOPMAIBHYH
KOMIIOHEHTBI, & BepXHUe HHJEKCH 1, T,
d COOTBETCTBYIOT Majaioweil, oTpaxeH-
HOK ¥ peaoMaeHHON BogHaM. [InA MIOCKOH MOHOXDOMATHHECKOW BOMNLI

Puc. 75.

B =explifwt— 7)), Efi=explifwi—k7), E¢=expifwt—k)]
COOTHOLICHUA JA BOJNHOBBIX BeKTOPOB (puc, 75) HMEIOT BHA:

kj = kﬁ = kysina, A% =k, k% =k,
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rae ky = wn, /¢, ky = wny/e. Hd 5THX cooTHOWeEHMH NONYYUM 3aKOH OT-
paxenus. B cayuae, korga ky > &y sine (sina < ny/n|), npuxogum x 3a-
xory Cesauyca: nysina = nysin ¢, Ecan sina > ny/n;, To nponcxo uT
noaHoe orpaxerue: k9 = —iv/kisin® @~ k3 = ~i(w/c)v/nisin® @ — nj
OKa3bIBaeTCA MHAMEIM, T.e. aMILIATYa HpOUkeAIelt BOSHBI SKCTIOHEHIN-
aTbHO 3aTYXaeT C XapaKTepHO! TAyGHHON TPOHRKHOBeHuA & ~ 1/[k$|.
AMIINTYAH npomesuell H OTPaXKeHHOW BOJIH 3aBHCAT OT NOAAPH3A-
UHY Najaomedl BoAHEL. [IpUBefeM pe3yIbTaT JA OTPaXeHHBIX BOJH:

1= Wglatg)’ T T sinfe+ 9)

(Popauyant Ppenear). 3gdeck nepbasg ¢oOpMyna OTHOCHTCA K BOAHE, NONA-
PH3OBAHHON B NVIOCKOCTH NAaJeHNnA, & BTopad —— K BOJHE, NOAAPH3OBAHHON
E NepIeHRKYIAPHON MICCKOCTH. BHAHO, 4TO NpH yrie najeHus, YA0OBIe-
TBOPAIWEM YCIOBHIC & + ¥ = /2, BOAHA, IOIADU3OBAHHAA B IVIOCKOCTH
nafeHMA, OTpaxaTheA He 6yfeT. Tak Kak B 3TOM caydae Sin{ = cosa,
TO YroJi GajeHuA, IpH KOTOPOM OTpa:KeHHad BOJHa SyJeT JHHEHHO MO-
JAPH3OBAHHON MePNeHANKYAAPHO MIOCKOCTH nagelus (yeos Bpwemepa),
Y,E[OBJIBTBOPHE'I‘ COOTHCIICHHAD!

r i t'g(a — w) Ad - Ai sin(a — w)

tga =n.

KatecTBeHHOe 06bLACHEHHe COCTOMT B TOM, YTO B 3TOM Ciydae Hanpa-
BileHne KonleSaHuit aunonedl (ykasaHE Ha DHCYHKe), B03SyXIeHHHX BO
BTOPOH cpege BOJHOM, NMOIAPHIOBAHHOW B IMIOCKOCTH I1aJg€RNA, OKAILI-
BaeTCAl Napa/llelbHEIM HalpPaBleHNIO OTPaXXeHHON BOAHBI (OTpaXeHHHH
¥ TIPeJOMJCHHREIH AY4H BaauM#e TepleRauKyadphul). Ho ocuyuanaTop He
U3Ay4aeT BOJHY B HalupaBleHWH CBOUX KoaeSaHuil (cM. paag. 4.5).

B caydae HOpMaJdBHOTC NajeHMA PasIndue MeiCAY TCIAADHIAMNAME
nponajaeT;

AT = Ai Ny =Ny ]
mnq + Ty

Buano, 4To nmpM oTpaxeHMHM OT ONTHYeCKH OoNee TIOTHOM CpPeRH
{ny > n;) dara xoneGaHMil CMeHAETCA Ha NPOTHBOMOAOKHYK (TouHee,
K taze soBaBAAETCA 7).

OrHouleHHe OTPAXEHHON 3HEPTUH K 3HePTHH ITaJaI0mel Ha3hiBACTCA
xoaffuyuenmon ompaxcenus. IIpn HOPMATEHOM TIajeHHN OH paBeH

{ny—my)?

R= .
(ny +ny)?

(15)
Koadpdumuert nponyckanus pased D = 1 — R. Koabgunuentst R u D
3aBHCAT TOJBKC OT OTHOCHTENBHOrO IOKA3ATENA NPEIOMACHUA ZBYX Cpel.

Ipumep. TllpoceeTaenue onTukn. Koddduuuent oTparkeHHa cTEKoA B oNTH-
HecKUX NPHGOpPaX HeBeaMK (HeckoaeKo npolenTos). Tem He Mence mamMol 3agasen
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ABAAETCHA YMeHBLUISHHE OTPaMeHHA AAA OnpeleleHHMX anuH Boad. /[na aToro Ha no-
BEPXHOCTb HAHOCAT MPOAPAHYIO NASHKY C NOKAIATENEM NpefoMaenua n' = y/m (n —
[OKA3ATENL MPEAOMICHUA CTEKAA) M TOMMMHON A/ (am")‘ OnTUYeCKaR PAIHOCTD XO-
Aa MeX Iy Ny4aMH, OTPRKEeHHHMH OT MOBEPXHOCTEN IISHKN, pasHa A /2 (HaMeHeHne
a3kl NPH OTPAKEHHH YHUTHIBATL He Haflo, TAK KAK OHO NPOMCXOOUT ¥ KaXJOra M3
nyqei’t), a ko3 PHUMEHTH OTPaMEHHA Ha 3THX NOBEPXHOCTAX OYAIYT GAH3XKH APYr K
apyry (em. dopmyay (15)). B peayanTaTe npousofiAeT No4TY NOHEE CAMIEHUE OTPA-
JKE€HHOT'O CRETA.

» OnTuvecxy aHM3OTRONHEE cpedsl. B cnyyae cped, o6nazatomux
AHH3OTPORMEH, BeKTOpr E u D B o6IUeM clydae yxe He NapalielbHbl
Apyr Apyry. JIMHefiHaq CBA3L MeXKAY HHMH HOCHT TEH3IOPHRHI XapakTep,
T.6. KaXAAA U3 KOMIOHeHT BekTopa [ BhIpaXaeTca B BUge THHelHHOH
KOMOHMHAIIMKM BCEX TpeX KOMMIOHeHT BekTopa E . CylWecTBYIOT TPH B3a-
HMHO TIEPNeHIUKYTAPHEIE OCH, HAIKIBACMBIE OUIAEKMPUNECKUMY OCAMY
xpucmaasa, ana Koropux D; = &, E; (i = 1,2,3). 3navennn ¢; HasHBa-
IOTCA 24Q6HMMY JUIACKMPUNE CRUMY NP ORUYACMOCTIAMY KPHCTAMIA. Mbl
PAcCMOTPHM TOABKO CILYHall 0OHOOCHbIT KPUCTMAAA0S, ¥ KOTODHIX [Be U3
TPeX €; PaBHEL APYT APYTY (=€, ). Brrgenennan ock (¢ = ¢, ) HasmBaeTcA
onmuueckoti ocb® Kpticmaeasda.

Tipu pacnpocTpaHeHNH B OZHCOCHOM KPHCTAMIe NACCKONW BOJHE BBO-
AT 24GEHOE CENEHUE XPUCTRAAAG ~— ILAOCKOCTh, NPOXOJALLYIO dHeped
ONITHYECKYI0 OCh M BEKTOP HOPMAJM i K (hpoHTY BoaHEl. (KajkBaeTCa,
YTO PacnpocTpaHeRMe JAMHeHHO DOAAPH3OBAHHON CBETOBON BOJHEI 3aBH-
CUT OT HanpabieHnd ee NoAApuzatiun. BoaHa, monApuaoBanHan TepHeH H-
KYJAPHO [IaBHOMY CeveHHIO, HAdhIBaeTCA obtixnoaennoil. CkopocTh pac-
NPOCTPaHeHHA TakKoi BOAHB ¥) = ¢/,/E] He JaBUCHT OT HaNpaBIeHHS;

KoAeSaHNus BEKTOPOB EulD HaNpaBIeHbl OAMHAK0BO; HAIIDABJIEHNE pac-
IPOCTpaReHNA dHepruH (T.e. BekTopa HolikTHHra § = E x H ) nepnenau-
KyAsapHO HpOHTY BOJAHLL. BoaHA, NONAPH3OBAHHAN NAPALIENLHO TJIABHOMY
CEeYEHMIO, HAABBAETCA Heobuiknosentot, CKOPOCTE ee paclpoCcTpaHeHHs
3aBHCAT OT Yria MeXy 7l U oNTH4YecKoH ochblo (NP yrae m/2 Mex gy Hu-
MH OHa DaBHa v = c/ﬁ) KoneSauna sexktopop £ u D nponcxogar s

PasHEX HanpaBieHWnx, BekTop HonHTHHDA F=ExHne NepneH AuKY-
AApeH K QPOHTY BOMHH (HOpMaib K (GPOHTY BONHEI NapALIeTLHA B X #,)
PasHnua Mexly 06LIKHOBEHHBLIM U HeOGHIKHOBEHHBIM AYYaMH HCY€3AET
TOJLBKC IIpH PacnpoCTPaHeHNH CBETa Hapallie]bHO ONTHYECKOH OCH.

ITpy nagenny cBeTa Ha NOBEPXHOCTH KPHCTANTA OH paifJelfeTcd Ha
OGHIKHOBEHHEIN i HEOSBLIKHOBEHHEIA AY4H, AMHeHHO [FONApH3OBaHHbIE Tep-
NeHAUKYAAPHO APYT APYTY W HMEIOUIMe PalHHe NOKalaTeld NpefoMie-
HuA. 3akoHy npesoMieHHA (cM. paag. 5.1) moguuMHAeTcs HanpaBieHUe
pacupocrpaHerua ¢$pOHTa HeoOLIKHOBEHHOW BOJMHH, caM Xe Jy4 Mo-
¥eT BHIATH M3 TWocKocTH nadenus. Jaxe' IpH HOpMaJbHOM IaJeHMH
AYyYa Ha KDHCTALN, BEIPE3AHHBIA NOJ YIJIOM K ONTHYECKOH OCH, Npo-
HCXOAUT NpOCTpaHCTBeHHOe pasgenenne Ayded (puc. 76). Ilogoxenus
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PPOHTOR YKa3aHLL HeDTOYKAMH, MOACKEHNE ONTHYECKOH OCH — CTpen-
* * + ‘ * koli. HeoBLIKHOBEHURIH JAyY NOJAADH3ORAH
B IIOCKOCTH depTexa, 0ObIKHOBCHHBLIH ---

"""" nepneH JUKYJIAPHO eif.

JHIR NOTyveHHA 1 aHanu3a TONAPH3IORAH-
HOTO CREeTa HCHONBAYIOT MOAAPUIAHUCHHbLE
npuambl (Huxoau), paspesavEble NOJ YIVIOM
K PpacHpoCTPaHEeHHI JAyded Takum obpa-
30M, 4TO OGHIKHOBEHHBEIH Ay4 HCILITHIBAET
Ha MAQCKOCTH Paspesa MOAHOE OTpaXeHue n
YXOAUT B CTOPOHY, & HeOOLIKIOBEHHBII AyY
npoxeauT npamo. Apyrofl crnoco$ nonyueHHMR MONAPUIOBAHHOTO CBETA
OCHORAH Ha PalIMYKH B NOIVIOUIEHHM OOGBKHORGHHOI'O M HeOOLIKHOBCH-
HOTO Ay4eH B HEKOTOPHX BemecTBax. [IpM NponyckaHHh cseTa Yepes
duzrpouutiyio niacmuny (MIACTUHKY TYpMaJUHa, NOAAPON]) 0OLIKHOBEI-
HEA JyY HOTJOLIAETCA, M HADYXKY BBIXOJUT JHHEHHO NOAHPWIOBAHULIR
HEOOHKIOBEHALIA a4,

Aas ananyaa xapakTepa HOIHPU3AIMH CBETA H3Y4aloT 3iBMCHMOLTH
MHTEHCHBHOCTH OT OPHEHTALMK HHMKOAA. ECIH UHTEHCHBHOCTD HC MEHA-
eTcA, T0 ¢heT Aubo eCTeCTHeHHLIH, AHGO NOASPUIOBaH Ito kpyry. Uro-
OBl PAMMYATE 3TH CAYYal, HCHOABIYIOT NAGCIMUHKY 6 UCMECPINE GOAHB,
uau xounencamop. Tonupua paacturiy d nojobpana Tak, “iTobn paa-
HOCTE X0 A8 MEX Y 0OBIKHOBENHBIM H HE0 SBEIKIOBEHHEIM Ay4aMi A= An d
pabnrjack A/4. CABUT ha3 MeX [y BIAMMHO NepleHJRKYAAPHLIME KOJC-
HaHUAMK CTAHET PABHEIM JHOO HYJO, JHOC T, 0 KPYIOBad BOJIRPHIALINA
NPeBPaTHTCA B JHHERUYIO.

Heob . 0b.
Puc. 76.

» Bpamesnne nrockocTu noxspmianuu. 1lpy pacnpocrpaHeHnn b
HeKOTOPHX BEIECTBAX (MX HAILIBAIOT ONMUUECKY GRMUGHLLMY) TAHeli-
HO NOJAPHIOBAHHOTC CBETA NPCHCXCAHT 6pQUCHUE NAOCKOCINY NOAADU-
3atuy. ¥ToJ NOBOPOTA IPCHOPUNORAJEH TOMUENEE IMAacTHHLL: Y = al, rje
O -— epaujeHue Ha eduriyy daunel. B 3aBHCHMOCTH OT HanpabieHUA No-
ROPOTA PalIUyaioT IPaBo- H JeBOBPALIAIOIINE BeIUeCTEa. [IpuMep ~— naa-
CTUHKA KBapla, BEIPeIaRHad NMepNes JHKYIAPHO ONTHYECKOH ocH (KBapL
GrlBaeT KaK JeBO-, TAK M NpaBoBpamiaiolluM). B pacTBopax outHteckn
AKTHBHOI'O BELIECTBA B HEAKTHBHOM PAcTBOPHUTEAE & NPONOPUHOHAIRHO
koHneHTpautn. Moteky/lbl aKTUBHBIX BeLIECTB 06JAaAaI0T acHMMeTPHEH
N0 OTHOMIEHHIY K DPaBOMY M JEBOMY BAIIEHHIO O THRY clinpain. fnne-
Hie BpailleHNA IIOCKOCTH NOJNAPH3allMd MOXHO CXapaKTepU3OBAThb KaK
KpYroBOe JABOHHOE Nyyenpenomienne. BonHel, moaApu3oBanHbIe MO Kpy-
rY B pa3HBle CTOPOHH, PACHPOCTPAHAIOTCH ¢ PasBbIMI CKOPOCTAMM, T.¢€.
PasHoOCTh (as MexAy HMMU MeHAeTcA. CyMma ABYX TakKuxX KoneSaHwi
npeAcTaBAAeT coOOU NHHeHHOE KoaeHaHue, HAIPABJEHUE KOTOPOrO 3481~
CUT OT pa3HOCTH as.
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» MHcxyceTpeHHs aHHIOTponuA. [Ipy FOMelleHUE MHOTHX H3OTPOII-
HEIX Tel B CAHOPOAHOE 3AEKTPHYECKOE [OJe ¥ HHX BOZHHKAET OJHOOC-
HaAd aHH30TPONMA C ONTHYECKOH OCBID, OPUEHTHDPCBAHHOW NApAJJIEIEHO
HANPAXEHROCTH 1oAA (ssexmpoonmunecxud serm Keppa). PasgocTs
X0la MeXAY OGbIKHOBEHHEIM M HEOOBIKHOBEHHLIM AYYaMH IDH DAcOpo-
cTpaHeHUH CBeTa Neplenfukyispre E nponopuuonatbha KBagpaTy Ha-
NpPAXEHHOCTH:
Ap = 2nBIE?,

rae | — TodlWNHA cloA BemecTBa, a B waskiBaeTca nocmoawkol Keppa,
HckyccTBeHHad AHM3OTPONMA BO3HMKAET B TeX caydadX, KOT Ja HONApPH-
3YEMOCTb MONEKYA BEILECTBA 3ABHCAT OT X OPHEHTALHH 110 OTHOLIEHHIO
K NOMI0. AHAIOTHYHBIM >(PGhEKT BOIHUKALT MPH HOMEIEHHH ReKOTOPBIX
RelllecTB 8 MarHnTHoe none (afidiexm Kommona — Mymona). On omu.
cuBaeTca cooTHowennem Ay = 27CIB2. '

[Ipy nOMEIUeHNH HeaKTWBHEIX BEIIECTB B CHILHOE MaIHUTHO® IOJe
MOXCT BOSHUKHYTH ONTHYeCKad aKTUBHOCTB AAA CBETa, PACIPOCTpaHs-
IIIETOCA apalliellbHO BEKTODY (Maenumnoe epamgenue naocxocmu
noaspuzayuy). BpaizeHne Ha €IMBMUY JMMALI B 3TOM caydae (JIR JHa-
H NapaMarHeTHKOB) MPOMOPINOHAILHO BeIMYUHE MarHUTHOR MHAYKIHN:
a = RB, rae R nasnipaeTca nocmosunod Bepde.

5.5. Ancnepcua u nornoweHune ceeTa

» Kiaccmueckas Mmogeab gucneprupylomen cpean. Hpn pacnpo-
CTPAHEHHM B BEM{ECTHE 3MEKTRPOMACHITHON BONHBI 3APAKEUHBIE JACTHILI
cpeAbl NIPUXOAAT B BLIHYXKIEAHOE KOeBaTenkHOe ABMKERNe. AMINUTY 3
ITHX KoMieSaHMil M MX CABAr No ¢aze 0 CTHOUIEHUIO K KoAcBaHMAM Ha-
NPAXEHHOCTH 3ABHCAT OT COOTHOLIEHMA Y4CTOTHI BOJHBl w M 4aCTOTHI
co6CTBeHHBIX KoaeGanui vacTun w, (cM. paag. 4.3). PeayabTupyiouee
BOIHOBOE BOZMYILIEHHE MOXHO PacCMATpPHBATL KaK pPe3yNbTaT uuTepde-
PEHIMH MCXOLHOW BONHBI M BOMH, H3AYHeHHBIX HacTHUAMM cpeas! (Takoi
N0X0 ] HAJBIBAIOT Mosexysipuotl onmuxot). OgHakKo B ciydae 0JHOPOS-
HOH Cpegbl MOXHO NOAY4YHTE Y8CTOTHbIE XAPAKTEPHCTHKY BONHL 0Ty (Pe-
HOMEHOMOCHYECKH, YYHTHIBAS BOIHUKAIOILYK NPH CMEIEHHH YacTHL] T10-
AAPU3OBAHHOCTE, BBOAA 3aBHCAINE OT YaCTOTH JHANEKTPUMECKYIO BOC-
HPUHMYHBCCTE M NPOHULAEMOCTE W BHIYHCAAA IOKA3ATENE IPEOMIeHNA,
Jdaryxanye BONHBL, T.e. IpeoBpa3oBaHie SHEPTHN KOAeGaHHIT B TEIIOBYO
JHEPIUIO, YYHTHBAETCH BBEASHHEM NOAYIMIMPHYECKAX KO3 PHUHEHTOB
3aTyXaHuA OCUWIATOPOB; AUdIEKTPHIECKaR TPOHHUACMOCTE M IIOKadd-
Telb NpelOMICHHS CTAHOBATCA IPH STOM KOMIEIEKCHEIMH MHCIAMH.

PacemMoTpuM cHavana cpefly M3 OQMHAKCBHIX OCHUIIATOPOB. YpaBHe-
HHe JABMKEHUA 3aPAKEHHON JACTHIBI MMEeT BUA

§-+2ﬁ§+w35=-;7§,
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Puc. 77.

rae E— noje, AeiicTBylolee Ha HacTHUy (B ONTHYECKOM JUAalla3oHe
UrpaoT POdb TOMLKO 3JeKTPOHB!) . B HeMIOTHEIX rasax MOXHO He YIHTEHI-
BATh OTVIMYHE NOKATBHOTC NONA OT CPEJHETO, T.€, CIMTATH, YTO Ha HeK-
TPOHH AeHCTBYET HENOCPEACTBEHHO MO/ie BOJIHE B= o exp[i(wt—k-.i:')].
Pemenue ypaBHeHIA BMKEHNS HINEM B BHJE £= 6-',} exp(iwt), n mocie no-
CTAHOBKH TCJIY4IUM

- €

¢= mwg — w? + 2ifw}
(B KOMIIEKCHOI 3amMCcH ABTOMATHYECKH YIHTHEaeTcA capur haa). Cume-
teHKe YacTHI] IPHBOANT K MOABACHHUIO ¥ MOACKYA AHTOALHEIX MOMEHTOB
F=ef, T.e. K NIOABICHNIO NONAPHIOBAHHOCTH P = NP (N — koHueHTpa-
uua). Ha coornomenna P = g4{e ~ 1) £ Haxe QMM KOMIVIEKCHYIO JHJAeK-
TPHYECKYI0 [IPOHHLAEMOCTD

Ne?
gom{wd — w? + 2ifw)
MokazaTedb OPEAOMACHHA TOXe OYAeT MHUMHIL /2 = n — i, npuveM
epe3 AeHCTBUTENbLEYO YacTh BEIpaXaeTca $asOBasd CKOPOCTh BOJHEL, 3
Yepez x — KoadpULHeHT 3aTYXAHNA!

E = Byexp(~2>2) explifwt - kz)]. (17)

e=1+ (16)

Yro6h HaliTh n{w) u »(w), Hago B paBencTBe £ = (n — i5)? NPUPABHATE
JeHCTBUTebHEIE B MHHMEIE YacTH. Baaay or cofcTBeHEOR acTOTH (IpH
[w = wp| 3> B) nosyaum

Né?

£ = '}1.2 =1 + o

egm(wg — w?)

I'padmxu saBucumocTedl n{w) ¥ s¢(w) Npegcrasaekbl Ha puc. 77. TaM, rae
HOrIOLeHNe HeBEANKO, IOKa3aTeNb IPEAOMIEHNA BOIPACTALT € YaCTOTOK
(nopmasvras ducnepcus). B yakoil o61acTH CHIBHOTO MOTJIOIIEHMA HA-
CHI0JAETCA GHOMAABHAR JUCREPCUS.
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AHaNOTHYHAR CHTYAllMs BO3HHMKAET BO3Je KaXAoK cobCTBeHHOM d9a-
croTel. Hanpumep, B ungpakpacHoll 06JacTa cueKTpa RabiogaloTea Oo-
JOCHL TIOFACIZENA ¥ aHOMAILHON AUCIEPCHH, CBAIAHHLIE ¢ KOJE GaRmAMHM
woHOB. ITonocH noraommenna B yasTpaduoleToBOR (HHOT 2 — B BHIAMOH)
obAaCTAX ClleKTpa 0OBACHAITCH KoacOaHUAMHE HIEKTDPOHOER Ha BHEIHEX
0B0NCHKAX ATOMOB (OHTUYeCKHX HNeKTPpoHOB). B penTrenosckol o61acta
CIeKTPa 9acTOTa BOJHEL « BEJHKA 110 CPABHEBHAIC CO BCEMH COGCTBEHRH-
MH HaCTOTAMH U 3aBHCHMOCTE n{w) onpefenseTca KoNeGaHAAME 06K TPO-
HOB, KOTOPBle MOXHOQ CIUTATEL CBODOCAHEIMA:

2
n?=1- —-iv-f——g—. (18)
MEW
KoaddbunueHT peaoMaeHUf PeHTTeHOBCKUX Ay4ed Mallo OTAMYAeTCA OT
egruunkt. Takaa xe popMyaa BEpHA AAA BONHH, PACHPOCTPAHAICIENCH B
paspexeHHOU 1aa3Me, cojepxauieil cBoSoJHHE BACKTPOHRI.

<bazoBan CKOPOCTE BOAHEL B AJA3Me (A TAKWE CIPaBa OT AOBOCH TOCAOMIEHMN
B AHINMEKTPUKE) OKAIHBAeTCA GoNbIIE CKOpPOCTH cBeTa B Bakyyme (n < 1). Otmnaxo
3/€Ch HE COJEPIKNTCA IPOTHROPEN KA C TEOPHEN OTHOCHTEILHOCTH, TAK KAK FPYIIIoBan
CKOPOCTE BOHK uw= dw/dk {cm. pasg. 4.4) Gy aeT npH >ToM MeHbme ¢. YGeguMca B 3TOM
A4 BOAHH B maasMe, Henomnaya cootnomenme k2 = w?n?(w)/c® u ypabnenne (18),

NOTYHHM:

dw
Phdk = wdw = %d—k = ¢,

3uavuT, B 3ToM cayuae u = nc < ¢.

¥ UOAAPHBIX MOJEKYA {HallpHMEp, BOJH) MIMpOKad IOJ0CA aHOMalb-
HOIl JHCIEPCHN HAXOLUTCH B OBJACTH CaHTHMETPOBHIX PaJAORCIH, T'je
aMILIMTY4a BPALATEILHBIX KOdeOaHMH IANOAEH, CTPEMAIAXCS NOBEp-
HYThCA BCAG] 3a HAlPAXEHHOCTHIO MOJA, CHILHO 3ABACHT OT YacTOTEL
Hmenno B 3ToH o6AacTH NPOUCXOINT YMEHLUIEBHE B = /€ 0T Goxbmoro
CTaTHYeCKOro 3Hadenus (J4ad BOZbI ity & 9) K BHICOKOIACTOTHOMY 3Haye-
HHIO (gas Boge n & 1,3).

Popmyaa (16) BepHa TOABKC HPH 1, GAUIKHX K ¢EHALE, KOT a MOXHO
npenebpeds oTAMYMEM 1loaf, AeHCTBYOIEro HA MOIEKYMY, OT CPEIHErO
nons B BemecTie. OfobiuenreM Ha CIYHaH IAOTHHX Ia3oB B KHIKOCTEH
aBaseTca dopayac Jopenmy — Hopenya:

nf—1 _ Ne?
n24+2  3egmwi —w?)’

Ops uamenennn NACTHOCTH BelllecTBa BelmYAHA
1 n2-1
P e
pni+t+2’

KOTOpag naswiBaeTcA ydeavnold pefiparxytet, JOMXHA OCTABATHCA MOCTO-
AHHOM.

10 A, A Monmuun, B. /1. Monsnmu »n ap.
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» Pacceamste cseTa. Ocaabnenie BonHB. WHTEHCUBHOCTE BOMHEI
B Cpefe YMEHLIIAETCA He TOALKC M3-3a HOTJAOLIEHHA CBETa, HO U BCAe-
cTBEE ero paccespnd. Paccesimde ofbiacHAeTCH HaaydeHUEM CBETa ATOM-
HbIMU OCHHIIATOPAMH, KOTOPOE IPOHCXOANT N0 BCEM HAIIPABIEHNAM {CM.
pasg. 4.5). Ognako B HAealbHO OAHOPOSHONH Cpefe CBET, PacCeRHHEBIN Mo-
JeKyJAaMH, HAXOJAIAMECA HAa PACCTOARUM A/2 Apyr OT Zpyra, UCIIBITH-
Bal 651 HoAHOE RATepdepelIHONAOE ramenyie, ¥ ocaabienne 3a CIeT pac-
CeAlHA B TOM CIy1ae OTCYTcTBOBaNo 66l Pacceaune Habaio jaeTcs Ha Ma-
IBIX BEHOPOAHHX YaCTHIAX {MuUKJQIE6CK0E PACCERRUE 6 MYMHBT cpedat)
# H3 HeOJBEOPOJZHOCTAX, BO3HMKAIOIMMX BCASACTBAE (PAYKTYALMH 1AOTHO-
CTH (paacesckoe pacceanue).

VHTeRCHBHOCTL ¢BeTa, PacCedHHOro Ha HeOJHOPOIHOCTAX, PaIMEpDI
KOTODEIX MaJbl IO CPaBHEHMIO C JAMHOM BOJHBI, HpONOpUMOHatbHa A4
{3axon Paaes, cM. Taxxke pasg. 4.5). ITHM obeacuseTes roay5ol IBET He-
6a {pacceAHALIH coaHeqHbIN CBET) M KEATO-KPACHbUE IBeT coatua (npoxo-
smai ceeT). CTeneHe HONAPH3ALMH PACCEAHHOIC eCTECTBEHHOTO CBETA
3ABHCHT OT yTJa PACCEAHHA; CBET, PACCEAHNHIR 10,] YraoM n/2, oKaskipa-
eTCH HONHOCTRIO MONAPHaoBaHHbIM. KadecTBeHHOe O6LACHEHHE COCTONT
B TOM, YTC B TCM HAIPABICHHH M3NYYalT TOALKO OCUMAAATOPLL, Hallpa-
BJEHHE KOMeGaHUM KOTOPHIX [EPIEH ZHKYAAPHO HallpABAEHHIO PAcCCEsHMA.
Paccesane Ha HeCZHOPOAHOCTAX, GOJABIONX 11O CPABHEHHIO ¢ JAMHON BoA-
HEL, C1a00 3aBACHT OT 4aCTOTH ] 3THM 0BbacHseTca Heanlil IBET o64aKoB.

PaneeBckoe pacceanme Ha MAYKTYAUMAX UIOTHOCTH HAH KOHLEHTDA-
LMH 3aBHCAT OT TeMuepaTypbl. [IpH UpHEAMKEHHN K KPUTHYECKOH TOUKe
cpefune pasMeph (PAYKTYallMid pe3Ko BO3PacTaoT ¥ HabawjaeTca Genoe
NOMYTHeHRE KHAKOCTH, HAalKBaeMoe xpumuveckott onatecyenyueti.

Ocnabsenme 1lyuxa CBETa IpH He OY€HbL GOJBINOH HHTEHCHBHOCTH
IPORCXOJHAT 10 3KCIOHEHUMAILHOMY 3akoHy (3axony Lyzepa):

I = Iue—ar,

rae xosfduyuenm ocaafsenus a paBeH cyvMe KodPPUUHEHTa NOTJICIe-
HMA, KOTOPHE BHIDAXAeTCA Yeped MHAMYIO 4aCTh [10Ka3aTens lipeJoMe-
HEA (cM. dopMyay {17)), u koadduuNEenTa PaccesHNA, KOTOPLIH GIHMCH-
BaeT ocnabieHue BOAHLI A3-33 PACCEAHUA.

5.6: Tennosoe nanyuenue

» Pamnonecnoe TemaoBoe maay4denue. NanydeHne SAeKTpOMarsuT-
HOM (Ny4HCTOH) DHEPrAmE TENOM 33 C4YeT DHEPLrHH XaOTHYECKOTO (Te-
TJIOBOT0) ABHXKCHAA €r0 MOJEKYJ HA3LIBAETCA MENAOGHLM UIAYUENUEH.
CBOHCTBa TEWIOBOIG H3NYUEHAA ONPEEAAIOTCA MATEPHANIOM Teaa M ero
TemnepaTypor. EciHE n3 mobore MaTepHala ¢JeaaTb 3aMKHYTYO lo-
ACCTE H HOAAePXKMBATL TEMIEPATYPY €e CTeHOK MOCTOAHHOMK, TO CHCTEeMA
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(cTeHKa < H3JYy4eHHE) NPUAET B COCTOAHHE TEPMOJHMHAMHYECKOrQ paB-
HOBECHA, U B O6LEME NOAOCTH YCTAHOBHTCA PAGHOSECHOE MENAOS0E U3-
ayuenue. BaxHelad oco6eHHOCThL PABHOBECHOTO H3AYHYCHHA COCTOMT B
TOM, YTO eF'0 CBOUCTB2 MOMHOCTHIO OMPEAeNsIOTCA TEMIEPATYPOHR CTEHOK
H HE 3aBHCAT OT HX MaTeépHaia. JTo YTBEPXKAeHHe ABIAeTCA CACJCTBUEM
BTOPOTO HA4aa TepMoJuHaMuKu. KpoMe TOro, paBHOBECHOE HAIYYEHUS
OJIHOPOAHO H U3CTPOIHO,

QCHOBHEBIE XapaKTEePHCTHKH KAK H3JyYeHHA ¢ IOBEPXHOCTH TlA, Tak
o M3nyseHns B o6beMe 6LuM BRegeHsl B pasg. 5.1, Haayuenue ¢ noeepx-
HOCTH XapaKTepUayeTcs DHepreTHYECKOR APKOCTRIO B i sEepreTHYeckoh
CBETHMOCTEIC K, paBHOR KOAMYECTBY AYyHHCTOH DHEPTHH, M3MYUEeHHOH C
eAHHHLE! OBEPXHOCTH 33 eHHUIY BDEMEHH N0 BCEM BanpaBieHHAM (T.e.
B TeNeCHHI yroa 27). BROAATCA TakXe CNEKTPalbLHHE PasAOKeHUA JHep-

reTHYeckoll ¢cBeTUMOCTH LS YR

o0
s T, Hanpumep, R = [ r, dX; pennuusn r
0

HA3BIBAIOTCH UZAYLaMeabHbiMY crocoGHocmany meaa, Hanydenne B o61-
eMe XapaKTePH3YeTCd HHTEHCHBHOCTHIO TYHUCTOr0 NOTOKa I 1 06meMHOMH
TAOTHOCTHIC Y $HCTOM 3HEPrUM U, 8 TaKKe WX CIIEKTPAALHLIME pasnoXe-
HHAMH. B ciayvae M30TPONHOrC H3AY4eHUA OHH CBA3AHBLI COOTHOMECHHEM
u = 4nl/e. OcaellienHocTs £ onpefenserca Kak NOJHMMA JyYHCTHEA NO-
TOK 4epe3 eJHHUYHYIO IUIOMAAKY CO BCEX HANpaBieHHH (M3 TelecHOTO
yraa 27); B cly4ae H3IOTPONHOTO U3/y4eHUA BLINONHAIOTCA COOTHOMCHUSA

E=nl= %cu.

CnexTpaibHbE IIOTHOCTH OCBEIIEHHOCTH F 0Bo3HauuM ¢y, €, H &, [le-
pecyeT OT OAHON CHEKTPANbHON XapaKTepHCTHKH K ApYroi obcyx gaeTcs
B pazi. 5.1. :

p Tormomarearnas cnocofHocTs. 3akon Kupxroga. IHozaowa-
messnoti cRocobHocmb0o Tela HA3BIBACTCA [AOAA NAaJaOMEd JyHHCTOH
IHEPTMH, MOTJOLICHHAA TedOM (ANA Y3KOTO MHTepBala JIHH BOMH Wil
qacToT):

dd

norn

d®,.,

Teno, gz koToporo a, = 1 BO BCeM CIEKTPAJLHOM HHTepBajie, HA3LIBA-
erca afcoaomuo wepHsiy meaos. MoAeIbo 4epHOro Teda MOXeT Cly-
XUTHh 3aMKHYTad HOJOCTh ¢ HeGONLIIMM OTBEPCTHEM; MOYTH BCE JY'M,
loliajialolliie B MIOJOCTE Yepe3 OTBEPCTHE, B PE3YILTATE MHOMCKPATHBIX
OTPaXeHWH OT BHYTPEHHUX CTeHOK OKAIMBaloTCs NMoriomenneiMy. Tero,
¥ xoToporo a, = const < 1, HA3LIBAIOT CEPbIM.

Tak xak papHOBeCHOE H3AYYEHHE HAXOAHTCA B PABHOBECHH ¢ TIOBEpX-
HOCTBIO, TO gA MIOGOr0 CIeKTPAIBHOrO MHTepBala KONHYecTBO NMOTJIo-
WEHHON My YHCTOH JHEPIUH, PABHOE €, a, dA, JOMKHO GHTEL PaBHO KOMAYe-
CTBY HanydenHoOH 3H¢praM, papHoMy 7, dA. Ilockoabky xapakTepHCTHKH

GA=
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PABHOBECHOIO 06BHEMHOr0 HAMYIEHHUA HE 3ABHCAT OT CBOHUCTE KOHKDETHO-
r'o Teda, TO OTHOMEHRE H3AY1aTelbHOH CnocoGHOCTH M060ro Tela K ero
NOrIOWATENBLHOH CHOCOBHOCTH OKA3NBACTCA YHHBEPCANLHON (hyHKIueH
ATHHH BOJELI B TeMHepaTYpH (3axon Kuprzofa):
s e (T) = Leu, (1), (19)
ay A 4
MMockoapky Ana aOCOAKTHO YepHOTO Teaa HoTaoliaTeabHas cnocobHOCTE
paBHa eHHHEE, TO CTOAMA] CUpPaBa PYHKUUA €CTh He 4YTO UHOE, Kak
UIAYHATNCALHAR CNOCOENOCTIL GECOAIOMHG HEPHOR0 MEAR, KOTOPYIO 060-
SHAYHM F}:

@y
BI'U.'[HO, qTO A3TyaTeAdbHAd CHOC06HOCTB 3.6COJIIOTHO HEPHAI'D TEMA H €I'0

3HepreTHYecKad CBETHMOCTL He 3aBHCAT OT cnocoba ero H2rOTOBJICHHA,
OHH CBA3aHH ¢ O06BeMHOH INIOTHOCTLIO JHEPrHH COOTHOIUCHHAMHE

ri(T) = Teu (1), RT) = Leu(T). (20)

IIpn ofHOll B ToH Xe TeMmepaType afCcOMIOTHO YepHOE Teno obiafaer
caMoH 6OILIHOI NaayYaTeNbHOM CIIOCOBHOCTDBIO ¥ DHEPTe THYECKON CBeTH-
moctsio. Hanpumep, gas ceporo rena B = aR*. OrmeTHM, 4T0 NIOCKOABKY
PaBHOBECHO® U3NYHeHHE H30TPONHO, HEPHOE TEla RBIAETCH AaMEepTOB-
CKAM HCTOYHEKOM (cM. pasg. 5.1).

» 3akoHn Credana — Boaepnmana m Buna. Haayuarensnas como-
coCHOCTE abCONIOTHO YEPHOrO Tela NPH JAHHOM TEMNEPATYpe CTPEeMHT-
cA K HYAIO IPH MANEIX ¥ GOJBMHUX A M JOCTHMaST MAKCUMANLHOTO 3HaYe-
HHA NIPH HEeKOTOPOH AAMHE BONHH J,,, KOTOPad 3aBHCHT OT TEMNEPATY-
-pH. [lnowa s mog KpuBo# T3 paBHa dHepreTHiecken ceerumoctn R*(T).
[IprMeBeREe K PABHOBECHOMY HIJIYYEHUIO B NOACCTH 0OUMIMX COOTHOLIE-
BHH TepMOJHHAMMKH TO3BOJIWIO HOAYYUWThL JAA HErO paj oOIIAX COOT-
somenmii. (TemnepaTypa paBHOBECHOTO TEMIOBOFO UANYHEHHA CYUTaLTCH
paBEOH TeMnepaType cTeHOK.) Jexox Cmegana — Hoavymana yTeep-
XKJALT, ITO 3HepreTEIECKad CBETHMOCTE abCOdIOTHO YEpHOro Tera npo-
NOPOHOHAILHA 4eTBepTON CTENeHH TeMIIEpPaTyphl:

R =oT*, (21)

rae 0 =5,67-1078 Br - M~ 2K~ — nocmoannas Cmedana — Bosvtinana.
Jlaa suroja (21) Hago BOCNONLIOBATHCR BEIPAKEHHEM A0A JABISHNA M3 TPOMHOTO
Manyuerun p = uf3 (cM. pasg. 2.5) u dopmynoir (%)T = (%)V — p, KoTOpad

ABAAETCA CAESCTBHEM BTOpPOTO Havana TepMOAKHAMHUKHK {padg. 2.3}‘ Toacrasnas
U =u(T)V, npugem k ypasaenmo du = du/dT, orxyga noaywum u ~ T*. Kpome Toro,

43 popMYAL KA AABACHHA M K3 IEPROTQ HAYANA TEPMOIHHAMMKN (0 =d{uV)+ % u dV)
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MOHHO 38 PABHOBECHOI'O HATYYEHNA BRIBECTY ¥ pABHEHHE aguaﬁa'{‘uwecxor‘o npouecca:
uV4/% = const. Orcoaa ¢ yuerom u ~ T4 noayuum VT2 = const.

Ecin paccMoTpeTh MegaeHHOe ajuabaTHdeckoe HaMeHeHUE obbeMma
H3AY'YeHUR, 3AKIIOYEHHOIO B COCY/l C 36pKaJbHEIMA CTeHKAMH, M TIpUMe-
HHTb K OTPaXeHHIO CBETA OT ABHXKYIIETOCHA 3epKaia dhopMyay dgpgexTa
Jonaepa {(cM. pasa. 4.4, 4.5), To yaaeTca jokasaTh dopuyay Buwa:

B=ASAAT)  wm o rh=TA(AT), (22)

rae f;(x) — HeuspecTHLIe (YHKUMM, BMJ KOTODEIX HE MOKET OBITH
YCTBHOBJEH B paMKax TePMOANHAMUKN. AHAJOTHYHBIE BBIPAXKEHAA AV 77,
HMEIOT BUA '

rl = wie, (w/T) mm  rh = T3p,(w/T). {(23)

Wz ¢opmyant Buna (22) (uan (23)) «,,
MOKHO BrIBecTH 3akoH Credana --—
Boavnmana (21). Kpome roro, wua |
oruX GopMyd CIEIyeT 3QKOH CMEULE- o
nua Buna, BHpPaXaloUlMi 3aBUCUMOCTE
NOJCKEHNA MAKCHMYMAa QYHKIUH )

A

{nan »*) or TeMuepaTypm: : %*Sg.
AT=b (w,/T=b), (29) ; /9L
rae b = 29 - 1073 m- K — nocrosn- " oy

Hag BuHa. Hanpumep, nupn ymeHsnilie-
HUM TEMIIEpATYPHL B ABA pala MOJI0Ke-
HUe MakCUMyMa hyHKIHUH r, (MIH u,) CTAHOBHTCA B ABa paia OInKe
K Ha4aly KCOpPAHHAT, a CaM MakCHMYM CTAaHOBHTCA B BOCEMBb pa3 HHXe
(puc. 78); naoma s noA TPAPUKOM YMEHBIZAETCA NPH 3TOM B 16 pas.

Puc. 78.

» Popmyna Pomes — Axxkunca. Panenn n [Jxunc npeanpunain mo-
OBLITKY TMIONYMHUTE BuJ GyHKIHH Y, B PAMKAaX KIACCHYeCKOH CTATUCTHYe-
ckol Gbu3uKA. OHH paccMOTpelH U3NYYeHUE B MOAOCTH Kak aHCaMb.L cTo-
AYHX 3IEKTPOMAIHUTHBIX BOMH, CIyYaWHEIM 06pasoM oOMeHUBAIOMIHXCA
3Hepruefl co cTeHkamu M Mexdy cofoil. C TOUKM 3peHHA CTATMCTUKM,
Ka)xJana He3aBUCHMad CTOAYad BOJIHA, HMEKMIad HEKOTOPYIO JacTOTy KO-
Jie Ganiil, DKBHBANEHTHA OCHHILIATOPY € TAKOH Xe YacToToH. Brducienue
SHEPTHU CBOAHTCA K JBYM HE3ABUCHMEIM BOIPOCAM:

1) Kakoe umcno dN OCUHILAATOPOB (CTOAMHX BOJH) MPUXOJUTCH HA
HHTepBal 4acToT dw? OTBeT JOMKEH BEIpaXaThCA B Bude dyHxkunu Glw),
KOTOPYIO HA3HBAOT nAomuocmeio cocmoanut: dN = VG{w) dw, rge V —
obreM cocyaa.

Ban sermcaermn G{w) MOXKHO PACCMOTPETH CoCY N B DOPME NPAMOYrOALHOTO Na-
Panneneminega cq cropoxamy L, Ly, L. Tpauuunee ycaosua (nanpumep, Tpebo-
BaHue, «To6E HA CPAHMLAX HAXOIWIHCH YW CTOSYHX BONH) MPUBOAAT K YCJACBHAM
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keLp = mew {¢ = z,y, z). 3Ha'uT, B NpOCTPaHCTRE BONHOBKIX BEKTODOB JONYC THMLIE
GOCTOAHNA COOTBETCTRYINT y31aM pelieTky ¢o cToponamn m/L, u ofmenion Aueitku
s=m (L, L,L;)= Vv, Oﬁ-r:.eu k-mpocTpaHcTBa, cooTne'rr:Tnylomuﬂ UIMEHEHHIO Be-
AMMMHBI BOAHOBOT'O BeKTopa oT k 10 k+ dk, papen. & L (4mk? dk) (oﬁ'r:.em cdrepudeckoro
CNOA, OTCEKAEMUIN NEPBHM KBagpaHToM). Pasfenns Ha o 6beM AHCHKW, NONY UM YHCIO

k? dk
2

NPOCTPAHCTHEHHO pa3AMvHEX KoleSaHui b naTeppane dk: dN =V . Heabxoau-

MO TAKkKE YHECTh JOMONHUTEALHEIE CTENEHH CBOBOIH (B CAyHae JAEKTPOMACHITHEIX
BOJH — [Ba BOIMOXKHKIX COCTOAHHA NOAAPHUIALMM}), KOTOPHE A1 OSMWIHOCTH YUTEM
ACTIOAHUTEALHEIM MHOXKHWTENEM g.

Haiigem YHCIO COCTOAHHH Ha eJHHHIY OOBLeMa:

AN kPdk

Vv =9 272 (25)

Ira dopMysa DomydeHa M3 TPAHHMHBIX YCAOBME M UMeeT O4eHL OGMIHi
XapaKkTep M MHOUOYHCICHHEIE nIpuMmeHeHHA. [Jas mepexoja K w Hajo
yiecTr cooTHoleHue & = w/c. OKOHYATENBHO HOTY4HM

2

Glw) = (26)

23

2) “emy paBHA cpeJHAA JHEPrHA OFHOIO OCHHANATOpPAT

Kanaccuueckan dbusmka gaeT ciefyoMi oTeeT (cM. pasfg. 2.2): kax-
LOMY OCIHAIATOPY, HE3ABHCHMO OT €ro YaCTOTH, Hajo NPHIHCAThL ABE
creneHy cBoGOABl, 1 B COOTBETCTBHH C TEOPEMOU O paBHOpaclpejene-
HHM 3HEPTHH, CPEJHAA SHEPTHA KaX 0T0 OCHUIAATOPA 0MLKHA ORITE paB-
Ha kT, rge k — nocrosnnan Boasumana.

B peayabTaTe TakuX paccyJeHHH kIacCHYECKad (PUINKa NPUBOAAT
Kk Popmyae Paaea — Amcunca:

w2kT
m2ed
OneIT NOKa3kIBaeT, 4TO GropMyaa Poses — JxuHCA XOpOMIo BRINOAHAETCS
HA MAJBIX 1aCTOTaX (Npu w & w,,}, Ho a6COMIOTHO HeBepHA HA GOJBLIHX
(puc. 78). JdeiicrBuTeanHo, xoTa (27} yaoBreTBopseT TpeGOBaHUAM, Ha-

JaraeMEIM Ha M06yI0 BO3MOXHYIO GYHKIHIO ¥, dopMyoil Buna (23), no
cpa3y BHIHO, YTO NoAyieHHad GHYHKIUR HE HMeeT MAKCHMYMa,; OHA MOHO-
s

) (27)

= G(w)kT =

ot

TOHHO BO3PACTAET, W MHTErpan | u,dw, T.e. MOAHAA DHEPrUA HANyYeHMUA,
0

papeH DeckOHeYHOCTH! JTa CHTYAUMS CTAla OJHUM H3 NpUIHAKOB rayGo-
KOI'O KPH3NCA KIACCHYSCKOH (GU3MKH M Gblia HalsBaHa COBPEMeHHUKAMH
yabmpaguosemosot xamacmpod il

p  DPopmyna Ilnanka. Teopema o pasHopacnpefeieHUH SHEPTHA ABIA-
eTCH CASJCTBHEM TOrQ, ¥TO KAACCHYECKAA BHEPIHA OCUAMLIATOPA, [po-
NOPIMOHATBHAA KBAJPATY €r0 aMILIUTYAH, MOXeT NPUHUMATE Jdo6be, B
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TOM HHCAe OYeHb MaleHbKHe Hadenusn. CoraacHo keanmosoll sunomese
Ilagnxa 3HEPTHA OCHMIIATOPA (OTCYMTHIBAEMAA OT MHHUMAILHOTO 3HA-
YeHus) MOXET NPHHUMATL TOILKO AHCKDETHBLIE 3HaYeHUA, KpaTHLIE He-
KOTOpOIl BeJuYuHe, 3ABHCALIEH OT YACTOTH OCHUIIATOPA:

£,(w) = ne;(w), n=01,... (28)
Jln4 BEMHCIeHNA cpefHell SHepTHH MOXHO UCHONb30BaTE dropMyay Makc-

peata — BoabnMaHa (cM. pasg. 2.5), coraacHo KoTopoil BepoaTHoOCTE Co-
CTOAHUA € DHEPIUeH £ NpollopuHOHATLHA exp[-—e/(kT}]‘ Ionyyaem

ij: ne, exp[u-m;‘l/(kT)]
(e(w)) = 255
nz=:0 exp|[—ne, /(kT)]

Pag B 3HaMeHaTele eCTb NPOCTO CyMMa CEOMETPHYECKOH NpOrpec-
CHH, 3 YHCAMTEJb HOMY4AeTCA M3 3HaMeHaTeld AuddepeHIHpOBAHNEM
mo 1/{kT). [Iponeas BHYUCAEHUs, HMEEM

clon=afon(E) 1] = ceee) = LED

CpaBHeHue ¢ dopmynoil Buna (23) mokasmisaeT, 4T0 £, = €, (w) JomKHA
GHTE NPONOPUNOHAIBHA (]

£, (w) = hw, (30)
rae h=h/(27) =1,05-1073* [[x - c — yHuBepcaibHad NOCTOAHHAA, HA3H-
paeMad nocmosntot Iaawxa. Tak Kak sHeprAsA KBaHT2 NPONOPUMOHANIE-
HA YAaCTOTe OCHUANATOpA, TO NDM AAHHOHM TEMIEpaType KodeOaHus BhI-
COKMX “aCTOT BO3GyXJAOTCA ¢ OYeHb MANOH BEPOATHOCTLIO M HX BKIAJ
B 3HEPTHI0 H3NYYeHHUR OKa3LIBAETCA HMYTOXHO MalbiM. 3TO pajsperiaeT
1pobaeMy yILTPAPHOAETOBON KATACTPODH .

HNocne nogcranosku (30} B hopmyny AIf cpeAHed IHEPTUA DOy UM

dopuyay ilaanwxa pad cuexTpaldbHON NJIOTHOCTM DHEPIUH:
1

u, = h—ws—[exp(:—;) - 1]“ , (31)

#lcd
I'paduik >roi dpyukuuu NpuBeieH Ha puc. 78. Janunrem dopmyay Ilnanka

TaKxe B [IePEMEHHEIX ¥ H A
8mhi? hy -1 8rhe he =t
u, — —-—Eé—-[exp(ﬁ)—l] , UAT g3 exP(AkT)_l . (32)
Ilpu hw < kT dopmyaa [lnanka nepexoaut B dopmyny Posea — Jxun-
ca {27}. Uz dopmyan [lnanka MOXHO HONY¥MTEL BRIPAKEHHA AN HOCTOAH-
HuX Credana — Bonpumata u Buna 4epes yuuaepcaibHble TOCTOAHHEIE:
274
mk ke
O = ——a, b 0,345 —.
60 ¢2h° k
GopMyna [Laanka oUeHb XOPOWIO COPMACYETCA € DKCIIEPHMEHTOM BO BCEM
ANANa3oHe ¥aCTOT.
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5.7. CeeToBble KBAHTDI

» DoToadubekT. Brewnun domosdPermon HaIHBAOT BHPLIBAHHE

DNIEKTPOHOE K3 BEIIECTBA Mo sercTBueM cBeTa. A MaydeHHA HoTOoG-

(peKTa MCHIOABLIYIOT BAaKYyMHYIO JaMIIY C XOIOJ-

I HEIM KATOZOM (B 3TOM ClyYae TepMO3IEKTpPOH-

HyI0 3MUCCHIO MOXHO He yunTHBaTh). (Obny4ad

lwac KaTop cBeTOM (PHKCUDOBAHHON FaCTOTH W HH-

TEHCHMBHOCTH, CHUMa10T BOALTAMIEPHYIO Xapak-

=  TEPUCTUKY JaMIE (3ABUCHMOCTE TOKA OT aHOA-

Vaan u HOTO Hanpsxenus). Ilo BoibTaMnepHOH Xxapak-

TepHcTHKe (puc. 79} y3HAIOT: a) MHCIO JJIEKTPO-

HOB, BHIDHBAeMBIX H3 KAT0/a B €HHULY BpeMe-

HU (OHO BEIpaXaeTca 4eped Tok Haculehna: N = I, /e) u 6) Makcn-

MATbHYK KMHETHHECKYI0 JHEPTUIO BEPHIBAEMHEIX 3MCKTPOHOB; OHa BHIPa-

KAETCA HEpe3 2a0epoueauuee KaNPAXCENTE, T.e. AHOHOE HANDAKEHNE,
IpH KOTOPOM TOK 0GpallaeTca B HYJb:

Puc. 79.

%mvz =el,.,
IIpu >ToM HANpAXKeHHH Aaxe CaMble GHCTpHE MEKTPOHE HE MOTYT
JoJeTeTs A0 aHOAA.
Ilepsbiti aaxon Pomosddexma: KonMMEeCTBO DIEKTPOHOB, BLIPHIBAE-
MBIX CBETOM M3 MEeTAANa B €JUHHUY BpeMeHH, MpAMO MpOMOPHHOHAILHO
MHTEHCHBHOCTH CBETOBOH BOAHEL.*
-‘3{-{,.}“ Bmopoti saxon gomoapdexma: Makcu-
MaIbHAR KHHETHYeCKad dSHeprHa GoTodaek-
TPOHOB JHHEHHO BO3PACTAET C ¥aCTOTOH CBe-
Ta H HE 3ABHCHT OT HHTEHCHBHOCTH CBe-

;m % 7 > Ta Ecau dacroTa cBeTa MeHBbille ONpegeNeH-

L HOM A8 AZHHOTO BEIIeCTBA MHHHMANLHON Ha-

An ol CTOTH V,,, To ¢oTodhdexT He HabmoOZaeT-
1 ¢t (kpacnas epanuya domosddexma). Juc-
Puc. 80. NepHMEHTAILHO OO o6HADYXKEHO, 4TO 3a-

BUCMMOCTE el OT v JIR JaHHOrO MeTalla
HMeeT BHJ HAKIOHHOM HpPAMOH, MIPHYEM HAKIOH NPAMEIX, MOCTPOEHHEIX
JJIA PA3HEIX METAJIOB, OKA3alch 0JuHakoBuIM {puc. 80).

Kaaccuyeckad BoiHOBast TEOpPHA CBETA HE CMOT/Ia OOBACHHTE BTOPOH
3aKCH QoTox(dexTa. Kpowme Toro, B pamMkax 3TOH TeOpuH BHTAAAENO He-
OOBACHUMEIM NOJHOE OTCYTCTBHE 3AJEpKKH MeX Ay HadaaoMm obnydeHus

H BO3HHKHOBEHHEM TOKA.

* Sakonm doTorddekTa SRIH OTKPHTH CTOAETOBLIM.
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» KpanTm cBera. O6pAcHeHHe 3akoHOB doTospdekTa GBHIC JaHO
JuHmTeitHOM. OH ONUpaJcA Ha KBAHTOBYIO PunoTeay [aauka (paag. 5.6),
HO NIOLIEN T'Opa3fc Aanbile, TPEATIOAMKHB, YTO KBAHTH CBETOBOM JHEPTHH
MOT IOAICTCA UETHKOM 0T e lbHEMH JJEKTPOHAMU. JT0 03HAYAET, YTO B
npouecce NOTIONIEHNA CBeT BefeT cefd Kak JOKaIHIOBAHHAA YACTHUA (ee
Haspadu fomonom) ¢ SHepruen

E, = hv = hw = he/A (33)

Kak awbad Geamaccopad 4HacTHNE, ABHXYWIAACA CO CKOPOCTHIO CBETA,
xeaum ceema — Pomon — obaagaeT IMOYILCOM

p,=E,Je=hvfe=h[\ (34)

Ceasb MexJy BHepTHell M HMIIYJnCOM (e3Maccopodl YMacTHHE AASTCH
TeopHel OTHOCHTENLHOCTH {cM. pazg. 1.11).

Kpanrosrie CBORCTBA CBETA NPOABIAIOTCA IPH UCNYCKAHHH, NOLJAO-
IiEHUH M PACcCesHHM CBeTa. B ABICHHAX, CBA3AHHHX C paclpOCTpaHeHHEM
CBETA, NPOABIAIOTCA €F0 BONHOBHE cBoicTBa. CpeT 061a4aeT JBORCTREH-
HOH pHPOAOH (KOPIYCKYAAPHO-BONHOBOK JyanusM). Takue we croiicrBa
NPOABJAAIOT BCE 3IEMEHTAPHHE YAaCTUIH. '

Pomosfiiexmom {akroM doToaddekTa) HAIKBAETCA NOTJOILEHHE
toToHa Kakol-HUGYAL HacTulell, HanpuMep saekrpotoM. B pesyaprare
coToaddbekTa KBAHT CBETA HCYE3ALT, a IMEKTPOH NpHOOGpeTaET AOMON-
HUTeIbHYI 3HeprUio. Eca (oToaMeKTPOH BHIETaST U3 BEMIECTBA, TO
HabawogaeTcd BHEWIHUE $oTodddekT; ecid ocTaeTca BHYTpH, TO HMeeT
MecTO sHympenrud Pomoaddexm. IIpn payTperHeMm droToapdrekTe daek-
TPOHH MOTYT NepPEXOJUTh U3 CBAIAHHOIO COCTOAHHA B CBOGOJHOE, B pe-
3yJAbTATE Y0 YBEAUYHBAETCA YHCAO HOCUTENEH TOKA U, ClefoBATENbLHO,
YMeHBIaeTcd ConpoTHBIeHHe, PoToadidekT UCTONBIYeTCA NPH CO3 JAHMH
goTodIeMEHTOB, dhoTopeae H T. 4.

MNpumep 1. MoxeT ax nponcxegnts $oTodddexT Ha cBOGOTHOM 3aeKkTpOHe?

Pewenne. Her, He MokeT, Tak Kak TpH 3TOM HE MOIYT OJHOBPEMEHHO BHIMOJ-
HAThLCA JAKOHH COXPANEeHHA 3HEPIHMA H HMOYALCa. JTO CTAHOBWTCA OYEBH AHEIM, €CaM
MEPENTH B HHEPUMANLHYIO CHCTEMY OTCY€TA, B KOTOPO#t 31eK TpoH nocre ¢oToadhdexra
nokonres. [Jo porosdderra B cucTeme 5h[.l1H KEBAHT CBETA H ABHKYUIHHCA ZIEKTPOH, &
nocne dorosbderra — TOILKO HENOABMKHEH 3AEKTPOH, T.€. JHEPI'MA HE COXPAHASTCH.

Iornoman KBaHT CBETA, JACKTpOH NpHobpeTaeT suepruto hy. Ilpu
BELJIETE U3 MEeTal/a FHEPTUA KaXA0T0 DIEKTPOHA YMEHBLUIAETCA Ha ONpe-
ACACHHYIO BeIMYHHY, KOTOpYIO HaablBaoT pabomoi enroda A, (pabo-
Ta, KOTOPYIO HeoGX0AMMO 3aTpaTUTh, TTOOH yAaauTh JJEKTPOH H3 Me-
Tajia, paboTa BHXOJA 3ABUCHT OT poga BellecTBa). MakcuMabHas aHep-
PHA DIEKTPOHOB NOCAe BHIIETa (ecan HeT APYTHX NOTepb) MMeeT BHJ

imvP =hw - A, (35)
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{ypasnenue Junwmedna). Ecan hv < Ay, TO BHEIUHAN (poTo3(DDEKT He
NPOHCXOANT. JHAYHT, Kpacuea epanuya gomosddexma pabua

'Vm = Aablx/h'

Us (35) BMAHO, YTO HAKJIOH NpAMBIX Ha rpaduke eU,,, oT v (pnc. 80)
paBeH h, a OTpE20K, OTCEKACMEIA IPAMOMH OT OCH OPAHHAT, paBeH paGoTe
BHIX0Aa.

OHepruic GoTOHOB U paboTy BHIXOAA NPUHATO BHIPAXKATE BO BHECH-
CTEMHHMX eAMHHUAX — sackmponaoasmaz (3B). Oguun 2B pasen axneprum,
npuoSpeTeHHOoIl 34eKTPOHOM NpPH MPOXOXAEHHH HM PAasHOCTH NOTEeHUH-
atos —1 B: 1 2B = 1,6022 - 10~!* Jx. Eciu, HanpuMep, 3a/epXUBalo-
lilee HaNpAkeHue papHo —3,5 B, To MakcHMaiabHas KMHeTHHecKas 3Hep-
THA 3eKTPOHOB paBHa 3,5 2B.

[IpAamep 2. Cywecreopatie paboTH BRIX0a 0IHATAET, TC Ha CRAHMLE METANTA
BOSHUKAWT CHIH, YAEpX&HBAOIINE 3INEKTPOH BHYTDY MeTanna. Kak o6BACHNTL NpH-
TAKEHWE 3NeKTPOHA K 3AeKTPOHEHT paNbHoMy MeTanay?

Pemwenue. 3apaxkesHan 4acTHa DPUTACrHBacTCA HABEJEHHRMH Ha NOBEPXHOCTH
NPOBOAHHKA 3APAJAMH MPOTHROMOMAKHOO 3HAKA. CHAa MPUTAXKEHHA BLIYMCASETCA
€ NOMOILIC METOJa 3NEKTPOCTATHYECKHX HaobGpaxenm (paaa. 3.5). BuneTanwmue »
BO3BPAAKMUECA JNEKTPOHK 06PasyIoT BO3IE NOBEPXHOCTH OTPHLUATEILHO 3apAKEH-
Hoe 06lako, a NX N30 5PAKEHHA — MONOKHTENbHO SAPAKEHHEIN CAGH BHYTPH METaANA.
Mewx oy 3apiKeHHuIMN CIOAMH CYHIECTBYET HeHY1eBaA CPEAHAR HANPAKEHHOCTL TOAA,
HANpapleHHAA HAPYAKY.

¢ I'parnna peATreHoBeKOro cueKTpa. EcaH ek TpoHEl pasorHaTe
B BakyyMHOH TpyOke, K DIEKTpoJaM KOTOPOH NMPHAOKEHO HANDAKEHHE
B HECKONBKC KHJOBOJBT, TO IPH YAape DNeKTpoHOB o6 aHOfg BO3HHKA-
eT MOoPHOINCE penmeenoeckoe udayuenue. Hecnegopalue coekTpa sro-
IO H3IY4eHHA MOKA3IBIBAET, YTO B HEM OTCYTCTBYIOT AAUHLI BOJH, MEHb-
e HeKOTOPOTO 3HAYEHMA A, KoTopoe 06paTHO NpOoNOpUHOHAILHO IPH-
JOKEHHOMY K TpyOKe HANpikeHHo. OTOT (AakT HaXOJHT eCTECTBEHHOE
06BACHEHNEe B KBAHTOBOM ONTHKE, JHEPPHA H3JAYYEHHOPO pOTOHA He MO-
XeT MPeBHICHTE KHHETHYECKYIO SHepTHIo anekTpoHa: hefA € el/, oTkyaa

HOLY Y HM
he
Az A = —.
TR U
Teopernieckoe 3Ha49eHMe Ko>p@MUIHEHTAa NPOTOPLHOHAJILHOCTH MEX Ay
A, 1 1/U xopomo coraacyeTea ¢ BKCIEPAMEHTOM.

» JdaemneHue cbera. [lapieHue cBeTa 6uLI0 Npeickasapo Makceeniom
Ha OCHOBE 3eKTPOMArHUTHON TEOpHH M UaMepeHo JleGeaeprbiM. YeTanos-
Ka JleGefilepa COCTONNIA U3 JEFKOTO CTePXHA, NOABEIIEHHOTO B BaKyyMe
Ha ToHkol HUTH. [lo kpasam crepxus OBIY 3aKpelleHbl B¢ TOHKHX naa-
CTHHKH — OJHAa OTpaxalollad, Apyrad noraoumaimad. Ocsemad nIacTUH-
K0 H M3MEpPAA 3aKPYYHBaHNe HATH, OH BHYUCIAN CBETOBOE JABJICHHE.
SNEeKTpOMArHUTHAA TEOPUA flaBana clegytoliee 06LACHeHHe CBETORO-
My JABJEHHIO: DAEKTPHYECKOE IOAe NeKTPOMATHUTHOH BONHE BHIILIBAST



5.7. CBETOBHE KBAHTE! 299

B MeTalllle TOK, Ha KOTOpHIH AeHCTBYET CHIA AMIlepa €O CTOPOHBL Mar-
HUTHOL'C MOJNA BOJHEI, JTa CMAA HANpABAEHA B CTOPOHY DaclpoCTpaHe-
HHA BOJHEL H ABJIAETCA NPUYHHOW CBETOBOrO JaBieHHuA. [opasjo MpoLe
BHTAAAUT 06bAcCHeHHe JABJCHHA Ha A3BIKE CBETOBBIX KBAHTOB: (POTOHM,
KAaXABIT M3 KOTOpHX obiaagaeT uMmnyiscoM (34), noriomwawoTcs wis or-
pAXAIOTCA, NepefaBad CROH uMNyJne BenlecTBy. [Ipu oTpaxenun goTona
nepejaHHEIl HMIYILC B B2 pa3a Houbllle, YeM IIPH MOTJIOMICHHHN {CM. TaK-
xe pasd. 4.5).

» Iddext Komnrona. [Ipu rauMogeiicrenu GoToHa co cBoBOIHEIM
3A6KTPOHOM NpoLece NOrIcHIeHUR (OTOHA 3anpelileH 3aKOHAMM coXpaHe-
HHURt, HO MOXeT NPOHCXOAHTE pacceaHHe doToHa. Ecan mepBoHaualbHO
DAEKTPOH NOKOMACA, TO B p€3yAbTaTe BIAUMOJEHCTBHA OH npuobpeTeT
HEKOTOPYIO CKOPOCTE. JAKOH COXpaHeHUA 3HepTMu Tpebyer, 4Tobsl sHep-
rud GOTOHA yMEHBIIWIACE HA BEIHIHHY KVHETHYECKOW 3HEPTUH 3EKTPO-
Ha, YT O3HAYaeT, YTO ACKHA YMeHBIIMTLCA M0 YacToTa. B TO XKe Bpe-
M# ¢ TOYKH IpeHHs BOJHOBOH TEOPUH YacTOTa PacCedHHOT'C CBeTa AOMK-
Ha COBNAJATE ¢ YaCTOTOH mafalomero. JTo ABJIeHNe HasulBaeTCA sdidiex-
mom Koxnmona, oHo 6o 0GHADYXEHO NIPH pacCeAHUH PEHTTeHOBCKUX
JdyHeH W CHITpalo BaXHyo POJIb B YTBepXKISHHH KBAHTOBLIX NpEJCTaB-
JIEHUH,

Paccesgnne ¢doToHA Ha DIEKTPOHE MOKHO DPAcCMATPHBATE KaK yIpy-
roe coyjapeHHe ABYX YACTHIN, NOAYHHAIOLIEECA 3aKOHAM COXPaHECHHUR
SHEPTHH W MMITYIbCa:

petmet=p'c+ El, pF=p+p,

rde §F M p’ — HavaNbHHA H KOHeYHLIH HMIYJIbCH (GOTOHa, p, B E, —
HMNyJALC H 3HEPIHA 3MEKTpOHA OTAa4H. BHIpasHM 3HepPrHIO M MMIYJIbC
3IEKTPOHA OTAa¥H ¥ MOACTaBUM B cooTHomenne B2 —p!2c? = m?c* (om.
pasg. 1.11). IMNocae npeofpazopanuil uMeem

me(p — p') = pp'(1 — cos ),

rge # — yron paccesHua ¢oToHa (yron MexAy BeKTopaMH § H p').
Bripasus w3 ypapHenus (34) MMIyJIbCHl NAZAaOWEro W PAcCesHHOTO
boTona: p=h/A, p' =h/N, noaywam ¢opmyay Aas 3aBUCHMOCTH 3heKTa
KoMnrona ot yraa pacceguns: )

A =X =Ag(1 - cosb).

Bermynna Ao = h/me = 2,43 - 107!% M HasmBaeTCA Komnmonoscxol
daunotl 6oaNb JAEKMPONE. IHEPrHA POTOHA C ANMHOM BOJHEL A paBHa
SHEPTHH NMOKOA 3MEKTPOHa mc’. MakcuManbHEIN 5bdhekT coDTBETCTBYET
paccesHMo ¢OTOHA Ha yrol 8 = =,
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MEXAHWKA

OcHoBHbIe 0603HaveHns
A — paborTa;

@ — aScoMOTHAR Bemmdlila yeKopenus, o = & = /a2 + ai + a2;

& — yckopenne, @ = {a,, 0y, a,};

Gz, @y, 4, — KOMMGHEHTH YCKOPEHHA B LEKAPTOBOH CHCTEME KOOP AHHAT;
8", 37 -~— HOPMANBHOE W KACATENLHOE YCKOPEHHA;
-
& - b — CKANAPHOE [POH3BELEHNE BEKTOPOB;
S .
& X b — BEKTOPHOE NPONIBEJEHRE BEKTOPOR;

cHAa;
CTATHYECKUH KOMHPPUIIEHT TPEeHNH;

AMHAMUMeCKUE KoadwitlMeHT TPeHHA;
MOMEHT MHEPLHH 0THOCHTEABHO OCH £;

5w
|

S
||

o

MCOMEHT KGIHYeCTEa JBHACHHA OTHOCHTENBHO HEHTRA P, RP =fx mﬁ;

o
|

MOMEHT CHARL, MO HT Nape CHA,
Macca Ma’I‘epHMbHOﬁ TCYKH, MacCa Tena;

cHna HopMANLHOT'C JABMCHUA;

KOAMYECTBO ABMKEHHMA (KOAMECTBO JBMKCHHA MATEePHaNbHOH TOMKU:
—+
Q = mi);

- ﬁ FI'
T'AABHEIH BEKTCOPp CHCTEMB CHA, = Z H

PAEHOJEHCTRY0INAA,
PaANYC-BEKTOP, IPOBEACHHLIN U3 ToukK P;

HMOYALC CHABL,
2

KliMeTUeckan aneprua, T = %mv ;

— BpeM~;
— afCoMTHAR BeAUYHHA cKopocTy, v = ] = 4 /uﬁ + v§ + vﬁ;
— ckopocTs, ¥ = {2, vy, w )

21 Yy, ¥, — KOMMOHEHTH CKOPOCTH B AEKAPTOBOI CHCTEME KOOP IHHAT;

T e T = T !
|

X, ¥, 2 — JEKAPTOBH KOOPSUHATEHL ’
. . dz . _ 4%z
Z; ¥ — NEpBaA NPOMABOLHAH, T = —d}-; BTOPAA NPoW3BOgHAaA, & = -It—z-;
® — cuna unepumy;
 — YrAOBRAR KOOPJUHATA;
W — YrAOBAA CKOPOCTh;
£ — YI'NIOBOE YCKODEHHE.
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1. Kunematuka

Kunesamuxa — pa3fen MEXaHUKH, B KOTOPOM May4aloTcA reOMeTpH-
4eCKHe CBOHCTBA ABAXKeHUA TOUKH UAW TeAa BHe 3aBUCHMOCTH OT HX Mac-
CHl W NPHYAH, BEI3LIBAOIAX 3TO JBHKEHNE.

1.1. KunemarTuka Toukmn

3ajaTh ABHXKEHHE TOYKH — 3HAYMT 3aRaTh IPABIIO, B COOTBETCTBAK
€ KOTOPHIM MOXKHO YKa3aTh MOACKERANE TOYKYM B KaXAHHW MOMEHT Bpe-
merH. HanGonee pagnmpocTpaHeHHBIMH M YZOOHBIMH ciocofaMu 3aJaHuA
ABHXCHUA TOYKN ABJAIOTCHA: BEKTODHBIH, KOOPAHHATHBIA W eCTECTBeH-
HBAL

» BexToprEm cnocof 3aganms gpmxeans Touxa. [lonroxenne
Toukn M 3ajgaerca paduycom-eexmopom Tp(l), NpoBeJeHHBIM B Hee n3
HENOJABHXKHOTO HeHTpa (momoca} P (puc. 1}. Paguyc-sextop aAnnsgerca
BEKTOPHOI GYHKIMel CKAlAPHOTO apryMeHRTa — BPEMEHH I, ¢ TeYeHHEM
BPEMEHH KOHELl BEKTOPA Fp ONUCHIBAET B HPOCTPAHCTEE KPUBYIO, KOTO-
pas HazplBaeTCA mpaexmopued TOYKH.

Hapsaay ¢ pagnycom-peKTOpOM KMHEMA-
THYeCKoe cocToAHRe TOYKH M xapakre-
PUBYIOT BEKTOPH CKOPOCTH #{t) u yckope-
Hud a(t).
¢ d;: =fp — Bek-
TOp NPOM3BOJHOH IO BPEMEHN OT pajHyca-
BEKTODPa, XapaKTepuayeT GLICTPOTY H Ha-
NpaBlelEHe HEMEHEHNs IIOA0KEHHA TOYKH B
npocTpacTee. Bekrop ckapocTn mampa-
BJEH [0 KACATEABHOH K TPACKTOPHH B TOY-
Ke M. + Y

Yexopenue movuxy @ = U= fp — BeKTOp
Oeppoll IPOHIBCAHON N0 BPEMEHK OT BEKTOPA CKOPOCTH, WA BTOPOH Npo-
H3BOAHOHW OT PagMyCca-BEKTOpA. YCKopeHue yAOOHO NpPeACcTaBNTE B BHJES
CYMMEI BYX BeKTODOB @’ B ", DaCNONOKEHHKIX B IIOCKOCTH, 06paaye-
MOM BEKTOpaMH ¥ H 4

Cxopocms mouky ¥=

Puc. 1.

d=a"+a".

BexTop d” manpapieH NMapamfiefbHO ¥ U HalEHBARETCA KECOMEALMHbIM
(TaHreHNBANBLHBHIM) YCKOpPEHHEM, & BEKTOD &" HANpagieH NepleHAnKY-
JAApHO &7 B CTOPORY BOTHYTOCTH TPACKTOPHH W HAILIBAETCH HOPMAADHbLM
YCKOpeHHEM.

Beamanuu ¢’ ® a” MoXHO HaliTH no dgropmyaam

= = d
aT="E_;U_=E|‘UI, aﬂz‘/{:‘?“(a‘r)E,
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rfe & - ¥ — CKaJApHOE NPON3BE/eHNE BeKTOPOR d A 7.

p KoopaunaTHum cnocob >agamua gpmkKeAna Toukm. [loaoie-
HMe TOUKHM B APOCTPaHCTRE 3ajaeTcAd TpeMa QYHKIAAMN BpEMeHR

T = (1), ¥y = y(t}, = z(t), (1)

rie t, ¥, 2 — AeKApPTOBE KOOPAMHATH Toukn M. roT cnocob apaserca
APYTHM NpEACTABIEHMEM BEKTODHOI'O, TAK KaK PajHyc-BeKTOD 7y, Bhl-
XoAAUME K3 HaYaIa KOOPAHMAT, MOXKHO IIPEACTABUTE B BHJAE BEKTOPHOH
CYMMBI - . -

o = 2(0)+ ()] + 2()F,

— - =
rje i, j, k — equANHbIE BEXTOPH (OPTH), HANpaBAEHHHE BAOIb KOOD AH-
HATHBIX ocel &, y, # (puc. 1).

[Ipoekunn ckopocTH Ha OCH KOODANHAT v,, V,, ¥, OOPEREAAIOTCA
JudbepeHURPOBAHIEM MO BPEMEHU COOTBETCTBYIOMUX hyHkuui (1):

vz = :l.:, T"’y = y‘! - Uz = ,é. (2)

BekTop CKODOCTH HaXOAWTCA B BHAC TEOMETPHHYECKOH CYMMBI TpeX
BEKTOPOB: .
=v,i4v,7+v,k,

a MOAYAE CKOPQCTH — M0 dopmMyle

ol = \/v2 + v + vl 3)

[Ipoexnun yCKOPEHRA Ha OCH KOOPAHHAT @, dy, d,, YCKODeHHE &, a
TaKxe ero MoAyik |a| naxogaTea mo dopmynam

ﬂ,‘.:‘l.’;.:lf, ﬂy=?}y='y, e, =v, =2,

R (4)
d=ai+aj+ak, |a|=,/a+al+al

SHavyeHUe KACATENRLHOr0 YCKOPEHHA BLINUCIAETCA MPH NOMOIIM BRIpa-
meﬂﬂﬂ T . e . e
arz____xx+yy+zz . (5)
IIpu a™ > 0 Apuxenwe TOYKHM HA3LIBAETCA YCNOPEHHLLM, TaK Kak
MOJY/Ab CKOPOCTH |v| ABAACTCA B A2HHBIH MOMEHT BPEMEHH BOIPACTAIONIEH
dysaxumeii. [Ipy a” <  ABMKeHNE HA3LIBACTCA 3UMEOACHNLLA.

» Ecrecrpemmmi ciocob aagaHua ABHOKeHHA TOYKA. [JoaoKenHe
TOYKH B NPOCTPAHCTRE ONpeleldeTca 3afaHneM:

8) TpaeKTOpUH TOYKH,

6) Bavyana oTcYeTa Ha TpaeKTopun (Todkd (J, OT KoTopoi 6GyaeT
OTCYUTLIBATHCA AYT0BAT KOOPAWHATA S);
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B) MOJOXHTEALHOTO HAMPABACHNA OTCYETA AYTOBOM KOOPAMHATHI;

T’} 3aKOHa ABMXEHHA TOYKH § = $(} — 3aBHCHMOCTH ee Ayromoi
KOODAHHATH OT BpeMEHH.

Ayeoeas xoopdunama 5 — 3TO JIMHA AYTH TPAEKTODHH, OTCYHTHIBA-
eman ot TodkA O jJo Toyukd M. Ecan oTcdeT ANEHE BefeTCA B NOJOKH-
TeALHOM HAODaBJICHAH, TO 3HAYEHHKE AYTOBOH KOOPARWHATH MOJMKHTENDb-
HO, & B IPOTHRONOJOXKHOM cClyYae — OTPHIATEALHO.

EcrecTBennne ocn koopanHat Hauboaee YAOGHH ANA N3YHEHHA SBH-
KeHuA TOYKH, 3aJaHHOrO eCTeCTBeHHBIM cnocofomM. CHavana B Touke M

,0. CTPOHTCH CONPUKGCIUARCA OKPYHHOCTY, KO-
% — TOpad H3 BCEX MEICANMEX OKPYXHOCTEH, IPO-
Xonammx Yepes Touky M, wawboree muoTHO
cMEIKaeTcA ¢ Tpaekropmenn {puc. 2). Lentp
9TOH OKPYXHOCTH HA3HIBAETCA YEMMPOK Kpu-
6uIHM TPASKTODHH, & €€ PAANYC p — paduycos
xpusuIxbl TpaekTopuu B Touke M. Bemuumua
k = 1/p nasumaerca xpusuanoll TPAcKTOPHH.
Ha noaorux y9acTKax TPaeKTODHH 3HAa4YeHHA p
6oMpIIe, YeM B TOYKAX MCKPUBJACHHEIX Y4acT-
ko8, a k, uaoGopor, — menpwe. [l10ckocTs, B KOTOPON JEKHT COIPH-
KaCAOUIAACA OKPYXHOCTE, HARIBACTCA CONPURACAOUWEIHCA NAGCKOLMEI0,
H 4aCTh TPAEKTOPHH B OKPECTHOCTH TOYKM M enpakTuYecKkH: JeXKHT B
:froﬁ DIOCKOCTH.

Eemecmeennpisy ocany xoopdunam Ha’LIBAIOTCH TPH B3AHMHO TIEp-
NeHAUKYIAPHHE OCH: KacaTeldbHad K TPAaeKTOPRN B Touke M, nanpasaen-
Has B CTOPOHY BOBDACTAHHA JYTOBOH KOODAWHATHL §; 2AG6HAR HOPMGAD,
NeXalas B COMPHKACAIOIIEHCH NIOCKOCTH ¥ HADABIEHHAA K UeHTPY KPH-
BHDHEL, §UNOpMaAb, DEPOCHIHKYIAPHaA COTMPHKACAOMEHCH TAOCKOCTH U
HalpaBJeHHAd TaK, 9TO eCIA DOCMOTPETE HABCTPETY € IOA0KHTEALHOMY
HAIpaBIeHuio, GIAKAUIIRE IOBOPOT, OT KACATEALHON OCH K OCH TIABHOH
HOPMAJIH KaXeTCH NPOHCXOAAIAM NPOTHB X042 YacoBou crpenxn. Ean-
HHYIHEIE BEKTODH (OPTH} 0603Ha4aI0TCA COOTBETCTREHHO T, 71, b (pHc. 2},
OHHA 06pa3yIoT mpaeyio Tpoiky. Ilo mocrpoenmio 7 || Fu a@ L b.

Ucnoavays ecrecTBeHEbIe OCH KOOPAUHAT, BEKTOPE CKOPOCTH H YCKO-
peHud TOYKd M MOXHO 3alHCAaTE B BHE

a

Puc. 2.

i=o7, d=a" +d"=a T+a"A, (6)
v=35 a " =9=§ a"=vp

Beawynna v RadHBaeTCA aareSpanmvecKnM 3IHAYEHHEM CKOPOCTH M
MOXeT OBITh Kak MeHbine, Tak u Goabme uyns. Ilpm moroxnrennHoM
3HAYEHAH ¥ CKOPOCTh TOYKH HANPAaBleHA B CTOPOHY NOJOKHTEALHOLO
OTCY9ETA AYTOBOH KOOpDAHHATH. AGCOAOTHOE 3HAYEHNE ¥ PARHO MOAYIIO
ckopocTH |v|. AHasormano @” HaspiBaeTcd aareGpanvecKnMM IHAYeHHMEM
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KacaTeNbHOTO YCKOPEHHA, ¥, HanpuMep, mpu a” < () pexTop d 7 HaOpapieH
B CTOPOHY OTPULATEABHOTO OTCYETA RYTOBOH KOODAHHATEI.

Ilpn oAmyakophix 3HaKaX v M ¢ JABMXKEHNWE TOYKM B PacCMaTpHBa-
eMBIl MOMEHT BPEMEHN YCKOPEHHOe, NpH pasHWX — saMmedtenHoe, Hop-
MadbHOE YCKOPEHHEe PasHO HYI NPH ABHKEHWNH TOYKH MO MpAMOANHEH-
HOMY YYaCTKY TpaeKTopun. KacaTenbHoe YCKOPEHHE TOYKH PABHO HYJIIO,
KOTAa APH JBHKEHHN TOUKM adrebpandeckoe 3nadenne BEAMIHHE CKOPO-
CTH OCTAETCA MOCTOAHUBIM,

Paeronepemennbls JBHXKeHAEM TOYKM Ha-
3pIBAETCA ABHXKeHUe, NPH KOTOPOM a” = a, =
= const. B sToM cayvae adreGpandeckoe 3Ha-
YeHMe CKOPOCTH W A¥IoBafd KOCPDAKHATA MOTYT
6BITE HallJeusl o popMydaM

V=Y + aﬂ(t _t[))a

7
5= sp 4wl = o)  Foglt )%,

3aeck vy 1 $; — aJreGpaliecKoe IHadeHIe CKO-
pOCTH U AYroBad KOOPRMHATA, COOTBETCTBYIO-
LIHe MOMENTY Bpemenu f;.

Paenomepnslst Ha3BIBACTCA TaKoe JBUXKeHHe TOUKH, NPH KOTOPOM
a” =0.

B ofmwem cayiae ZyroBad KCOPAMHATA § M NPONAEHHEIR TOYKON
nyTk I} MoryT GHITH HalifleHB! IO dOpMyJIaM:

t t
s:f vdt, D:/ |v| dt.
ta ty

OTcoja BUAHA pasHHUA MEXKAY AYTOBOR KOOPAMHATOH H IIyTeM,
MPONAeHHEIM TOYKON.

Puc. 3.

IIpumep. Juneitka AB saauncorpada gannoh 2/ = 2m (puc. 3} gpuxeTcs Tak,
“To yroa ¢ (B pagKaHax) HaMeHAETCA N0 3AKOHY @ = —%ti +2t+ & - % Mpu aTom
Touka B AWHEHKW ABWHETCH NO TOPHAOHTANLHOW TIPAMOH, a Touka A — no BepTH-
kanpHoH. HaliTk TpaekTopuio Toukk C, nexaulel Ha cepejute TKHENKK, a TakKe ee
CKOPOCTD, YCKOPEHHE H PAJHYC KPHBH3HL TPaeKTOpHH NpH { = 1 c.

Pewenne. [Tepeiigem cHavana K paHee pacCMOTPEHHOMY KOODAMHATHOMY CNoCO-
6y aaganna gpmKennd. Beegem ocH koopAMHAT, KaK YKa3aHo HA PHCYHKE, Moche HEro
Halaem 2o =lsing, yo = [cosy. Boasoga B kBaApaT NpaBue U JeBWE 4acTH ypas-
HEHUH ABMIKEHUA B CKNAJAKEAA WX TIOUAEHHO, IONY KM Y PABHEHNE TPAaeKTOPHH

et +ve =1L,

OTKYAa cCAeAyeT, UTO TouKa O JBHXKETCA IO OKPYRHOCTH paguyca {.
Bocnosssonanmuck 3aTem dopmynamu (2) — (6) ¥ yuWTBIBAR, 4TO MOMEHTY
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Bpemenu £ = 1 ¢ cooTreTeTRyloT 0 = 76, @ = 1c~ !, p = —1c~ 2, naiigem

Vo, = &0 = [cosp = 0,8Tm/c,

Voy = fe = —lsinp g = -0,5m/c,
lvgl = /vE, + v%.y = 1m/c,

Bop = to, = 1(—sinqub2 + cospp) = —1,371\4;‘1:2,

Ggy = oy = l{—cospy® —sinpd) = —0,37M{c2.

H"ﬂ?:x"'ai(;y: 1,41M,fc?. (8)

lecl=
Ve + v
a-&: Cx“Cx Cy*Cy =—1,0M,IC2,
lvci
e = y/aZ - (a%)? = 1,0m/S?,
2
v
= —S: 1,0m,
e

NpHYeM NOCAEAHNHA Peay bTAT OHEBH JEH 2APAHEE, HCKOAR M3 MONYHEHHOI's YDABHEeHHA
TPaeKTOPHH.

1.2. KusemaTuka TBEepgoro tena

Teopesma: NIPOEKUUN CKOPOCTER JABYX TOYEK TBEPAOTO Tela Ha MpA-
MYI0, WX COEAUHAIONY0, paBHbl (puc. 4).
3Ta TeopeMa CHPABEAANBA AJA NPO-
HM3BONLHOTO JBHKEHRA TeNa H yTBEPKJa-
o €T, 9TO NMPOeKUNH AOTKHB OBITL PABHL

W [0 BeIHYHHE, U [0 HAaNpaBJeHHIo,
IIpocTeiinine ABMKEeHHA TBEPAOTO Te-
Ja: MOCTYNATENbHOE K BpaUIeHHE BOKPYT

Puc. 4. HEMOABHXKHONR OCH.

» TocrynareasHoe gpuxkenue. [BHxkenne ThepJOroe Tena HasLIBa-
e€TCA NOCMYynameabHbls, ecan Jo0as NpAMad, NpoBeleHHad B HeM, IpH
ABIKEHNH OCTAaeTcA NMapalelbHOH CBOeMY NepBOHAYAILHOMY HalpabJe-
uuio. CBOMCTBA MOCTYNATENLHOIO JABHMEHHMA TPAeKTOPDHM BCeX ToYeK
TBEPAOTO TENA PN HAAMKEHUN COBNAAAIOT, CKOPOCTH U YCKOPeHHA BCEX
TOYEK Tela OJUHAKOBEl B KaX bl MOMEHT BpeMeHH:

7, =1ty =7, i, =dp =4,
rae A w B — mobsuie Touxn.

» BpameHue BOKPYr Heflo ABWXXHOM ocut. [IpH épaujenuu meaepdozo
meaa eokpye HenodguxcHod ock, HALIBAEMON OCHIO BPANIEHHMA, €rg TOY-
KH, JeXallHe Ha OCH, OCTAIOTCA HEMOABMAKHBIMU. Yepes oCh MpoBeeM fBe
MJOCKOCTH — HEMOABHXHYIO H NMOABHKHYIO, B KOTOPOR HAXOAHTCA TOM-
Ka Tela, CKOPOCTE M YCKOPeHUue KOTopou Heobxogumo HalTH. [Byrpad-
HEll yTOM ¢ MeX Ay MOABMKHOR W HEMOJABMXKHOW IJOCKOCTAMH Has3hIBa-
eTCA YrAOM NMOBOPOTA Tella, 0H H3MEPASTCA B paJHaHax. YT ol NoBOpOTa
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CINTAIOT MOACKKTENLHBIM, KOTJa OH OTCIMTHIBACTCA OT HETIOJBHKHON
AMIOCKOCTH K MOJBRHOM NPOTHB X0Ja YaCOBOR CTPENKM, €CTH CMOTDETh
HABCTPEdY TOJOXNTEILHOMY HANPABJCHHIO OCH Bpamenua. ITobsl Huino
HIBECTHO TMIOJOKEHME Telna (K KaXJOH ero ToYkH) B MoGOH MOMEHT Bpe-
MEHH, HEOGXOAMMO 3HATH 3aBICHMOCTh YT1a ¢ OT BPEMEHH {:

p = p(t).

3T0 ypaBHeHHe BRIPAKAST JGKOM GPAUEHUA MEEPFoe0 mMedn 60Kpye
nenodeuxcHotl ocu.

BmecTe ¢ dyukuneit () ee meppas K BTOpasd TPOH3BOJHbLIE IO
BPEMEHH XapaKTEePU3YIOT KHHEMATHYECKOE COCTOAHHE TBEDAOTO Tela B
PACCMATPABAEMEI MOMEHT BPEMEHR '

w=p, e=w=¢,

rie w — yrJoBaA CKOPOCTS Tela, £ — ero YIJI0Boe YCKOPEHHE,
TpaexkToOpHeH NMPOH3BOALHON TOUKH M TBeporo Telna ABIAETCA OKPY-
KHOCTE, Pajuyc koTopoi R HasbiBaeTcA pajMycoM BPAllleHHA TOYKH.
Ha puc. 5 3Ta okpyxkHocTs u3oGpaxena
€O CTOPOHBl MONOXHTEIBLHO'C HAIPABJE-
HMA OCH BPANIEHUA. JHAK W YKA3LIBAET Ha-
NpaBJcHWE BPANIeHNA: €CIN OH MOJOXKUTe-
IeH, TO BPallleHHe TIPOUCXOJHT MPOTHUB XO-
03 HacoBOH CTPEAKH. YTJAOBYIO CKOPOCTE
H YrJI0BO€ YCKOpeHHe ¥A06H0 H3o0paxaTs
IPH DOMOLIKM AYTOBBIX CTPENOK C YIeTOM
uxX 3HakoB. Ecan 3Hakn w M £ 0JHHAKOBSI,
TO FOBOPAT, YTO BPAIleHHE YCKOPEHHOE,
eClIH 3HAKHU PAjHEIE — 3aMeleHHoe.
Bpamenne TBepaoro rena Ha3nIBAETCA
pasHonepeMennbla, KOrja £ = £, = const. Puc. 5.
B sroMm cay4ae 3aBRCHMOCTH yraa nMoBOPOTA N YLIOBOH CKOPOCTH OT Bpe-
MeHN JalkrcA QopMyJlaMu

W=wy+ Eo(t —io),
v =g twplt —tp) + %50(’5 —14)%,

AHANOTHYHBIMU GHOPMYIaM A1 PABHONEPEMEHHOTO JBMXeHHA Toyka (T}
Fagnomeproe BpallleHne TBEPJOrC Tea ABIACTCA YACTHRIM Cly4daeM
PaBHONepeMeHHOT O, KOT A £4 = const = (.
B 06mem cayyae Ipy BpallieHny TBEPAOTO TENA BOKPYT HEMOABMXHON
OCH MOAYNb cKOpoCTH TodkH M HaxoduTed no gopMyne

v— |w|R, (9)
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DU 3TOM CKOPOCTS HAIPABJIEHA 110 KACATENLHON K OKPYKHOCTH, T.€. Hep-
NEHAUKYAAPHO K PAAnycy, U e HaNPaBJIeHHe COTIACOBAHO C HaNpaBIeHH-
eM JYTOBOH CTPekd . BeluuuHBl KACATENHHOIO, HOPMAILHOTO K TOJ-
HOCO YCKODEHHA MOXHO HaHTH 10 (OPMYJIaM, ABJAIOMMMCA YaCTHHIMHU
caygaamu Gopmya (6):

a” = |e|]R, a" =w?R, |a|=RVe? +uwt

BexTop xacaTeasHOro yckopenwHs {7 HanpaBieH 10 kacaTelbHOH k
OKDPYIKHOCTH, W er0 HAlPABJeHHe COTIACOBAHO ¢ HAaNpaBleHleM JyToBolH
CTPEJKH €, BEKTOP @™ HalPaBieH MO pajuycy R k leHTPY OKpYXHOCTH.
OcTpeiit yroa g MexAy 8 # R moxHo HallTh no ¢opMyne

a” _ el

t'gnu: an _Fs

NIPY 3TOM HalpaBJeHne GIMKanuero noBopoTa ot & k R 6yaeT cornaco-
BAHO ¢ HAIIPABJCHKEM AylOBOHM CTPElKH €.

Benuvuuer w, €, 4, BxoAsmue B nocieAnue ¢OpMyasl, OARAAKOBBL 1A
BCEX TOYEK Tea M XAPaKTEPU3YIOT KHHEMATHYECKOE COCTOAHHE Tela B
LEJIOM.

U3 dopMya caeqyeT, YTO BEKTOPH! ¥ K 4 Pa3sHBIX TOYEK Tela, JeX AKX
Ha OJHOM pajHyce, NapallelpHnl Mexay cobou U AMHEeHHO 3aBHCAT OT
PAcCTOAHUA JO OCH Bpaulenna (puc. 5).

1.3. MnockonapannenbHoe pBUXKEHME
TBEpPAOIrO TENa

» IlnockomnapanrneJbHEIM HA3BIBACTCA TAKOE ABHKEHUE TBEPAOTO Te-
A8, IPH KOTOPOM OCTAETCA NOCTOAHHEIM PACCTOAHNE OT MIOGOH ero TOYKH
A0 HEKOTOPOH HEMOABMKHOR MIOCKOCTH, KOTOpad HaskIBAETCA OCHOBHOI.

Haytdenue mIoCKoNaparieNsHOTO ABMAKEHUA CBOANTCA K HCCIeJOBa-
HUIO [BHXEHUA WIOCKkoR PUCYPBl B €€ MICCKOCTH. Bpalllenne TBEpAOTO
TeNa BOKPYT HENOABMKHOR OCH ABAAETCA YACTHBIM CAYYaeM IMIOCKOMa-
panieabuoro gemxennda. 0¥Yron noBopora miockoi duryper @{t) oTcun-
THIBAETCA OT HEKOTOPOH HENOJBMAKHON NMPAMOR 40 NMPAMOH, HEHIMEHHO
cBsaantoi ¢ ¢gurypou. [TpaBuio 3aHakoB ANA ¢ NPHHHMAETCA TAaKOe XKe,
KaK B Cllydae BPAleHHA Tela BOKPYT HENGABUAKHON OCH.

[Nonoxenue WAOCKONR GUTYPEL NOJHOCTLIO QIIPEAEIECHG, ECHH H3BECTHRI
KOODAUHATEI HEKOTOPOH €€ ToUKH (MoAKCa, UeHTPa) F U yrolx NOBOpOTa.
CooTHoweHRA

zp=z(t), wp=ylt), w=el)
sajaomue TP Gy HKINOHATBHBIE 3aBUCHMOCTH OT BpPeMeHH, HadsIBalOTeA
ypaaHenuasY Jauncenun naocxot @Puaypsl. YTIOBAH CKOPOCTDh & H ¥IUIO-
BOE YCKOPEHHE ¢ BBOJATCA AHAJNOCMYMHO CAY4Yalo BPALIEHHUA TeJa BOKPYT
HCIOABHKHOM OCH: W = @, £ = w = .
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p Teopema o CKOPOCTAX TOYEK ILAOCKOM (PUIYPEI: CKOPOCTE Ji0-
folk TOUKH B IIoCKoH (Uryphi paBHA reOMETPHYECKOR CYMME BEKTODOB
CKOPOCTH NOJAKCA Up M CKOPOCTH figp,
KOTOPYIo MMena OB To4ka B npu Bpalie-
HEH PUTrYPEl BOKPYT HENOBHXKHOLO IO-
aoca P (puc. 6):

'{TB = 'JP + ﬁBP‘

CxopocThb Ug p NepueH UKy IApHA OT-
pexky BP, ee BeruiHHa MOJCUNTHIBAET-
ca no popmyne vpp = |w|BP, a vanpa- Puc. 6.

BJCHHE COTJACOBAHO ¢ HANPABIEHHEM JYPOBOH CTDElKH w.

Touka P, naockol ¢uCypel, CKOPOCTH KOTOPOH B PACCMATPHBAEMELH
MOMEHT BPEMEHHM PABHA HYJIO, HA3LIBASTCA MENOGEHHLIM YEHIMPOK CKO-
pocmeti. ECau 3Ty TOUKY NPUHATH B KadMeCTBe NOMIOCA, CKOPOCTS NPOH3-
BOILHOR TOYKH B miockolt Gurypsl onpefeanTca no popMmyle g = Ugp .
Hanpagieune Uy OyjfeT cOrAacCOBAHO C HANPABIEHAEM AyTOBOH CTDENTKH
YIJOBOM CKOPOCTH, 2 €e MOAYIh vailgeTca w3 ¢opmyin vg = |w|BP,.
CkopocTH To4eK raockoil ¢hurypel B PACCMATPHBAEMEI MOMEHT BpeMe-
Hu OyayT pacnpeleneHbl TAK Xe, KAK B ciyyae BpalleHnd QULypHl Bo-
KPYT HeNOABKKHON OCH, MPOXOAUEH Yepe? MIHOBEHHBIH WMEHTP CKODO-
creit. looToMy Moxuo BocnonsaoBaTeca dopMynon (9) BpalmaTersHOro
ABIKeHHA

k| = Y8 _ Yc¢ _ b
BP, CP, DP, -

Ha pnc. 7 noxasassl BApHAHTHI PACIOJOKERANA MIHOBEHHOIO LEHTPA
cKopocTel:

a} mpH xadveHHM 6e3 NMPOCKANBLILIBAHHA TO HENOJABIKHOW MNOBepX-
HOCTH MCHOBEHHLIA LEHTDP CKOPOCTEH HAaXOJUTCA B TOUYKE KACAHUA
(puc. 7, a);

6) ecam ¥y || o m ¥ L BC, To nonoxenne P, onpegeaserca
MocTpoeHneM, MOKA3AHHEIM Ha puc. 7, 6,

B) ecan ¥y || o ¥ oTpesok BC He nepnenjukyadped ¥g, TO MIHO-
BEHHOr O MEHTPA CKOPOCTEN HeT, w = (, 2 CKOPOCTH BCeX TOYEK Teda
OMHAKOBE B JaHHBI MOMeHT BpeMenn (puc. 7, 8).




310 KHUHEMATHK A

Hpumep. Hajitu B momenT Bpemenn t = 1¢ ckopocth Touek A, B n C auHenkn
aaanncorpadra, LBHXEHHE KOTOPOTO OMHCAHO B MpUMepe 13 pasa. 1.1,

Peuteune. Crepxens AB coBeplliaeT niockonapainelbioe apukenune. [Ipopoan
MepHeH Uy IAPLL K HAMIPABASHHAM CKOpOCTEN Touek A
n B, Han jeM nolokeRne MIHOBEHHO O HEHTPa €KOpo-
creit P, (puc. 8). ¥raosyk ckopoctbw=¢=1¢~" uao-
Gpaanm gyTosoil cTpedkei ¢ yuerTos anaka. Hanpasum
ckopocTi Tovek A, B u O nepnenukyNApHO NpAMEIM,
coegurtiolnM Hx ¢ P, corlacoBas uX HaNpapIeHWA ¢
I¥TOBON CTPENKol YOI0Bol ckopocTi. Benndnnum cxo-
poCTeil HAJEM 13 COOTHOMICHUA

v
- w=—A4 = o = = ¥c ,
Vg AP, ~ BP, _ TP,
Puc. 8. oTkyRa Vs = vo = 1,0m/fc, vg =3 = 1,73m/c.

» Teopema 06 yckopeHESX TOYEK MUIOCKOM (PUIrYPHI: YCKOPEHHE
a060i Toukn B niockoll GUTypsl paBECG MEOMETPHYECKOR CYMMeE BEKTO-
POB YCKOPEEHA TIONIOCa G p M YCKODERNA d g p, KOTOPOE uMeda Gbl Todka B
NpW BpalleHWH QUIyphl BOKPYT HeNOABHXKHOrO nofkca P

= — = - -
g =Gp +Ggp =dp +app tapp. (10)

Mogyin Bexropos @5 p U Gfp K KX OPUEHTAIMA Ha MAOCKOCTH CIEAY-
oume: a3 p || BP n nanpasnes k nomocy P; afp =w?BP;dfp 1. BP u co-
raacoBal ¢ HaNPaBIeHWEM JYTOBOK CTpel-
KN €, agp = |e|BP (puc. 9).

Ecny cnpoekTHpoBaTh BEKTOPHOE Da-
BercTBo (10) Ha JBa HampaBmeHHMs — na-
pamtensHce BP n nepnengukynapuoe BP,
MOAYSHTCA CHCTEMa ABYX CKaJIAPHLIX Ypab-
HeHHH

agcosd = —apcosf+w?BP,
agsind = —apsinf + || BP,

B KOTOPBIX (UTYPHPYKOT CeMb BEIMYUH —
ag, ap, 6, 3, BP, w, £. Eciu naTe wa Hux
H3BECTHHI, TG OCTaBIINECA ABe MOTYT OHITH HaWjeHbl MYy TeM pelleHHA
CHCTEMBI. ,

Menogennvin yeHmpos yexopenuti TIOCKOH QUrYpul HashIBaeTCA He-
M3MeHHO CBA3aHHad ¢ Hell Touka P,, yckopeHNe KOTOPOR B PacCMaTpHBa-
€MBIH MOMEHT BpEMEHK paBHO Hydio. KapTuua pacnpegeneHusa yckopeRnyi
To4YeK MICCKOH PUTYPH Takad Xe, kak IIPH €€ BpameHuH BOKPYr Hemo-
ABHKHOH ocH, Npoxogdmel 4epes Touxy P,.

Puc. 9.
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1.4. NMpoussonbHoe gsuxKerne Teepgoro Tena

CKOpoOCTE ¥g W yCKODeHHe &p JI0G0H TOYKH TBEpFOro Tela, COBep-
AKIET0 POH3BOIBHOE ABUXKEHHE, MOTYT OLITL HalJeHBI, €CAH B pac-
cMATPHBaeMbIH MOMEHT BpeMeHH H3BECTHEI CKOPOCTL ¥p I YCKODEHUE G p
HexoTOpoll To4kH P Tena, a TakiKe BEKTOPH! YIA0BOH CKOPOCTH 0 M YTJIO-
poro yckopeuns € Tena. CooTBeTCTBYIOWME GOPMYIE HMEIOT BHA

75 = 7p +0 x PB,
Gg=dp+&x PB+@ x (@ x PB).

o
|

(11)

BexTophl & H & XapakTepH3yIOT KHHEMATHYECKOe COCTOAHME Tena
B pACCMATPHBAaeMbIll mMoMeHT BpeMeHM. MoOXHO MOKa3aTh, 4TO OHH He
3ABHCAT 0T BuIGOpa moaioca P.

B ciyqarx BpameHHA TeAa BOKPYr HENOJBHAKHOH OCH H NPH IIOCKO-
napaiielbHOM JBMXKEHWH BEKTOP ) paBeH TIepBOM MPOM3BOAHON OT yria
MOBOPOTA 110 BPEMEHM H HANPABJEH NePlieHZUKYIAPHO OCHOBHOH IHIOCKO-
cti. [IpH 5ToM, eCaM TOCMOTPETE HABCTPEYY BEKTODY &, BpalleHue Oy-
JeT Ka3aThbCA TPOHCXOIAINM NPOTHBE X0Ja 4acoBol cTpenku. Bektop £
B OTMX CJYHadX HallpaBlieH NapaieJbHO BEKTOPY ), eCIH 3HAKM § H
OJMHAKOBEL. B npoTuBHOM cilydae & U £ AaHTHIApALeIbLHEL

Tlpu NMpOM3BOABLHOM JBHXKEHHH Majoe MepeMelleHHMe Tela yzo6HO
NpeACTaBHTE KaK COBOKYTHOCTE €ro MPOCTEHUIMX ABMXEHMI, COBEpPIIae-
MBIX OJZHOBPEMEHHO, — MAJOro NOCTYNATEALHOTO IEpeMEeHHA BMeCTe ¢
noaocoM P U Maloro noBopoTa BOKPYT OCH, NPOXOAAIIEH Heped TOTKC.

Ecan ¥p = 0, 4TO MMeeT MecTO, HalpHMep, NPH cdepuveckom 0su-
wenuy, popmyna gia ckopoctd (11) mpunumaetr Bug @opayast Fdacpa

B »ToM cay4dae pacupegelende cKOpOCTel TOYEK TeAd TAakoe xKe, Kak
NpH BpalllcHWH BOKPYT HENOABMXHOH OCH, TPOXOJAUIEH depes P mapal-
JefbHO BEKTOPY G, MO3TOMY OHA4 HA3LIBACTCH M2NOGCHHOU 0CbI0 spauje-
Hua. CKopocTH BCex TOYEK Tela, 0Ka3aBIUMXCA Ha 3TOH OCH B paccMma-
TPHBAeMBIH MOMEHT BpeMeHH, BYAYT paBHel HYJID, M MaJioe TiepeMeIleHHe
Tea MOKHO PACCMATPUBATE KaK IOBOPOT HA MANBIH YT O BOKPYT MUHO-
BEHHOHM OCH BPAILCHHA. ‘ '

1.5. CnoxHoe aBM)KeHME TOUKH

» Ocuopnnte nonaTna. Yacto 3a ogHOH H Toif Xe Toukol M cieasr
ABa HabmoJaTels, ofUH U3 HUX HAXOJUTCA B OCHOBHOH CHCTeMe KOODJH-
Hat (Ogyz, KOTOpaA CYUTAETCA HEMOABHMKHOM, ADYTOH — B IOJABUXHOH
CHCTeMe KOOPAMHAT Pz y,z;, KOTOpad HIBECTHEIM 06pa3oM ABHKeTCA
OTHOCKTeNbHO HenogBmKHOM (puc. 10). B aToM cayyae, ecan 6yzet 3agan
JAKOH JIBIIKEHUMA TOYKY B IIOABMXHOH CHCTEME KOODAMHAT, TO TEM CAMBIM
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B M0600 MOMEHT BpeMeHH Oy/ieT 33 5aHO NOJ0-
eHHe TOYKH H B HemoJBHXHOH CHCTeMe KO-
opauHaT. JBukenye TOYKH, 3aJaHHOE TAKUM
06pa3oM, HA3LIBAETCA CAONCHbIM (COCTABHBIM)
ABUKEHHEM TOYKH.

OnHcanublil cnoco6 3agaHUA JBHKEHHUA
TOYKM OTAHYEH OT MaydeHHBIX paHee, Cko-
pPOCTh TOYKHM M ee YCKOPeHHe MOMHO ONpeje-

Puc? 10. IHTE TaK: HagIeXKauiMy NpeoSpa3oBaHuAMM
INepPeUTH K OJHOMY M3 M3y4eHHEIX CHOco0OB 3ajaHHA ABMXEHUA TOYKH
M 3aTeM AeHCTBORATH COOTBETCTBYIOWUM o6pasoM. OgHako 3Ty Xe 3a-
A4y MOKHO PEIIHTEL [0-APYroMy, oIUPaAck Ha pacCMATPUBAacMble HUXKeE
TEOpeMEl 0 CKOPOCTAX M YCKODEHHMAX MPH CAONHOM JBIMXKEHMH TOYKH.

AbBcoarwomubis deuncenuem mouxu M Ha3znBaeTCA ee [ABIXEHHE MO
OTHOLICHHIO K HENoBHKHON (afcomoTHOR) cucTeMe KoopauHaT. Tpaek-
TOPHA TOYKH, €€ CKOPOCTb M yCKOpeHHe HalblBaloTcs COOTBETCTBEHHO
abeoaomuotl mpaexmopued, abcomomnol cKkopocmbIo Tg. W abcoaom-
HBLM YCKOPERUEM .

Omuocumeasubin deuscenuen mouxuy M HadblBaeTcd ee JRUMKEHHME
110 OTHOMIEHWIO K MOABHXHOMH cmcTeme koopAuHaT. TpaekTopHa To4KH,
ee CKOpOCTh H YCKOpeHHe Mo OTHOMEHUIO K MOABMXHON CHCTeMe KOOpAH-
HAT HAa3bIBAIOTCA COQTBETCTRBEHHO OMHOCUMEABHONU mpaex:mopueu“, ot~
HOCUMEALNOT CROPOCTNGIO Uypy M OTRHOCUMEABHBIM YCKOPEHUEM ...

Hepenocnrn deuscenues HAILIBAETCA JRHIKEHHE TIOABMMKHOH CHCTe-
Mb] KOOPAMHAT 0 OTHOMICHHIO K HENOABMXKHoi. I1py 3TOM ABMXKeHUM 10-
ABUKHAA CHCTEMA (IIePEHOCHT? BMecTe ¢ CoBOH MHOKECTBRO HeH3MEeHHO
CBAIAHHBIX C HAH TOYEK.

Hepenocnot cxopocmpio ¥y, W NEpeMOCHLLI YCKOpeHUeH Grep Hadbl-
B&IOTCA CKOPOCTE M YCKOPEHHe TOH HeH3IMEHHO CBAZAHHOH ¢ NOABHXHOH
cHCTeMod Todku B, ¢ koTopold B JAHHEHA MOMEHT BpeMeHM COBITAgaeT
OBMKyIIaAca Todka M.

Ecar u3BecTHBI CKOPOCTE ¥Up M YCKODEHHE dp HEKOTOPOM TOHKH,
NpHHAATEXAIER [I0ABUKHON CHCTEMe, & TaKKe YLIOoBad CKOPOCTh W, |
YIJIOBO€ YCKODEHUE £y, TIOJBUXHOM CHCTEMBL, TO Ug H g MOXHO HaiiTH,
noabayach dopmyamu (11):

T

= tp —+—wnep X F,

@
b
|

g = dp +5nep X r+wnep X ("“’nep X ﬂ

» OcaOBHEE TeopeMEl. TEopeMa 0 CKOPOCTAT NPU CAONCHOM JauNce-
HUU MOuKY: BEKTOP abCONIOTHOH CKOPOCTH PABEH CEOMETPHYECKOW CYM-
Me BEKTOPOB OTHOCHTEALHOH H TEPEHOCHON CKOPOCTEN

- —

Vase = Yorn + Unep'
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Teopema 06 yCKopEHURE NPU CAOHCHOM OGUICENUY MONKU: BEKTOp ab-
COMTHOTG YCKODEHHA paBeH reoMeTPHYecKol ¢yMMe BEKTOpPOB OTHOCH-
TelLHOTO, IEPEHOCHOTO M KOPUGAUCHEa YCKOpEeHUH

Cagic = Born + a‘nep + axop'
BekTop yckopenna Kopuoauca onpefelaeTca ¢hpopMyaon

Gyop = 2(Fpep X Vgry) (12)

§ HAXOAMTCA B COOTBETCTBHU C TMPaBHJIAMN BLIMHCICHUA BEKTOPHOLO
NpPOH3BEJEHHA. '

TIpH HAXOKJCHHM BEKTOPOB &ory W Gpop HEOGXOMMMO HMETD B BUAY,
4TO Ka) bl U3 HUX MOXKET ABAATHCA TEOMETPUYECKOH CYMMOI HECKOb-
KUX COCTABJAIONINX, HATPHMeP KACATeTbHOTO ¥ HOPMAdbHOT O YCKOPEHHH .

IIpamep. o nuueitke annuncorpada, SBUKEHIE KOTOPOTG ONUCAHD B NPHMEPE
wa pa3a. 1.1, geuxeTca Touka M no sakony AM = 0.5 2 -2t + 2,5. OnpefenuTn ee
CKCPOCTE H YCKOPeHHe B MOMEHT BpeMeHn t = 1 c.

Pemeune. Hall geM ckopooTh ¥ YCKOPEHIE, MOAb3YACh TEOPEMAMH CIOKHOCD JBH-
KEHMA TOYKH. BpegeM noapixHYIo cHCTeMy KOOPINHAT, CBA3AB €€ O cTepuicem AB.
[Ipn Takoem pHGOpe OTHOCHUTENLHOE SEMKEeHHe ToUKH M Oy eT 3aaHo eCTECTREHHEM
cnoeoBoM. [Ipn 1 = 1c oxa okaxkeTcs B cepefune oTpe3ka.

OTHOCHTENBHEE CKOPACTE i YCKapeHite Haligem, nonniyace dopmyaamn (6}
:L:t—?:—lm}'c,

vﬂ'l‘ll
i

v 2 5
. L=1mfc", al., = vi /Pops =0, (Taxxax 1/p, ., =0},

Born =

rie HeRoabsohako ofioaHaqenne L = AM.
Hao6pasum Ha puc. 11 0 THOCHTENLHEE CKOPOCTS U YCKOPEHUE C YH4ETOM 3HAKOB.
[NepeHOCHRIMH CKODGCTBEC M YCKODEHHEM ToUKH M SyOyT ABAATHCA CKOPOCTH
M YCKOpeHHe TOro NYHKTa JuHelku snamncorpada, B KOTOPOM TOYKA OKaXETCA
B MomenT ¢ = lc¢. DTHM NYHKTOM SyfeT ABAATLCA Touka 0 AuMHelki, cKopocTh
H YCKOpeHMe KOTOpol GHIU HaHKeHH MpPH peureHHu
npuMepa, paac6paHHoro B paag. 1.1 (oM. dopmyas (8)):
-+ - - -
Yrep = Yoy Gpep = -
Haiigem ycxopenne Kopuonuca (12). Bexrop yrao-
BOH CKCPOCTH NOABMMHON CUCTEME KOOPSUHAT HaNpa-
Blen K HabllojaTeno nepnes IMKYJIAPHO MAOCKOSTH PH-
cyHka. Bextop @\ op PACTIONACAECTCH B RAOCKOCTH PUCYH-
Ka nepneHANKYIRPHO 1'.-‘0“ Tak, YT0 €ClH NOCMOTRETR
HaBCTpedy a‘mp, NOBOPBT OT & B GAMKANHNIYE CTOPOHY
K T,y KAXeTcd RPOUCXOJAWINM APOTHE XOJa YacoBoi
"
cTpeaxu (puc. 11). Mogyan &, op PaBeH

{2gop! = 2|ty gy ] sin90° = 2 mfc?,

Haxoanm aticonornyio ckopocTs Touku M

Puc. 11.

Voge = Toqu + f’nep'
Cl‘lpDeKTl«lpyeM afie yacTH BEKTOPHOTO PAPEHCTEA HA OCH T M Y
—15in30° + 1c0s30°% = 0,37 m/c,
= 1cos30® = 15in30° = 0,37 mM/<,

Vabcx — Yoru 2z + Untp:

=

vaﬁn'y QTH Y + Yiepy
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OTKYAR Vyg, = Y 1"'Eﬁl: P 1"'361: ¥ = 0,52 Ml'lrc'

Haxogum a6contoTHoe yckopeHue ToIKH M

= -+

Rasc = 2otk + a’nep + IL"xolp‘

CrnpoekTHpyeM 068 HacTit MOCIEAHErO BEKTOPHOTO CGOTHOIIEHHA HA OCH £ M ¥ ©
yueTom dopmya (8)

1sin30° - 1,37 — 2cos30° = —2,60m/<?,
—1c0s30° — 0,37 — 2sin30° = —2,24 m/<’.

Qabcx

Lube ¥

2
Moatomy a5, = /22, , + “36:;; = 3,43m/c".

Ipu pemennn 2afad KHHEMATHUKH C IOMOKIBI) TEODEM CJOKHOIO
ABHAKEHUA TOMKH HaXoXK eHHe KHHEMATHYeCKUX XapaKTepHCTHK OTHOCH-
TEALHOTO H NEPEHOCHOTO ABHMKEHHH MOXHO HAMMHATE TOJLKO NOCAe BhH-
Bopa noapixkHOH cucTeMu koopaunat. [loaToMmy Bonpoc o HarpaBAeHHH
yckopenusa KopHoanca nuilleH BCAKOTQ CMEICHA, MOKA He YKalaHb! Heno-
ABIDKHAA CHCTeMa, & TAaKXKe NOABHXKHAA CHCTEeMa H 3aKOH ee JBHMKEHHA,

2. OcHOBHbBIE NMOHATUA U aKCUOMBDI
MexaHUKHW

2.1. OcHOBHbIE NOHATUA MEeXaHUKK

» MexaamHgeckMe cHcTeMbl, CHABL. Meranuyeckott cucmemoti Haabl-
BaeTCA COBOKYITHOCTL MATEPHAJILHEIX TOYEK, BRI AEJIEHHEIX MO HEKOTOPO-
my npusraky. Kak npabuao, noaokenue Kakod-aubo TOUKH, €& CKOpOcTh
H YCKOpEHHE 3aBHCAT OT NOJOMEHUH W CKOPOCTEH OCTANLHHX TOYEK.

Hecaobodnoti meranuveckoti cucmemoti Ha3pIBACTCA TAKAR CHCTEMA
TOYeK, HA TIONOKEHHA H CKOPOCTH KOTOPHIX HANOXEHH orpaHHyenns. Ma-
TepHaibHBIE Tea, KOTOPHE OCYIIECTBAAKT 3TH OrPaHMYEHMSA, Ha3uBa-
IOTCA HMEZQHUNECKUMUY CERAIAMU, HANOKCHHBIMHY HA MexaHH‘{eCKyIO CHCTe-
My. COOTHOIIEHHA, CBA3LIBAIOIINE KOODAWHATEl, CKOPOCTH TQYEK CHCTE-
Mbl M BpeMs, Ha3bIBAIOTCA ypasnenuanmy caazel. MaTepralbHas cHcTeMa
HASHIBAETCA c60000KOt B CAy4Yae OTCYTCTBMA MEXaHUYECKUX CBA3EH,

Abcoawomuo meepduis meaos (TBEPABIM TEAOM, TEJIOM) HA3HIBAETCA
COBOKYTIHOCTH MATEPUANLHEIX TOYEK, BIAHMHOE TIOIOKEHHe KOTOPHX He
MEHAETCH.

TIpu BaaumogeiicTBUM TOUeK (Tea) MEXAHHYECKOW CHCTEMBI TPOHCXO-
JAUT U3MeHEeHHE WX KHHEMATHYECKOTQ COCTOAHHA. Mepod Takoro Baau-
MOZeHCTBUA ABIAETCA Cuad, M30OpaKaeMmad Ha PUCYHKaX B BHAe Halpa-
BJAEHHOTQ NPAMOIHHEHHOr O oTpe3ka. Junuel detdicmeusn cu.abl Ha3BIBAET-
CA IPAMAHA, BAOAE KOTOPOH HANPABIEH ITOT OTPEIOK.

CoOBOKYTIHOCTD CHJI, BBl JEACHHBLIX TIO KAKOMY-THO0 MPU3HAKY, HADLIBA-
eTea cucmesoll ¢ita 1 0003HAYAETCA {ﬁ,}
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CucTeMa CHA HA3BIBAETCA YPASHOGEULEHHOU, eCAH, NPUIOKEHHAA K
cBOBOAHOMY TBEPAOMY TeNy, HaXOAAWEMYCA B TOKOE, OHA He BLIBOJAWT
ero M3 3TOI'G COCTOAHNA.

CucTeMbl cun {F,} i {é’J} HABEIBAIOTCA IKEUGAAEHTMNGLMY, €CIH,
10pOsHb MPUIMKEHHBIE K CBOGOZHOMY TBEPAOMY Tely, OHH BBISHIBAIOT
OAMHAKOBOE H3MEHEHHE Ero KHHEMATHYECKOTO COCTOAHMS.

Pasnodeticmeywujet cHCTeMBl CAJI, NPUAOKEHRBEIX K TBEpPJOMY TeRy,
Ha3LIBAETCA CAJIA, JKBUBANEHTHAA HCXOZHOH CHCTeMe CHA.

CHIBL, ¢ KOTOPBLIMH MeXaHM9eCKHe CBA3M AeHCTBYIOT HA TOYKH CHCTE-
MBI, HA3BIBAIOTCA cuaanmt peaxyutt caasets. Cunbl, AeHCTBYIOUME HA TOYKH
CHCTEMEl U He ABJAIOWMECE CHAAMY PEAaKIMH, Ha3BIBAIOTCA KM UEHLLIY
cuAaMY.

» MomenTe cui. Mosenmon cuast F omuocumeanno yeumpa (moy-
xu) P nasupaerca BekTop M p( F ), paBHEIH BEKTOPHOMY IPOU3BEACHHUIO
pajuyca-BeKTOpa ' p, IPOBEIEHHOrO H3 NEHTPa B TOYKY [PHIOKEHHA CH-
abl, Ha BeKTOp cuib: M p ﬁ) =7p X F (pmec. 12}.

Moayns momeHTa CHAB paBeH TPOM3BEIEHHIO MOAYAA CHIB Ha Be-
ANYHMHY €€ mIe4a OTHOCUTEeABHO UeuTpa. [Taevom cuabt F oTHocurens-
HO UEHTPA HadLIBa&TCA OTPEIOK MepleH-
gukyadapa PR, onymeHHOro U3 IgHTpa Ha
auamo geitcreusa. Bektop M p(F ) mwep-
TIeH UK Y IAPEH [0 CKOCTH, B KOTOPOH pac-
NONAraloTCA CHAa M LEeNTP, M HAnpaBileH
TaK, 4TO €CIH TIOCMOTPEThL eMY HABCTpE-
4y, MOBOPOT CUALL BOKPYT HEHTPA KAXeT-
CA TPOMCXOAALMM IPOTHE X0Ja YacoBOM
CTpeAKH. ECIH CHIY NepeHecTH MO NHHNM
AeHCTBUA, €6 MOMEHT OTHOCHTENLHO TOrO
Xe UeHTPA HE H3IMEHHTCH.

Monenmom cuamt F ommocumeasno
oct 7 HA3BIBaeTCA CKAMAPHAA BeAUYMHA Mz(ﬁ), paBHad MpPOEKNHH HA
3TY 0Ch BEKTOPAa MOMEHTa CHIbI OTHOCHTEALHO MOGOTO LEHTpa, Jexa-
mero Ha >Tolt ocu. /lnA BEIYMCASHHA MOMEHTA CHALI OTHOCHTEALHO OCH
Heo6X0AMMO:

1} npopecTH a106YI0 NAOCKOCTHL 7, TEPNEHAMKYAIPHYIO OCH, U OTMe-
THTH Touky P’ ux nepecedenns (puc. 12);

2) nanT: Fr— IPOEKIHIO CHABI HA TOCKOCTh,

3) waiTH abcoMOTHOE 3HaYERNE MOMEHTA BEKTOpa F' oTHOCUTeABHO
leaTpa P’

4} noayvenwol BeAMYMHE TPMCBOMTEH 2HAK, HAOMIOJAA 33 BPAIEHUEM
g BOKpPYr P! cO CTOPOHB MONOMHTEALHOIO HANpPaBIeHHA OCH, NPH
STOM BpalleHHI0 NPOTUB XOAa YacOBOH CTpeakH GyjeT COOTBeTCTBOBATL
NONoXHTENRHEIH 3HAK.
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MoMeHT cHALl OTHOCHTEABHO OCH He MIMEHHTCA, 8CIU CUITY MEPEHECTH
BAOAb AUHMH AeHCTBUA. MOMEHT CHAK OTHOCHTEABHO OCH PAaBEH HYMIO,
eCH CHAa H OCh HAXOJAATCA B OJHOH TAOCKOCTH; B DTOM clydae NTHHHA
JeHCTBHA CHIH JHO0 mapaadelbHa OCH, AMGO ee NepeceKaeT.

MomeHT cHAB OTHOCHTEILHO HAYANA CHCTeMbl KoopguHaT O H
MOMEHTH CHALl OTHOCHTENLHO KOODAWHATHHX OCEH BHIMHCAAIOTCA 10

dopMmynaMm

PR
Mo(Fy=ryx F=|z ;; 2 | = MU FYT+ MAFY]+ M(F)E
Fz Fy Fz
M,(F) = yF, ~ 2F,, M(F)=zF,—2F, M,(F)=zF,-yF,,

rae F,, Fy, F, — mpoexkuun cuarl Ha KOODAMHATHHE OCH, & I, Y, 2 —
KOOPAHHATH TOUKH €€ MPHIOXKEHHA.

Taaenvim sexmopom cucmemst cua {Fk} HA3BIBAETCA BEKTOP ﬁ,
PABHELI T€OMETPUYECKON CYMME BCEX CHJ CHCTEMEL:

R=3F
k=1

. Lraensis momenmon cucmenst cua omuocumessro yenmpa P Hasw-
BaeTcA BeKTOp M p, paBHB MeOMeTPUYECKON CYMME BEKTOPOB MOMEHTOR
BCEX CHJI CHCTEMH OTHOCHTEABHO UenTpa P

ﬂ?P = Z‘HP(FJ:) :ZFJ:P X Pk-
k=1

k=1

» Ilapoit cun HasLIBaeTCA cHCTeMa ABYX CHI Fru }_5&”, NPHIOKEH-
HEIX K OJHOMY TBEPJOMY Tely, KOTOPHIE PABHHI 0 MOJAYMIO, MaPaJLIeAb-
o HBl W HANPaBAEHbLl B NPOTHRONONOKHEIE

MT cToponsl (puc. 13).

KpaTyaiinee paccrosnue h memgy
IUHUAMH FEUCTBHA CUI MAPHl HazbiBAeT-
CA NAGUOM NAPbl, & TIOCKOCTh, B KOTO-
Puc. i3 POH JMEXAT CHMLI, — NA0CKOCTMbYW Oeti-

CMAUA nAps.

ki

Ceaoticmaa napst cua:

1. T'naBHEIA BEKTOD TAPLI CHA PaBeH H o, .

2. Tnasuniit mMomenT mapw cua M{F’, F”) = M we 3aBncuT oT
BHIOOPA UEHTPa N HAILIBACTCA Momenmon napsl cua. OH paBeH MOMEHTY
OBHOH M3 CHJ HAPLl OTHOCHTENBHO TOYKM TPHIAMKEHMA APYTOH CHIHL.
MonmeHT mapel CHI ABAAETCA MEpPOH ee MEXAHHYECKODC AEHCTBHA HAa
TBepAoe Teno. Ilog geficTBueM Mapm cua cBoGoAHOE TBEPAOE Teno,
HAXOAMBUIEECA fJO TOIC B IOKOe, HAYMHAET BpalllaThLCA BOKPYT OCH,
MapAIIeIbHOH BEKTOPY MOMCHTA TIaphl CHA.
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2.2. AKCMOMBI MexaHKuKK

OcHoBHBI® aKCHOMEI MeXaHUkH {daxonbt [aauses — Hoomona) nepe-
qUCAEHBl HIKeE,

» 1. 3akoH uHepuum (nepsntl 3axox Hvtomona): ecan na ceoboguyio
MATEPHAILHYIO TOYKY He JeHCTBYIOT CHJBI, TO OHA COXPAHAET COCTOAHUE
IOKOA WIH PABHOMEPHOrQ MPAMOIHHENHOTG ABHKEHN.

p 2. 3aKOH NPONCPUIMOHANEHOCTH CHIE M YCKOpeHHs (emopot
zaxon Heiomona) 3alHCLIBaeTCA B BUAE BEKTOPDHOI'O PABEHCTRA

mid = ﬁ,

COTAACHO KOTOPOMY CUAA, AelcTBYolad Ha CBOGOHYI TOUKY, coolllaeT
ell YCKOpEHHe, BeKTOD KoTopPOr'o napaiieieH CHIe H npoloplHoHaleH ee
BEJHYHHE.

Macca mouxy m BXOJUT Bo BTOPOM 3aKOH CKAaAAPHLIM Ko3HIIH-
EHTOM RPONOPUHOHATLHOCTH. B MexaHWKe Macca ToNaraeTcA MOCTOAH-
HOH BENMYHHOH, OHA ABIAETCA MEPOH MHEPTHOCTM M CPABUTALMOHHBIX
CBOHCTB MATEPHATBHOH TOYKH.

CHcTeMBl O0TCYeTa, B KOTOPHIX BLIIOAHAKTCA TEpBHIA M BTOPOR
aakonb! HploTOHA, HA3BIBAIOTCA UNEPUUAALHBIMY CUCTREMAML OMCouemd.
Ecan B HEKOTOPOH CHCTeME OTCYETa 3TH 33KOHEl HE BHIIOIHATCA, TO
OHA HasbIBAETCA HeuNepyuasbHol.

» 3. 3akoH paBeHCTBA AeWCTBHA U NPOTHBBOAENCTBHA (mpemui
saxon Hvwomona): BcaAKOMy JefiCTBUIO COOTBETCTBYET DABHOE U NPOTH-
BOTICJOXKHO HANIPABAEHHOE TIPOTHBOAEHCTBHE.

Cunopble Bo3JeHCTBUA OJHHX MATEPHAILHBIX Teld Ha pYyrue He GhBa-
0T OfHOCTOPOHHHMHE, OHU BCErga B3auMMHbi. CHIR He BOJHUKAOT ¢aMM
no cefe, a ABAAIOTCA PE3YABTATOM KOHTAKTHOIO WIN NPOCTPAHCTBEHHO-
ro s3auMogeicTBuf Ten. [loapaenne cuiwl, JeHCTBYIOIEH HA TEAO, UPEl-
nojaraeT HAAMYUE [APYTOTO TeNa, Ha KOTOpOe, B CBOY o4epedb, OyieT
AeNCTBOBATL CHJA CO CTOPOHEI TEPBOrO Teld. BaKOH YTBEPXJaeT, 4To
9TH CHAB PABHH 1O BeJHYHHE, MPOTHBOMOJIOKHE M0 HANPABICHHIC H HX
AMHUH JefCTBUA COBNAJAOT.

» 4. CucTeMa cia, TPUJIOKEHHBIX K OAHOH TOYKE, HMEET PABHOAEHCTBY-
uyw R*, KOTOpad paBHA HX [eOMETPHYECKOM CYMME.

Teopema Bapuwvone o somenme paswodediemayowedl cucmemsl cxo-
dawures cua (ABNsIETCA CrEACTBHEM YETBEPTON AKCHOMBI): MOMEHT PaB-
HOMeHCTRYIOWER CHCTEMB CXOAAIIMXCA CHI OTHOCHTEALHO [POH3BONLHO-
TO UeHTpa PaBeH TeOMETPUYEeCKON cyMMe MOMEHTOB CHA CHCTEMBl OTHO-
CHTEILHO TOI'O XK€ UeHTPA.

b 5. KuuemaTHueckoe cocTosnue HecBOBOAHOH MEXAHMYECKOH CHCTe-
Mbl He MaMeHAECTCA, €ClH OTOPOCHTE MeXaHHYecKHe CBA3M, HANOXKeHHBIe
Ha cHCcTemy, 3aMEHHB MX A€HCTBHE CHAAMH peakLHI CBA3EH.
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3. CraTuka

3.1. OcHoBHble 3aKOHbI U TEOPEMBI CTATUKH

» 3agadaMH CTATHKH ABJIAIOTCA:

1) npeofpa3zoBaHua cHcTeM CHJI B 3KBHBAJCHTHLIE CHCTEMEl CUT,

2) onpegenenue yCnoBUE PABHOBECHH CHCTEM CHJ, AEHCTBYICIIMX Ha
TBEpACE T&JO. ’

b AKCHOMBI CTATHKH. JONOAHHTENILHO K OOLIUM 3aKOHAM MEXaHHMKH
B CTATHKE TIPUCOSGHHAIOT CHEAYIOUIHE AKCHOMEL.

1. Axcucsa 06 YpaEROEEWEHROCTIU OBYT CUA, NPUIONCEHRBIT K Maep-
doMy meay: ABe CHJbI, NPHJICKEHHHE K TBEPAOMY Tely, BIaUMHO YpPaB-
HOBEMIMBAIOTCA TOABKO B TOM CAYYae, eCMH CUILl HANPABJICHH B pal3HLIe
CTOPOHH BAOAL 0BMeH AMHAK AEHCTBHA M MOLYJIH HX DABHEL.

2. Axcuosa npucoedURERUA U UCKAIOUEHUA YPAGROBEULERHDIT CUCTILEM
cua: AeMCTBHE CHCTEMBl CHJI HA TBepJ0e Ted0 HE U3IMEHHTCH, ecln K Hel
AOGABUTH WIH U3 Hee HCKAKHYHUTh YPABHOBEILIEHHYIO CUCTEMY CHIL.

W3 mocnegHux ABYX AKCHOM cledyeT, MTO CUJIY, IPHAOKEHHYI K
TBEPAOMY TENY, MOXHO NEPEHOCHTHL BACHL JWUHUW AeHCTBUA, NIPH ITOM
JelcTBYHe CHJL HA TeJd0 He ByAET MEeHATHCA.

3. Axcuoma o corpanenul PasnOBECUR MELANUNECKOL CucmeMbl npu
HEAOWCEHUY JOROANUMEADHBIT METARUNECKUT CO8F€el: eCH MEeXaHNYeCKad
cUCTeMAa HAXOAHTCA B COCTOAHUM PABHOBECHUA, TO OHO COXPAHUTCH, €CAH
HA CHCTeMY HAJOKHUTEL ZONOAHATENBLHYIO MeXaHHYeckylo cei3b. OTcloja,
B YacTHOCTH, CleAyeT, 4TO paBHOBecHe JedopMUDYEMOro Teda, HaXoaa-
IIEroca TOJ AeHCTBHEM HEKOTOPOH CHCTEMBI CHAt, COXPAHWTCA IIPH €ro
3ATBEpJEeBAHNM, TaK Kak 3aTBEPAEBAHUE Teda IKBHBAJEHTHO HAJOKEHUIO
ZOMONHATEALHEIX MEXAHHIECKHX CBA3EH Ha CHCTEMY MATePHAJIBHHIX To-
yek, Q6pasyiiunx AehopMupyeMoe TEI0.

» OcCHOBHEIE TEOpEeME CTATHKH.

Mo¥HO J0K&a3aTh, 4TO ABe napbl CHJI SKBUBANEHTHRI B TOM CIydae,
eclIM X MOMEHTHI PaBHE. DTO 0IHAYAET, YTO, HE H3IMEHAX MeHCTBHA Na-
PH Ha TBEpPJOE TEA0, €€ MOKHO MePEHOCHTE B AK06oe MeCTO B MIOCKOCTH
ee MeHCTBHA, NPH DTOM Napy MOXKHO NOBOPAYHBATE, MEHATHL BEJIMYHHLI
CHI H IIeYa, OCTABMAA NOCTOAHHKM HallpaBieHHe BPAILeHUA H BEAHIUHY
MoMeHTa naphl. Ilapy MOXKHO TakXke NMepeHOCUTH B JPYTYI0 IIOCKOCTE,
MapailelbHYK HCXOAHOH MAOCKOCTH AeHcTBHA napel. TakuMm obpasow,
OCHOBHOH XapPaKTePHCTUKOH Napel ARIAETCA BEKTOP €€ MOMEHTA, [OITo-
My mapy yAo0Hee NpejCTaBaAATE 3THM BEKTOPOM, & He JBYMA AHTHIAPAT-
AeNBHEIMA CHJIAMH.

Teopema ¢ pesysbmupyouet nape cua: CUCTEMA NAD, TPHICKEHHBIX
K TBEpAOMY Tely, 3KBHBANEHTHA O/JHOH TIAPE CHJI, MOMEHT KOTOpPOH paBeH
FeOMETPHYECKOH CYMME MOMEHTOR MCXOJAHHX Map.
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Teopesa ¢ NUPAAAEALHOM NEPENGCE CUAb: CHAY, He MEHAA ee geli-
CTBHA Ha TBEPACE TEN0, MOXKHO TAPAaJAeNLHO NEPEHECTH B AI00YI0 TOYKY
Tena, SoOABHB K HEMY TIPH 3TOM HAPY CHJI (DTA Dapa HaILIBAETCHA TPHCo-
¢ MHEHHOH ), MOMEHT KOTODOIl PaBeH MOMEHTY NEPEHOCHMON CUAKN OTHO-
CUTEILHO TOH TOYKH, KY/a CHJIA NEPEHOCHTCA.

Teopesa ¢ npueedenut cucmeMdb cugd K YERMPY: TPOHIBOILHAL CH-
cTeMa CHA, TIPHACKEHHBIX K TBEPAOMY Tely, S3KBUBaNeHTHA ofHOH CHIE,
NpUIOKEHHON B Halepes BLIOpaHHOM LeHTpe P, n o,q_r;oﬁ nape cua. Ilpu
STOM CUIA PaBHA [MABHOMY BEKTOPY CUCTEMH CHa fi, a MOMEHT HapH
cun — [JIaBHOMY MOMEHTY CHCTeME! ¢cHa M p 0THOCHTeALHO BHIOPAHHOrO
LIeHTpa.

Teopesa 06 IKAUSAAEHMIHOCTIY CUCTEM CHid, NPUIONCEHHBIET K mMaep-
JoMYy medy: JIA TOro YTOOEl CHCTEME! CHI SBlIM S3KBHBATEHTHE], Heobxa-
AVMO H JOCTATOYHO, 4TOSH ¥ HUX OBUIM OZUHAKOBHIE IVIABHBIE BEKTOPHI
H MABHEIE MOMEHTbhl OTHOCHTEIEHS OJHOMO H TOrO Xe OeHTpa.

Teopema Bapunbona o momeume pasnodeticmayoweli: ecin CHCTeMa
CHJl HMEeT paBHoflelicTBy oMY R *, TO €€ MOMEHT OTHOCHTeABHO moboro
nenTpa P papeH reoMeTpHyYecKol CYMMe BEKTOPOB MOMEHTOB BCEX CHI
CHCTEMBl OTHOCHTEABHO TOTO Xe HeHTPa:

Mp(R*) =Y Mp(Fy).
k=1

Caedemeue: MOMEHT PABHOAEHCTBYIONIEH OTHOCHTENRHO MPOUIBOIL-
HOM OcH paBeH aareGpaHiecKol CYMME MOMEHTOB BCEX CHI CHCTEMBI OT-
HOCUTENLHO TOH Xe OCH.

3.2. Ycnosua YPABHOBCIWEHHOCTH CHCTEM CHA,
NMPUAOKEHHBIX K TBEPAOMY Teny

» YpaBHenHna pasBHOBecHA TBepporo rteiaa. dis Toro 9Tobel cH-

CTeMa CHA, IPUAOKEHHLIX K TBepAOMY Teay, Onaa ypaBHoBelteHHOH, He-

o6xpAUMO U JOCTATOYHO, YTOOH GLIIH paBHH HYIK €€ IABHEIH BEKTOD
¥ rIaBHBEIH MOMEHT OTHOCHTEILHO KAaKoro-IuSo HeHTpa

ﬁ::ﬁtk:(}; MP=ZHP(FJ¢):O‘ 1)

Yeao6us ypaenoseuenHocmy CHCTEME CUAl, TIPHAOXKEHHEX K TBEPAO-
MY Telly, B KOODAWHATHOH ¢(opMe NONYYAOTCA U3 BEKTOPHBIX YPaBHE-
iuit (1} u uMelOT BHA CHCTEMBbI MIECTH YPaBHeRMH

> F, =0, > By, =0, Y B, =0,

2
YoM (Fo=0, Y M(Fo=0, Y M(F,)=0. @
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Bepxune Tpu YpaBHEHN HASHBAKTCA YPASHERLAMY nfoex:uuﬁ CHJ H3
KOOPAMHATHHIE OCH; OHH OTPAKAIOT TOT GakT, YTO NPU'PABHOBECHH TEEP-
goro Tena axrefpanyeckad CyMMa NpPOeKUWH BCEX CHJ, IPHAOKEHHRIX K
Teay, Ha KaXAYIO KOOPJHHATHYIO OCh JOJAHA GBITL paBHa HyA10. Hukuue
TPH YPaBHEHUA HA3BIBAIOTCA YPAGHEHUAMY MOMEHINOE CHA OTHOCHTEIBHO
KOODAMHATHLIX OCeHl. DTH ypapBHEHMA YKAZLIBAIOT HA TO, MTO OPH PaB-
HOBECHM Teda aareSpantieckan cyMMa MOMEHTOB BCeX CHJ, AeHCTBYIOIMX
HA Teno, OTHOCHTEILHO KaXK 4ol KOODAUHATHON ocH Joaxua GuITL paBHA
HYJIIO.

Cucrema ypasHennit (2) HaaHBAETCA 0CHOGNOU cucmemot ypasnenuil
PAGHOBECUR MEepooas Medd, HAXOZAUIETOCA IO JeHCTBHEM NPON3BOJL-
HOH cHeTeMel cill. CyIecTByIoT Apyrie GOPpMEl CHCTEMB YPABHEHUEH paB-
HOBECHA, KaX Jaf N3 KOTOPBIX COCTOUT H3 LlecTH ypapHeHuH, IIpu ncroas-
BOBAHMM TAKHX CHCTEM TPHXOAMTCA CIEIHTH 33 BHIIOJIHEHHEM YCIOBHH,
HAKIAALIBAIOMIMX OMPAHMYEHUA HA BLISOP 0Cell, 0THOCHTENRHO KOTOPHIX
BREIMHUCIAKTCA CYMMEI MOMCHTOR CHJ.

B kaxgol 3ajgade 0 paBHOBECHH TBEPAOTO Teld MM KOHCTPYKIIHH,
COCTOAINEH N3 HECKOJABLKHX TeX, KpOMe 3aJaHHHX BEAMYMH, HMEIOTCA Be-
AHYUHEL, KOTOPBE HeoBXOMMMO HalTM B NIpolecce pellleHHA. Jajada o
DABHOBECHH HAILBACTCH CMAMUNECKU onpedesuMot, eClIN OHA pellaeTca
A0 KOHLA MeTOZAMH cTaTHKM. B sToM caydae Heobxogumo, 4Tobul YM-
ClI0 HEM3BECTHLIX He NPEBLIIAN0 YHCAa YPABHEHHH paBHOBECHA. Jajada
HA3BIBAETCA CMAMUYECKE HEONPEedeatsMotl, eCIH eC Helb3A PElINTD, MOdb-
3YACH TONLKO YPARHEHUAMU CTATHKH. I[03TOMY 3a4a4a o paBHOBECHHU Of-
HOI'O T3, COJePXKAlIAA CeMb i Bonee HEeHIBECTHRIX, 33BEAOMO ARIACTCA
CTATUYECKH HEOTUPegeauMal.

» “TacTHHE CIyUan ypaBHEHHUH pPaBHOBECHA TBEpAOre Teaa., B
JACTHBLIX CAYHAAX PACHONOKEHUA CHA OJHO WM HECKOALKO YPaBHeHUH CH-
cTemu (2} MoryT obpamiaThca B ToXgecTBa. Hanpumep, ecan Bce cHabI
NepIIeH JHKY AAPHEL KOOPAMHATHOM oCH z, B TOXJAECTBO ob6pallaeTca ypaB-
HeHUe NpoeKOHil Ha 0Ck 2, M YMCIO YPABHEHMH PABHOBECHA YMEHLIIAETCA
B 3TOM cly4ae jJ0 IATH; eCIH JWHWH JeHCTBUA BCEX CUII TIEPECeKaloT OCh Y,
B TOXASCTEO 06pallaeTcsa YPABHEHHE MOMEHTOB OTHOCHTEALHO OCH .

Huxe paccMOTpeHEBl CHCTEMB! CHJI, PABHOBECHE KOTOPHBIX ONHCLIBAETCA
TpeMA YPABHEHMAMH PABHOBECHA.

CucTeMa CUA HA3KBAETCH CToGAUfeticR, ecad AMHUM AEHCTBHA CHA
epeceKalTCH B OZHOH Touke. Bribepem mavano koopAMHAT B 3TOH TOYKe.
YpaBHEHHA MOMEHTOB OCHOBHOH CHCTeMH! (2) 06pamaloTcs B TOXKAECTBRA,
a OCTAaBLIMECA TPH

> F,=0, Y F,=0, Y F,=0

05pa3yioT CHCTEMY YPapHEHUN pABHOBECHA.
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CHCTeMa CHT HA3BIBASTCA NA0CKOY, ©CAM CHAB pacloAaraloTcAd B
oxHOR NMAocKocTH. HalpaBnMm KoopAMHATHRIE OCH Tak, 4TOGH BCe CHIbI
oKalalichk B ILIOCKOCTE z(y; B 3ToM cAydae TpeThe, 4eTBEpTOe U
IIATOE YPABHEHHWA OCHOBHON cHCTeMHl {2) 06pajaloTcsi B TOXJAECTBA,
oCTaBLINECA TPH

SR.=0, Y R, =0, 3 My(Fy)

06pa3yioT CHCTEMY YPABHEHUE PABHOBECHA IICCKOM CHCTEMBI CUI. 3Jech
ypaBHEHMe MOMEHTOB OTHOCHTEABHO OCH 2 3allICAHO B WHOHR, 3KBHBa-
JEHTHOH opMe: B JAHHOM Cy4ae BEKTODE MOMEHTOB NEpPHeHAuKYNAp-
HBl IIOCKOCTA A€HCTBHA CUA, €CAH UEHTP PaclooXeH B TOH Xe IICCKO-
ctd. [loaTOMY MOXHO PacCMATPUBATH MOMEHT CHABl OTHOCHUTEILHO LEH-
Tpa KaK CKAJIAPHYI0 BeJMYHHY. B HpaBoll cHCTeMe KOCPDAHHAT MOMEHT
CYHTAETCA MOJMOXKUTENLHEIM, €CIH CHAa CTPEMUTCA IMOBEPHYTHCA BOKPYT
IIEHTPA IPOTHB X043 YaCOBOW CTPEAKH.

B cayyae naockou CHCTEMBI CHA MOXKHO NOJAB3OBAThLCA APYTEME ¢op-
MaMH ypaBHeHHN paBHoBecua. QgHA U3 HUX:

S F.=0, S Mp(Fy=0 > Mi(F)=0,

rde P u 8§ — mofele TOYKH WIOCKOCTH, LI KOTOPHIX oTpesok PS
HelnepleHAUKY MAPEeH OCH Z.
Ewe ogHa dopma ypaBHeHUE paBHOBECHA:

ZMP(ﬁk):Os ZMS(ﬁk):Or Z:ME(?k):Or

rae P, §, E — xiofule TOUKH ILIOCKOCTH, HE MeXAIIMe HA OJHOR NpAMoil.

COBOKYNHOCTD CHJ HA3LIBASTCA CUCTREMOU NAPGASEADHBIT CUA, €CAN
THHEM AeHCTEBHA CHa DapaiieibHel. Ock 2 HAIpaBEM HapafielbHO JHHH-
aM AedicTBudA. IlepBoe, BTOpOE K LIECTOE YpaBHEHHA CHCTeMHl (2) obpa-
IAITCA B TOXAECTEA, OCTABUIECHA

YN F.=0, Y M (F)=0 Y M/(F)=0

00pazyioT CHCTeMY YpPaBHEHHWI DaBHOBECHA Tena, HAXOJALIETOCA MO
ACHCTEHEM TMADANTENBHBIX CHA.

0 (3)

3.3. Pewenue 3aflay cTaTuKu

P Obmian cxema pemenua 3agad O PaBHOBECHM Texa (WIH KOH-
CTPYKINH, COCTOAUIEN U3 HECKOABKEX TeJ) COAEPIKHT HECKOMBKO TAMOB.
Heo6xo aumo:

1. Bu6paTs Teno (MIn KOHCTPYKIMIO), UCCAeOBAHKE PaBHOBECHS Ko-
TOpOro No3BOAHT ONpedeuTh TpebyeMue Beauynnsl. Hapucosarh pac-
NEMNY0 creMy — YIOPOUIGHHHE PUCYHOK, HA KOTOpPHI BHIHECEHH AMUIL
11 A Nonauun, B, [, Honankn u ap.



322 CTATHKA

HeoBxoqUMLIe AJA pELIEHHA JUHEHHbE DAaMepRl H YTUIBL, & HeCYIleCTREH-
HE¢ JeTATH ONYIIEHEL.

2. Wao6pasuTe Ha cXeMe aKTHBHBlE CHAH, 3afaHHBIE B YCACBHH
3a,a4H.

3. Ecam Teno necpoBoaHo, oTOPOCHTE HAJIOKEHHEIC Ha HECO MeXaHU-
qecKMe CBA3M, 3aMeHHB WX jeficraMe peaknuamu ceazeil. HNocune Takon
3aMeHEl Tedo CTAHOBHTCH CBOOGOJHEIM.

4. [IpoBepHTE BHITIONHEHHe HeOOXOMUMOro YCIOBHA CTATH4eCKOl
ONPEASAUMOCTH 3afadyi: YHCIO HEMIBECTHHIX, NOABMBINNXCA Ha pacdeT-
HON cXeMe, He JOMXHO IIPEBHILIATH 4YHCIA YpaBHeHUIl paBHOBecHA A
paccMaTpHBAeMONR CHCTEMBI CHIL.

5. B cayvae BLIIOIHEHHA DTOTO YCAOBHA COCTABHTEL CHCTEMY YpaBHe-
HUHl paBHOBECHA, PENIUTDH €€ U MCCAeLOBATH MOJyYeHHBIE Pe3YABTATH.

Mpy pemeHy 3a,1a4H KeraTelbHO JeHCTBOBATH CTPOrC II0 OfHCaHHOM
cxeMme.

OuelT HoKaleBaeT, 4YTO Haubodee YacTo OWMBKH JOMYCKAOTCH
npyu 3aMeHe cBasell ux peakuumamu. OcraHoBUMcH nogpofHee Ha 3TOM
BOIIpOCE.

» IlpaBnaa paccTAHOBKH CHI PeaKLUuil MEXAHMTIECKHX CBA3EH.
Kaxgas MexaHHYecKas CBA3L NpedcTaBadeT aMGo Teno, anGo MexaHUYe-
Ckoe YCTpPOMCTBO, KOTOpOe HaKAajAnlBaeT Kakue-THOO OrpaHH4eHHA Ha
nepeMellleHue Teda B npocrpadcTee. [Ipu 3ToM, B 3aBHCHMMOCTH OT BHfa
CBA3M, HEKOTOpEE NepeMelyeHus 3alpellielsl, a HEKOTOpHE — palpelle-
Hel, 3TO 06CTOATENBLCTEO MO3BOIALT 3aDAHEE, He HAXOAA YMCIEHHBIX 3Ha-
génﬂﬁ CUAOBHIX (PaKTOPOB JeHCTBUA CBA3MH, YKAalaTh Ha HEKOTOPHE Kade-
creeHble ocobeHnocTH. [IpaBiio, kKoTopoMy Heo6X0AHMO CAeJOBATL IIPH
3ameHe cBfaell CHAaMH peakuyy, 3akl4aeTcd B CAeJYIOLIEM: peaxiHs
CBA3H B 0O0LIEM ClyHae MOXET COCTOATH M3 JBYX CHJICBHIX (DAKTODOB —~
CHJBI, NPHAOKEHHON B TOYKe HAJIOXKEHMA CBAIW, H Oaphl CHI.

Ecau cBAspb 3anpellaeT NocTynaTenbloe epeMelieHue Tela, NoaBAs-
eTCA CHAa PeakiMi, HallpaBAeHHe KOTOPOU OpOTUBONCIOKHO 3AlpeLleH-
HoMy NepeMellleHno. Ecau ceadb 3anpellaeT NOBOPOT Teaa, TO BO3HMKAET
mapa CiJ peaKiMM CBA3H, koTopad ofecledysaeT 3TO Janpellenue, IpH
3TOM BEKTOpP MOMEHTA Iaphl OyJeT HaNpABIECH BJCHL OCH 3alpEUieHHOT O
HOBOPOTA.

» HekoTopHe THIH MeXaHHYeCKHX CBA3EH.

1. Hoeaavno zubxar Hepacmaxmcumar wegecomas wums. Ha puc. 14
nsobpaxeHa HUThL, IPHKPEIEHHaA K TBepJOMy Temry B To¥ke B. Pac-
CMaTpHBaeMad CBA3hL HaloXeHa B ToUke B, B CHIy HMiealbHON MHOKOCTH
HHTH paapellleH TOBOPOT Tela BOKPYT MIOGCH ocl, NPOXOdAIel Yepe3 3Ty
TOYKy. DTO 03HaYacT, 9TC BAPH! CHX pPeakHUM He BOIHUKAET,

g aToro TUIA CBA3M paspenieHsl Madbie OCTyNaTelbHBle HepeMe-
IEHNA Tela, TP KOTOPHX TOYKa [ ABIXKETCA IIG NOBEPXNOCTH cdeprl
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Puc. 14 Puc. 15

paguyca BA ¢ nesTpom n rouke K, nodToMy B HAUDABRICHUH PaspelleH-
HHIX llePeMellleBUi Clia PeaKUH BOsHIKIIYTL 110 MOXeT. JaapelleHo fo-
CTYNaTeABHOS [ICPeMCIlICHIe Teja B Hanpapacnnd K B, rak Kak HHTE He-
pacTAXEMa, JTO O3HAYACT, YTO DOABIACTCH CILIA peaklun N g, npuio-
MeHHad K Teay B Toduke H, uanpapiedHan no npamol FK.

2. AHaJZOrWMHO HANPaBIAKYTCA CHALL PeAKIUN. KOFA4 CBA3b OCYIle-

CTBIAETCA NOCPeACTBOM Aubo c60600- ¥

H020 ONUPANUAR O8YT MEd, NOBCPXHOCTE ‘
OJHOTC M3 KOTOPLIX ABNACTCH abco- % pg )
MOTHO raagkod (puc. 15), aufo ne- 4 < ‘ﬂﬂ
deusenozo utapnupa (pue. 16). Puc. 16.

3. Necmras 3adeaxa. Csaay aanpemaer Aofoe NOCTyNaTeABHOE He-
peMellieH’e Teda, NO3TOMY BO3IHWKAET CHAA peakuul cBasd Ry, Ha-
npagiciie kKoTopoll HemapecTHo, Ee ofblvio & .
NPEACTARRAKT TPEMA COCTABAAIONMMH, Na~ BZT
pPantenbHILIMY KOOPAHHATHLIM ocan. XKect-
KaA 3ajeKy 3ATpellaeT NoBOPOT BOKPYT A0~
6ot ocu, npoxoaalled Yepes Touky B, mo-
STOMy BO3HIKaeT Napa CHI PeakLHH, Mo-
MEHT KOTOpoH M p HeH3BeCTeH EM 0O Be-
IMMHHe, HA 10 Halpanacuuio. (Y6uIYHO HeHa-
BECTHYIO Nlapy 3aMeHAIOT 9KBMBAJACHTHON cH-
CTeMoll Tpex map, MOMCHTH KOTOPHIX Halpa-
BIeHE! B oAb ocell koopAuHaT (pHe. 17).

Ecan na Teno HanokeHO 1ecKoABKO CBA3CH, TO KaX/Aad M2 HHX HCCre-
AYETCA HeaaBHCHMO OT OCTAAbHLIX CBARCH M MPHIOKEHHBIX K Teny CHI.

HemapecTrvm v 3agauax cTaTHkH MOTYT SLITH lie TOABKO PEakiHM
CBASEH, HO B YI'ILI, JMHEHHNLIE PA3MEPEl KOHCTPYKUHN U AD. TapaMeTphl.

Puc. 17.
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Puc. 18, Puc. 19,

IMpumep 1. HaliTh peakunio xecTkon sagenku B waornyToit HeBecomoH Gai-
ku BDE {(puc. 18), naxosameitca nox aeiicrenem cunwt F' = 20 xkH u mapu cua ¢
mMomenToMm M = 2 kHM npu caeayiommx ganHux: o = 30°, BD=2wm, DE=1m.

Pemenue. Byzem ciegopaTh o6ltel cxeMe peilllieHHA 33184 6 PABHOBECHH TENA.

1. Peakumda wecTkolt 3agenkyu B MoxeT 66TE HAHAEHa M3 MCCASJOBAHHA PABHO-
Becna Gadki, MODTOMY B KaYecTBe TBEPACre Tefa Bubupaem Sarky BOE. OrgensHo
pucyeMm pacdeTHYK cxemy (puc. 19).

2. PaccTaBasem Ha cXeMe AKTHBHEE CHAoBHe GaKTOPH, AeUcTBYIONMNE Ha Gal-

Ky,— cuay F u napy cun M, xoTopyio uaoGpaxaem Npy noMomwn gyroBok eTpet-
KH B HANpaBIeHWH BPalleHHA MAPH (B PAaccMaTpPHBaeMoOM clydae NG XOJY ACOBOl
cTpeiku).

3. Banka HecpoGofHA, Tak KaK Ha Hee HAJAOKEHA CBA3L — JHECTKAR iafjenka
B Touke B. [leaaem Sanky cofogHoil: oT6pachipaeM cBA3L, 3AMEHAA €€ peaKuMed
cBA3M. Peaknua 3afie KM COCTOMT M3 CHAHM F g, HEMIBECTHOW HH NO BeAudHHe, HU
no HaNpapIeHNIo, U NAPH CHT C MOMeHTOM M g, HEHIBECTHRIM HI N0 BEAMYMHE, HH No
HaNpaBACHWIO BPAUWIEHHA.

Beoanm cucteMy KOOpAMHAT Z ¥, KaK 110Ka3aHo Ha pHcyHke. [lockoneky Hampa-
BaeHue CHAEl [ p HensBecTHO, NpegcTaBuM ee ZBYMSA cocTasasiownMm: X g n Y g.
HenasecTHywo napy cua peaktiunm Mg waoBpasum ayrosoit crpenkoit, OTMeTHM, 4To
He HyXHO MafaTh, KY/la HA CAMOM [ele HANPABJIEHH COCTABAAIGIIME I KYI'OBAA CTPE-
Ka MOMEHTa Naph — BCE 3TO BRIACHHTCA Noche peeHnd 3agavn. Hanpumep, na pac-
uveTHon cxeMe X g 6klna HamH HaNpaBAeHa BACBO MMUIE DOTOMY, YTO [IPH 3TOM OHB
OKAJANACh IAMETHES HA PHCYHKE.

3amennm F’ IKBUBATEHTHON CHCTEMON CWA, cOcToORMEH M3 ABYX COCTABAAK-

ux Fiy o , HANPABACHHHX NAPalleNbhHO KOOPIHHATHRM OCAM

F=F'y F’”, F'=Fcoser, F"=Fsina.

4, Tenepk Ha pacyeTHoM cxeme okalalach cBobogHAA Ganka, HAXOMRINAACA [0
JeUCTBHEeM CHA, DACHOJAOKEHHHIX B OJHOM NJOCKOCTH. B aToM cAyiae cHCTeMa
YPaBHeHUN DABHOBECHA COCTOMT M3 Tpex ypabHeHuil. KolnvecTso HeMIBECTHHX —
Xg Y5, Mg — pasHe Tpem. DTe 03HAYALT, 4TO KONHYECTBO HEMIBECTHERIX M KOAN-
YeCcTBO YPABHEHHH COBNAJAIOT M HeOGXOAHMEIE YCOBMA CTATHYECKON ONpeJelHMOCTH
3aJa9H BENOAHEHEL

5. Bocnoseayemca ocHosHO GopMolt ypaBHeHUH PABHOBECHA AR TLIOCKON CHCTE-
ME cia (3), BHIOpaB B KatecTBE MOMEHTHOM TOYKH HeHTP B.

OcHoBHAR ONACHOCTL NPH COCTABICHHH YPABHEHHH PABHOBECHE — BOIMOMKHOCTD
NOTEPH KAKOW-1HGO cual, AWGO Napel CHA, NOITOMY PEKOMEHZYEeTCH BHIIHCATH B
CTPOKE BCe CHMIE M BCE Maphl CHA, [OPHMAOKEHHLE K TeAy, 4 YDaBHEHUR PaBHOBECHA
COCTABJATEL NOJ 3TON CTPOKOH,

Cuunm, naps cua X‘B ?B Mg F o M
F.. =-Xgt+t 0+ 0 ~ - F + 0 +0=0,
Fyy 0 +Yg+ 0+ 0 ~ F' $0=0
S Mp(Fy)= 0 + 0 +My+FDE-F'BD-M=0.

tl
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[ogcTarub HCxoaHbE AanHLle, HANZEM pDelleHie 2aaa4K
Xp=-17T1xkH, Yp=10xH, Mp=49xHm.

iaKK OTBETOB POBOPAT O TOM, YTO HAMPABISHUE COCTABAMOMER X g HIpoTh-
BONDAMKHO YKASSHHOMY HA DACHETHOH CXeMe, a HANPABIEHHA COCTABAMIOIEN 4 B
AyroBoit cTpeakin My COOTRETCTRYIOT H30GPAMKEHHEM.

Ha cxeme (puc. 19} He peKOMeHAYeTCA 334EDKMBATL M PHCOBaTh 3aHORO X B
¢ y4eTOM 3HMAKa OTBETS, Tak KaK NPH 3TOM CTAHOBATCH HEBOIMMKHLIMM MPOBEPKa
NpABUALHOCTH COCTAB/NEHUA YDAPHEHHH PARHOBECHA H WHTEPNPETALKMA PeayIbTATOR.

Cuna peakuun sagenkn Hp spaserci reome-
TPHHECKOH CYMMOH OpPTOTOHMILHEIX COCTABAIOLINX

gn Y g, HoDTOMY €€ BEAMUHHA MOKET GWTE Hal-
AeHa no popMyae

Rg=+/X% +Y3 =198xH.

IpuMep 2. KoHCTpyKUMA, COCTORINAR M3 ABYX
HepecoMEIX cTepkied BD w DE, ‘uaobpaxena Ha
puc. 20. CTepKHN HMEWT CAMHBKOBYIC AAMHY 4 M W
coegHHEHK MexXay cobiolt M € OCHOBAHWEM NDH Mo-
MOWIH WapHiHpoB, npudeM BE = BD. Jesui crep-
wenb BD B cpefHell To'Ke HArpYeH TOPHIOHTANL- Puec. 20,
noil cuaoit F' = 20 kH, npasui crepxent DE Harpyxen napon cua M = 10 kHwm.
OnpefeinTh ONOPHEE DEAKUHH H JABAEHUE B IDOMEXYTOYHOM WapHupe D,

Pemenne. PaccMoTpum pasnoBecue KA 4oOro CTEHHA B OTAETBHOCTR, J45 Yero
PACHIEHHM KOHCTDYKIMIO HAa IBe HacTH — cTepxun B u DE, paccrasuM akTHBHEE
CHIK M peaKkinn CBAEH.

PacuerHal cxema 3agadu Nocie onucan- VD -

HEIX fJeMCTBMA NpegcTanfleda Ha puc. 21, I 1’3 Xp

CHCTeMa KoopAHHaT — obwaa gnn ofomnx » *

crepmuen. Cuna D AEHCTBYIOWAR HA ¥ r M

crepxens BD co croponn crepxua ED, 2

NpejcTaBleHa XBYMH CocTapifoummi X p '\'(; g 1?;'_*

H ?D- CHAa ﬁ‘b AeHcreus crepxia DB &0° 60" Xg
,?' '5(’5 xr —_ —

na crepxens ED — cocrapnmoumn X

n ¥ 5. Mockoneky cuna geitersua =4 D M CH- Puc. 21.

fa npoTHRogelicTeus R’ AoikHLL yAoBAe-

TEOPATL BKCHOME AEHCTBHA-TIPOTHBOLEHCTRHA, TO M MX COCTABAAKINNE GYXYT CBA-
3aHu cooTHomenuamm: X p = — X5, Y p = — ?‘b, T.e. COCTABNAKLIHE DABHEL H
APOTHBOMOMKHO HANPABNEHEL, H 3TO YK€ YYTeHO Ha cxeme. [Ipn aTom anrebpaude-
CKHE 3HAYEHHR COCTABRAAIOINHX Gy AY T CBAIAHH COOTHOWEHUAMH

Xp=Xp, Yp=Yp (4)

Kotuuecrso senspecTHHX — Xg Yg, Xp. Yp, X5, Y}, Xg. Yg — pakuno
BOCEMK. PaBHOBECHe Kaxigoro CTEpPHHA 6}",113'1‘ OMHCHBATLCA TpPEMA YpPaBHZHHAMH
P3BHOBECUA; BMECTe ¢ ABYMA YPABHEHHAMK {4] OHH 06pa3yICT CHCTEMY 8 ypaBHeHni
€ 8 HemapecTHRIMU {HecOxogHMEe YCAOBHA CTATHYECKOH OTPEXEIHMOCTH 3aJavH
BRNIOIHAIOTCH).

mee BEIMHCAHEL ¥YPaPHeHHA paBHOBECHA:

AnH cTepwua BD Anst crepxHa ED
L F.=Xg4 Xp+F=0, S Frp = =X+ Xg =0,
LFy,=Yg+Yp =0, S Fiy=~Yh+Vg=0,
ZMB{?klt—FasinSO"- - EME{fk}=Xb2asin60°+

~Xp2asin60° 4 ¥p2ecos60® =0, +Y£,2a cos60° — M =0,
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Peuwmn 3Ty cHcTeMy ypabneHuil ¢ y4eTOM PaBeHCTB (4), B HTOre mnoay“uM:
Xg=-1644xH; Yg = -11,18 xH; X, = X}, = -3,56 H; Y = ¥ = 11,16 kH;
Xp=-356kH; ¥y =11,16 xH.

3.4. UenTp napannenbubix cun. LlenTp
THXXECTU TBEpAOro Tena

» llentp napasnrensHeIx cii. IlycTh Ha To4YkH TBepforo Tela jeit-
CTBYeT CHCTEMA NapalieabHEIX CHI {17 & }- CHIBI MOFY'T [IOBOPAYMBATLCH
BOKPYT TOYEK UX NPUACKEHNA, OcTaBadck NapallenbHbiMu. Moxyo goka-~
3a8Th, 4TO CHCTEMA HMeeT paBHOZeHCTRYIOLLY O H*, ec/M rIaBHLLi BeK'ToD
OTAHYEH oT HyaA. [IpH 5ToM THHHA JeHCTBHA R* IPOXCAUT BCErJa Mepea
OfHY H TY Xe¢ HeHaIMeHHO CBA3AHHYI O TeJdoM TOYKY C HCRABUCHMO OT
OpHeHTANHH CHJI. 3Ta TOYKaA HAJBIBACTCA HEHMPOM NAPIAACALRLT CUL, H
€ II0JOKEHUE B IIPOCTPAHCTBE ONpeJeaAeTcd pajHYCOM-BEKTOPOM F:

2 _ BT

T LR

3fechb Ty ~ - PAAHYC-BEKTOP TOYKH NIPHUAOKEHNS CHIR! ﬁk, a I, -~ aire-
Gpalyeckoe aHaYeHHE CHABL

‘KoopanuaThl &, Y, 2 HEHTPa HapalienbHLIX CHI MOXHO ofipeje-
MUTE o dhopMyiaM

zo = 2 Fyzy vo = 2. Fy e = 2 Pz
2 Fy LB L F

p IleHTpOM TAXKECTH TBEPACIro TEla HA3BBACT LEHTD Napalielb-
HBIX CHJ, NPeACTABMANIIAX CHALL THXECTH MATCPHANBHBIX YacTHL, W3
KOTOPEIX COUTOMT Telo. EcAM Teno HAXOAWTCA Ha IOBEPXHOCTH JeMIM U
ero pasMepbl MaJjbl IIC CPABHEHUK ¢ pafuycoM 3eMIM, TO MOXKHO C4H-
TAThb, YTO JHHUH JeHCTBMA CHJI TAXECTH MAPALICIbHLL, 4 MX BENUYHIE!
3aBUCAT JAullb 0T ofbeMa MaTepHaTbHLIX YACTHUIL, IMOTHOCTH MaTepUaila
H ycKopeHHA cBoGogHOTO NajeHHa ¢, OAHHAKOBOTO AN BCEX YacTHL.

PopMy Bl A5 HaXOM JeHHUA LEHTPa TANECTH CAEAYIOT U3 QopMya RIS
HaXOX JeHHA HeHTPa NapalelbHEIX CHI

fyFdv fyzdV fyydVv Jyzdv
SV v ¥ ¥
CTJyav T Tfaav e YeETTrav 6T T hav
v Vv Vv v

rae V — obbeM Tena, vy = ¥(z, ¥y, 2) — yAeabHuH Bec; G = f‘y dV — nec
v

Tela.
AHasoryigHsle GOpMYNbl HMEIOT MECTO AMA HAXOX/JACBUA LeHTpa Ta-
XKeCTH Tella, UMelero GpopMy MOBEPXHOCTH HAM AHHUH.
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p CnocolH HAXOXKAEHNA IEHTPA TAXKECTH,

Cusmempuunvie meaa. EcM Teno HMeeT IIOCKOCTH (0Ch, UEHTP)
M3TEpHAILHON CHMMETPUH, TO ero UeHTD
TAXECTH HaXoAWTCA B 3TOM fAockocTH (Ha
ocH, B LIEHTpE).

Memod pasbuenus. Iyers Teso cocra-
BJEHO, HAIIDMMep, U3 Tpex YacTell (pHc. 22},
418 KaX Ao M3 KOTODHIX MABECTEH Bec
Gl, G,, G4 1 nonOXKeHUNe L[eHTPA TANKECTH
o, Teas 1"C Paguyc-BeKTop UeHTpa TAKe-
CTH Tela T U €ro KOOpAUHATHE HaXogaTcs
o dopMyaamM

f"c - Gchl +GQFC= +GSFC3 C ze= Glﬂ’:cl +GZ$CE+G3ICS ,
G+ G+ Gy _ G, +G;+ G5

_ Glycl -+ Ggycz -+ GS‘yC;_ 2n = C;]‘z,fj'1 + ngcn +G32'c-3

Ve s TG+ G+ G, T T G 4G, +6G,

Pue. 22.

Memod ompuyameabnsiz macc. IlycTs Temeph Heobxogumo HaiTH
UeHTD TAXECTH HOBOIO TeMa, COCTABJEHHOTO M3 4acTedl ! u 2 (ero
MOXKHO HOJYYHTh, BEIpelaB U3 OCHOBHOIO Tela 4acTh §). Pelenne MoxHo
noay4uTs AuGo no dopmyaam (5}, aubo mo dopmynan

71w Ofc = Gafe, , _ Gre = Gazg,
¢ G - Ga ' ¢ G - G3 !

vy = Gye = Gaye, o = Gzp — Gaag,
¢ G-G, ' ¢ G-G; '

rae G=G,+G4+G; — Bec Teaa, COCTABICHHONO W3 TpeX HacTel, a Gy —
Bec BHIpedaHHol JacTH, KOTOPHH B GOPMYIsl BXOAHT C OTPHUATEABHBIM
3HAKOM, YTO U MOCAYXHIC OCHOBaHHeM JJA Ha3BaHHA MeToJla.

3.5. Pacnpepgenenubie cunel

B npakTuke uacTo BeTpevakTcs caydaM, KOrga K TeNy IPHIOKEHH
He CocpefdoTOYeHHEBlE CUMLL, 4 HATPYaKH, pacnpefeleHHble 0 HEKOTOpOMY
06LeMy, NOBEPXHOCTH HAHM AHHHM. YacTHHIA caydalt o6beMHOrO pacupe-
AeTeMuA CHARl Beca 6u11 paccMoTped B paaf. 3.4. BexTopHas sennvuna §,
XapakTepHayOLIad HArPy3Ky, HAIBIBAETCA UKMEHCUGHOCTIbIO HRepYIKY U
HaMepaetca 8 H/m®, H/M? wou H/m.

llpu pelwennn 3ajay cTaTHKM pacnpefeneHHYo HATDY3KY OBLIMHO
3aMEHAIOT Godee MpOCTON CTATUYECKH DKBUBaAeHTHON Cuiol (CHcTeMol
cua).

1. Pasuomepno pacnpedesennan waepysxa METeRCUBIOCTH § (pHc. 23)
B [MOCKoOH 3a1a4e CTaTHKR HMeeT paBHojeficTByolyk @ = §BD, aunna
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&mn:

;]
EEENEEN
£ /)

a 2

£
vi i
Pue. 23, Puc. 24.

JeHlCTBUA KOTOPON MPOXOAUT Yeped cepeJUHY OTPEIKa BPHJIOKEHHA Ha-
rpysku BE = EI.

2. Jlunetino pacnpededesnan Hazpysxa B NIOCKWX 3aja4aX CTATHKH
(puc. 24) umeeT papHOJeHCTBYIOIYIO 6 = 1§,..x BD, npoxogsmyio
depes Touky F, npudem BE = %BD.

3.6. 3akoubi Tpenus (3axoHu Kynoua)

» 3akoHH TPEeHHA CKOAbXeHusa. PaccMoTpiM Teqo Beca (f, HaxoAA-
meeca B MOKoe Ha HerafkoH TopMacHTaabHo# MiockocTH (prc. 25). Ilo-
NBITKA NEPEJBUHYTE Ted0, NPHJAGKHB K HEMY IOPHAOHTaALMYle cuny F
He IIPUBOJUT K YCIIeXy 0 TeX Nop, MoKa BeAHYIMHA CUIEI He JOCTHTHET He-
KoToporo sHadenua F*. PaBHogeHcTBY-

e
. N IOUaA CHA peakURil OUOpPH MOXET GHITD
o NpeAcTaBleHa B BHAE JBYX COCTABISIO-
LUIHX ~— CUADL HOPMAALKOZO Od6ACHUA
T ks 72 A P >
¢ W cuasl mpenus nokos F .. YpaBuetue
Puc. 25. NpoeKUMil ¢ Ha TOPHIOHTAABHYIO OCh

: maer o, = F.
OnulT nokaawnipaeT, 4to F* n N CBA3ZaHBl COOTHOILUCHHEM {3GKOM
1
Kyaona)

F* = foN,

rne f, HA3BIBaeTCA cmamuveckus KoaPPuyuenmon mpenur; OH 3aBACHT
OT MATEPHANOE CONPHKACAIOMNXCH Tel H COCTOAHUA KX MOBEPXHOCTEH.
Tloka F € F*, Teac GydeT ocTapaThcd B Ookoe. EcIH Xe K HeMmy
NPUIOKETE cHiIy, Soavmylo YeM F™, To oHo cTaHeT ABMraTher. Iipn
JBUKEHUH CHAY CONPOTHBASHHA MOXHO HAlTH, NOAL3IYACH HOPMYIOK

F,=fN, (8)

rae f masmiBaeTcs JunaMuueckus xoadifuyuenmost mpenus, a FTP —
CHAOH TPEeHUsA CKOJABLXEHUS.

OrMernM, YTo guBaMHYecKii ko3(p(PUINEHT TPeHNA BCErja MeHbIe
cTaTHieckoro kosxddunuenta Tpeaua: f < f,.
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p 3aKkons TPERHA KadeHua. PaccMoTpum guck pagiyca R, noko-
auuiica Ha Heraa kol ropusoHTaibHON mockocTH (puc. 26). IlonwTka
NIePEKATHTD RHCK, TPRIOKUB K €10 UEHTDY MOPHACHTaAbHYIO cuay F |, ne
npuBefeT K YCTIeXy, NIOKa BeIUYHHA CHABL OCTAeTCA MeHbILe NpejlelbHOTO
3HadeHna F**.

CHABL peakMK ONOPH, pacipe/ieIeHHbIe
10 MAJOH MOBEPXHOCTH BOIH3M TOYKH KOH-
TakTa P, B COOTBETCTBHH ¢ TeOpeMoH O
NPUBEJCHHH CHCTEMBI CHA K UEHTPY Mo-
TyT 6BITE JaMEeHeHBl 3KBHBAJEHTHOR CHCTe-
MO — CHNIoH HOPMAALHOTO AaBieHa N | cu-
a0 TpeHMA nokoA F ., NpUAOKEHHRIMU B
ToYKe KoHTakTa P, a Takxe napof'i CHE Tpe-

Puc. 26. HHA Ka4eHHA ¢ MOMeHTOM M,

IIpu paBHOBECHH JHCKA M} ypaBHeHHs MOMEHTOB OTHocHTeano ueH-
Tpa P cregyer FR = M, Ombit nokaswsaeT, 9To F** 1 N cBAzsanbl
cootHowenueM F** = kN/R, npu sToM

M** = kN. ()

Pasmepuuit koadbunuenT klcM] HaswiBaeTcs xosdduyuenmon mpe-
HUA KAUEHUR,

[lopepxHOCTS: KadeHUA HAJBBAKT afcoaimHo weporogamoti, Korja
f#0uk=0.

OnyT DoKa3wBaeT, 4TO IIPH NPOYHUX PABHBIX YCJIOBHAX F* MHoro
Goneme F** 103TOMY B TeXHUKE NPH HeOGXOJUMOCTH YMeHLINUTE TIOTEPH
Ha TpeHHe CTPEMATCHA 3aMEHHTH CKOALKEHUE KadeHHeM.

4. [lwHamuKa mMaTepuanbHON TOYKM

4.1. Andpeperunanvhbie ypaBHEeHUR [ BUIKEHUS
MaTepHanbHOW TOUKK

HBHXeHe MaTepAalbHOR TOYKM [0 OTHOWEHHI0 K HHEPUWANBLHOH
CHCT¢ME OTCYETa ONMCHIBASTCA BTOPHIM 3akoHOM HeloToua:

no i
= R+ R )
j=1 k=1

TAe m -— macca Touk®, § — ee YCKOpeHHe, B NpaBOi YacTH paBeHCTBa —
TeOMeTpuyecKkad cymMMa BCeX CUI, OPUIOKEHHBIX K Todke. IIpHYHHEL BO3-
HRKHOBeHHg Kax ol Ha CHJ MOTYT OBITE PalIHYHBIMU. Jiectk MHEL Gyem

PasanyaTe cuasi axmuenbie a W cuant peaxyud ceref R,. AxTUBHLIE
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CHJEI 34BHCAT OT BpEMeHHM {, a TAKXEe OT (0J0XEHHN U cKopocTed TO-
YEeK MEXaHUYeckoil cucTemul. K aKTHBHBIM CUIaM OTHOCATCH, HAIPHME],
CHABl TAXKECTH, YIPYTOCTH, BAIKOTO TPEHUA, A3POTHAPOAUHAMKYECKOTO
CONPOTHBJEHAR H T.II.

Cuanl peakuufi ceadell geficTByOT Ha HecBOGOJHYIC MaTepHAILHYIO
TOYKY, KOT'Jla e¢ ABHXeHue CTeCHEHO MeXaHUYeCKHMH CBASAMH. DTH CHAN
MOXHO OfpeJe]NTh JHIb B NPOUecce pEIIeHNA JajJaydi JUHAMIKH,

BrifepeM JekapTOBH OCH HHEpPUMAILHOR CHCTEMBl OTCHeTa T, Y, 2 U,
NpOEKTHPYA Ha HHX 06e 4acTH BEeKTOPHOT'O paBeHcTBa (1), noayqum

dtz Z +2sz:
d? Z +Z‘Rky’
LA D Fp+) R,

JTH TPH YpaBHEHHA HAILIBAIOTCA Ju@@epeHyuaibubliy YpasREeHUIMU
PaUNEHUR MAMEPUAALHOT MOUKY 8 JeKapmossiz Ko opduNGMaL.

Auddepenyquassnnie ypasHenus OJsumcenus MOuKY 6 NPOEKYUAT Ha
ecmecmeentble ocy koopdunam UMEIOT BUA

—=Y"F;,+) R,
me” =2 Fint 3 Run,
Omz it 2 R

dv v?
—E,ﬂ.n=7,ab=0.

3Aeck y4TeHo, 4TO 4,

4.2. flepsas u BTOpas 3afga4un AUHAMUKY

B ypapHenus gpuienna (cm. padd. 4.1) HeH3BeCTHEIE MOTYT BXOAUTH
KAK B JMeBHe, TaK M B NpaBble 4acTH. B 3aBHCHMOCTHM OT 3TOTO 3aja4dH
JHHAMUKH AeIATCA Ha JBa TUNA, KOTOPHIE PACCMOTDEHRl HIMXKe.

» [eppax zagaya guoaMuku. 3afaH 3aKCH JBHXKEHHMA H AKTHBHBIE
CUABL, HeOoOXOAUMC HAlTH CHAE! peakUMil CBA3 e,

TIpumep I. [pya Beca &, KoTopomy B Mo-
MeHT BpeMeHM 1 = 0 Graa coobiuiena nekoTopan
Ha4albHAA CKOPOCTE, NOJHHMALTCA 110 HAKJOHHOH
WEpPOXaBaTOH NiockocTH {puc. 27). Onpegennts
BEdHYHHE CHI TPeHuA Fop, U HOPMAABHCrC faBae-
Hud IV, ZelicTRYOIHX HA TeA0, ECTH HABECTHEL Ko-
3¢bdHUHENT TPEHHA 6 NAGCKOCTL [ K yroX HaKIo-
na o,
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Pemrenne. Beegem AeKapTOBH 0CH KOOpAWHAT, COBMECTHB HadYano orcyera O
¢ noloweHueM rpysa npu ¢ = 0. Hoobpaium rpys p Npon3BoibHOM TIONOKEHAH H
geficTRyEEe Ha Hero cuakl. [IpHHUMAaNR rpy3 38 MATEPHANBHYIC TOYKY, JB(HILEM AAS
Hero BTopoi aakon HuoToua

m&'=5+ﬁ+?,p. {2)

TIpoexTHPYA 0Ge HAaCTH BEKTODHOTO PABEHCTRA {2) Ha ock ¥, Meem 0 = —Geosa+ IV
(yureHo, 4TO YcKOpeHne Ipys3a napaiiaeasHo ocu ¢). Orcega Haxojum N = Geosa.
Henmonways zanee aakon Kyaona (ypasrenwe (3) B ra. 3), noaysum cHay TpeHHA
Fop = Nf=Gcosaf.

p Bropan sagaua guHaMuku., 3alaHbl AaKTHBHBIE CHIBI, YPaBHEHHA
MeXaRM4YECKHX CBAjel, HAYalbHOE MONCKEHHE TOMKHM M €€ HavalhHad
CKOPOCTE, HeOGXOSHMO HAMTH JAKOH ABMKEHUS TOYKH M PeaklUU CBszel.

Bropyo sagauy AUHAMMKH DEKOMEHAVETCA PEIaTh MOCHeOBATEILHO
B HeCKOJbKO ITANOB, IepevMCcIeHHEIX HHXeE.

1. PHcyowT npefmolaraeMylo TpaeKTOPHK JABHMeHHMA, Ha KoTopoM
H306paxaioT MaTEPHAIbHYIC TOYKY.

' 2. PucyioT cianl, npunoXeHHLe K TOYKe,

3. JanuceipaloT BTOpON 2aKkon HploToHa B BekTopHOH GopMe.

4. BrfupaloT yjobHYK CHCTEMY KOODAMHAT.

5. 3anmucHBaOT YpaBHEHUA KBHXKeHHMA TOMKH B NpoekilHax JubO Ha
ocH ZeKapToBOl CUCTEME! KOOPAHHAT, THGO Ha OCH eCTECTBEHHOTO TpeX-
TpaHHEKA. B mepsoM clydae Bce aKTHBHBIE CHILI K€OGXOJHMO BHIPAINTE
4epes t, r, Y, z, &, ¥, Z, & Bo BTOpOM — 4epes ¢, s, §.

6. K noayuennrm gudpdepeHunannHuM ypapueHUAM 106apafloT Ha-
YAaNbHBIE YCAOBHA: JHAYEHHA KOOPAHHAT M NMPoeKIHN CKOPOCTH TOYKH B
HadalbLHBH MOMeNT BpeMeHH (OHH GepyTcA M3 YCIOBHA 3aJa4H ¢ Y4ETOM
BBEJEHHOW CUCTEMB! KOOPDAHHAT).

7. TlocTapnennyo 2afady pellaioT YHCIEHHO MAM aHAAHTHYECKH Me-
ToJaMM, H2BeCTRHMH M3 Kypea BHCIIE/ MaTeMaTHKH,

YkasaHHEle STANE pelleKHA PEKOMEHAYETCA BHINONHATH, He MeHAd
HopAAKa HX ClIeJOBAHHA,

IMpumep 2. JonoAHUTEILHO K YCHOBUAM 3a8a4M IpAMepa 1 JaHo, 4TC B MOMEHT
BpeMenn {, CKOPOCTR PpY3a CTala PaBHa Noiobude Hauatbnoil. HaitTtu wasanenyio
CKOpoCTh Ipyaa vy U NyTh D), npoiifjennusit um 2a ppems t,.

Pewenue, [lpoexTupyeM ofe 4acTH BekTOpHOro pasecTsa {2) Ha och .
Henonwaya dopuynu G = mg n Fpp = G f cosa, noay1am

E=-—g(sina+ feosal.

OGwee pewenne nonyuennoro AuddepeHUHATEHOTO YPABHEHUA U BHIPAXKEHHE 414
CKOPOCTH T'pyza gawrca GopMynamu (MOAPOGHOCTH UX, TTORYMEHUA ONYWEHK, a4 UX
MPABHALHOCTE MOKHO NPOBEPHTE MY TEM nncbcbepenuupotvaﬂnﬂ)

z= -—é-g (sine + feosa)t® + Ot + Oy,
t==g(sina+ feosal)t + C,.

IMocneanue gpa cooTrOWERNS AOMMHH GHTE CNpaBediMBE B 11660{ MOMEHT ape-
MEHMU ¢, cTafo SHITE, M B HAMANLHLIE MOMEHT BPEMEHK ty =0, H B MOMEHT BDeMenn t_,
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T.e. COOTHOWERUA BY YT YAOBNETROPATLCA, ECAM B HUX BMecTo &, T, dz/dt SyayT noj-
cTaBaeHE cHavana sHa4enna 0, D, vy, asaTemt,, D, vy /2. [locae nogcranonok moay<wum
CHCTEMY YeTHpPeX ypaBHenHit

0=0Cy,

vy =€,

D= —%_g (sine + fcosa)t? + Cpt, + Oy,
%"u = —g(sina + feosa)t, + C)

€ 4eTHIPLMA HewdBecTHuMK O, Oy, 15, D, pewan kotopyw, Hailgem WCKOMME Bean-
YHHEI
1y = 2g(sino + fcos a)t,,

D= 3g(sina+ feosa)tl.

5. O6wme Teopembl gUHAMUKY
MEXAHUYECKOU CUCTEMD!

JoBoJdBRO YacTo yaaeTcA BhlIedHTL BaXHble 0cO6eHHOCTH ABHXKEHUA
MeXaHHYeCKOH CHCTEMBI, He IpHGerad K HHTETPHPOBAHNIO CHCTEMH ANd-
cepeHINANLHLIX YPABHEHHN JBHXEHHA. JTO JOCTHTAeTCA NPHMEHEHHEM
obmux TeopeM ITMHAMHKH.

5.1. OcHoBHbIe NOHATHA ¥ onpegeneHus

» Buemnne u smyTpennne cuam. Jobas cuna, jeficTBylomas Ha
TOYKY MeXaHHYeckod CHCTeMbl, obA3aTensHo ABAAeTcd AUGO aKTHRHOM
cHnon, an6o peakuied! cBsial. Bcio coBOKYNMHOCTE CHIN, AEHCTBYIOIIAX Ha
TOYKH CHCTEMBl, MOXHC Pa3sfeiMTb Ha B4 Kiacca UHaTe: Ha GHEWMUE
cuast F® u enympennue cusel F' (HHAEKCH € H i — OT JATUHCKHX CIIOB
externus — BHEIIHHUMA 1 internus — BHYTpenHuil). Buemyumy naswpaioTea
CHAIBL, feHCTBYIOMME Ka TOYKH CHCTEMEI CO CTOPOHE! TOYEK U TeN, HE BXO-
JAUHX B COCTaB pacCMaTpHBaeMoll CHCTeMBbl. By TpeHRIMN Ha3HBAIOTCH
CHALI BIANMOJEHCTRBUA MEXAY TOYKAMH M T&AaMH PacCMATPHBaeMON CH-
CTEMHI,

30 pa3fjesesne 3aBUCHT OT TOPO, KAKHE MATepHATLHEIE TOYKH I Teaa
BKAOYEHH HCCAESOBATEEM B PACCMATPHBAEMYIO MEXAHHYECKYIO CHCTEMY .
Ecin pacluMpHTE COCTAB CHCTEMEL, BKAIOYHB B Hee JONOIHHTEALSH0 TOYKH
M Tela, TO HEKOTOpPHIE CHABlL, KOTOpble MIA IpexHell cHCTEMH GHLIH
BHEUTHHMH, JIA PACINNPEHHOH CHCTEMEl MOTYT CTATh BHYTDEHHUMM.

» CaoncTBa BHYTpeHHMX cHi. [lockoabky 3TH CHAN ABAAIOTCA CUIA-
MH B3aMMOZJEICTBIA MeX Iy TACTAME CHCTEMH, OHH BXOJAAT B MOJAHYIO CH-
cTeMy BHYTPEHHUX CHI ¢ BORKAMM, OPPAHHIOBAHEBIMU B COOTBETCTRUN
€ aKCHOMOW elCTBHA-TIPOTHECAEHCTBUA. ¥ KaX O TAKOH ¢JBOMKHS CHA
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ruaBHBIH BEKTOP U TIABHEIM MOMEHT OTHOCHTENBHO NPORIBCABHOTO eH-
rpa pabHbl Hymo. Tak Kax moaHad cucTeMa BEYTPEHHMX CHI COCTOMT
TONBKO U3 ¢BOEKY, TO

1) rAaBHBIA BEKTOp CUCTeMBbl BHYTPEHHUX CHI paBeH HY.JIO,

2} rAaBHBI MOMEHT CHCTeMbl BHYTPEHHAX CUI OTHOCHTEABHC IPOU3-
pOMBLHOH TOYKU PaBeH HYI.

Maceoti cucmeMsbl m Ha3bIBaeTCA apuMeTHYeCKad CyMMa Macc My
BCEX TOYEK W Tel, o6pajyiolux CHCTeMY:

m=Ym,

p IeaTpom Macc (HeHTPOM HHEpPUWH) MeXaHHYECKOH CUCTEMEl Ha3bl-
paeTCA TeoMeTpHYeckan Todka (', pajiyC-BeKTOP U KCOPAMHATH KOTC-
poil T, Yo, ¥ OMPEfeNRIoTeA hopMYTaMu

LMl LMt
y w0 = 1

Yo = m - m

7 = 2 My , ro= 2 My ,
m m

rae ¥y, Ty, Yy, Zx — PAAMYCHI-BEKTOPH H KOOPAMHATHI TOYEK, 06pasylo-

KX CHCTEMY.

Jas TBepLOro Tena, HAXONAWETOCA B OJHOPOAHOM IOJE THMKECTH,
NONOXKEHHA IEHTpa Macc W HEHTPA THAXECTH COBNAJaloT, B ApYTHX
CIy4asx 9TO pa3Hble [eoMeTPHIECKHE TOYKH.

BMecTe ¢ HHEpUHAILHON CHCTeMOH OTCYeTa YacTO PaccMaTpPHBAOT
O/JHOBPEMEHHO HEMHEPLHAALKYIO CHCTEMY OTCYeTa, ABIXKYLIYIOCA NOCTY-
naTensuo. Ee ocu koopgumar Cr*y*z* (ocu Kénuea) BuifHMpalor Tak,
4To6b! Ha4ado oTcdeTa C' MOCTOAHHO COBNAJAJO ¢ HEHTPOM MAacC MeXa-
HUYECKOH cHcTeMbi. B cooTBeTCTBHM ¢ OupefesieHHeM REHTP MAacc Heno-
ABIKEH B ocsix KEHMra M HaXOAUTCA B Hadalle KOODAMHAT.

> MoMeHTOM MHEPILHH CHCTEMLI OTHOCHTEILHO OCH Z HAa3bIBASTCH
CKaldApHad BeluduHa [,, paBHad CyMMe NpOHM3BefeHUIl Mace m, Beex
TOYeK CHCTEMBI Ha KBAAPATHI HX PACCTOAHUEA A, 70 ocH:

I, = Emkhi.

Ecnn mexanmieckol cucTeMoil ABIAETCA TBEpAOe TeO, M4 HAXOK e
Hrt I, MOXHO BOCTIONB30BATLCA GOPMYIOH

I = /p(ﬁ +h)dV,
v

r "
Ae p(z, y, Z) — MIOTHOCTh, a V — 00beM, 3aHMMaeMblil TEJIOM.
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MomenT HHepIHH OJHOpOJHOrC JHCKa Macchl 1 pafHyca R oTHO-
CHTENBHO OCH, HEpHeH,ﬂHKy.I‘IHpHOﬁ ero MAOCKOCTH H l'IpOXOAHIJ.IefI qepes
UeHTPR, NOACYHTEIBALTCA, IIO ClJOpM}’J’Ie

- 1 2
I, = smR". {1}

Teopeama [NMotzenca 0 MOMEHMAT UNEPYUYU OMHOCUMEALHE NAPAAALLL~
HuT ocetl, OONG UJ KOTOPLIT NPoTOOUM Heped YeHmY Macc:

.!rz = IC3 +md2,

rae I, u Ip, — MOMEHTH MHEPUMM OTHOCHTENLHO MAapalleibHEIX Ocel
z u C,, npudeM ocb C, NPOXOJHT yepe3 UEHTp Macc, d — paccTosHue
MeX 1y OCAMH, m — Macca cUcTeMul. Ha TeopeMmnl caenyeT, uto I, < I,.

5.2. Teopema 0 ABUXXEHUW UEHTPA MacC

» DPopMyaBpoBkKa TEOPEMHEL: LeHTp Macc MeXaHWYecKol CHCTeMEi
JBUKETCHA TaK XKe, KaK JBUrafack Gbl MaTepHalbHaA TOYKA ¢ Maccol m,
PaBHOH Macce CHCTeMEl NoJj JelicTBMEM BHEWHHMX CHJ, NPWIOKEHHHEIX K

CHCTeME.
mig =Y F, (2)

Tjle M — Macca CUCTEMBI, & & — YCKOPEHHE NEHTpa Macc.

MaTeMaTHYeCKad 3amHch TeopeMul (2) moxoxa Ha BTOpoll 3aKoH
HrioTona. [Jagum 6o1ee mogpoSHOE H3nOXKeKHe TeopeMkl. [IpH ABHKeHUN
CHCTEMHI €€ LeHTp Mace C BUXeTcA No HeKoTopolt TpaekTopuH. [lyeTs,
HATPUMEP, B MOMEHT BpeMeHH i, OH HAXOAUTCA B NOJOKEHNH B U umeeT
CKOpOCTE Upy. ECAM Temeph B MOMEHT BpeMeHM t, B ToJjoxeHne B
MOMECTATH TOYKY MAcChl m, COOGIUTE el CKOpOCThb Uy H NPHAOKHTH
K Hell CHAB, pAaBHEIC BHELIHMM CHAaM, ASHCTBYIOUIEM Ha CHCTEMY, TO,
HAYHHAA ¢ ITONO MOMEHTA, TOYKA OyJeT JBUraTLCA BMECTE ¢ LEHTPOM
Macc CHCTEMEI, 110 OAHOH H ToH ke TpaekTOpHH, ¢ 0/JHHAKOBOH CKOPOCTDIO
H OJMHAKOBBIM YCKOpDEHHEM.,

s ypabuenus (2) MOXHO NONYYUTEL AU depeRIUATLHbIE YPaBREHIA
JABMXEHHA LEeHTPa MAacc B NPOEKUMAX HA OCH JEKApTOBOH CHCTEMH
KOOPSMHAT:

mig =Y Fg, mig=Y Ff, mig=Y Ff,.

» 3aKoH COXPAHCHMA CKOPOCTM LEHTpa MACC MeXaHWYeCKOH
CHCTEMEL: €CIHM TVIABHBIH BEKTOD BHEWHHX CHMJI CHCTEMBI DABeH HYJIO,
LEHTp Macc CHCTeMEl ABHKETCA C TMOCTOAHHOH CKOpPOCTRIO, T.e. eCId
3 f:O,Toﬁ'C:(m.



5.3. TEOPEMA OB MIMEHEHUW KOJHYECTBA ABWMEHUA 335

OTMeTHM, YTO B DTOM CRYHae MOCTOAHHEIM ABIACTCA BEKTOP CKOPO-
CTH, & He TOJBKC ero MoAy.b, MOITOMY LEHTp Macc GyJeT JBHIraTheA
paBHOMEPHO H MPAMOIHHENHO.

Ecay nmpoeknid rIaBHOCO BEKTOPA BHELIHHX CHA, CHCTEMBI HAa KaKylo-
a6 OCh PABHA HYZAI0, TC MpPOeKUHA CKOPOCTH LEHTpa Mace CHCTeMBi
Ha 2Ty OChb ocTaeTcA NocroAnHoil. Hanpumep, ecim }_ F,, = 0, vo
= const.

Ilpumep. [lo Soxoeoil rpaHn NPU3ME MAccH ™y, HaxXo AmeiicA Ha TrIAfKON ro-
PHIOHTAALHOMR IOCKOLTH, MO4 AeHCTRMEM CALL BECA CKATEIBAETCA 0 HOPOAHEI JHCK
Maccsl my {prc. 28). Yroa HaknaoHa 60KoBOH TPaHd K OCHOBAHMIC paBeH o. B navank-
KK MOMEHT CKOPOCTH NPH3ME K AHCKAa PaBHH Hyltio. ONpesennTs PAcCTORHUE d,
Ha KOTOpCE CABUHETCA MPUIMa, KOFJa UEHTP AMCKE MePEMECTHTCA BACAL TPaHH Ha
paccToAHME d;.

Pemenue. BraoudM B MexaHuMecKkyle CHOTEMY B3 TE1a — NPHIMY H JHCK U
paccTaBHM BHELIHME CHIHl — AKTHEHEIE cHxul Beca G, M G, W cuiy peakumu N,
raajKeil miockocTH. XapakTepHan 0COGEHHOCTE I
CHCTEMBE! BHELHUX CHI 3aAKIIOYAETCH B TOM, YTO
BCE OHH MEPMEHAUKYAAPHE POPHAOHTANLHON OCH,

W MO2TOMY CYMMAa MX MPOeKUKN Ha 3Ty OCh paBHa

Vos

HY o

HanpasuMm ock T FOpPHIOHTATRHO CheBa Ha- 770J
npaeo ¢ HayaaoM B Touke . Ha pue. 28 uao6pa-
UM CHCTEMY B ABYX NONOKEHUAX: HavaitsHoM I |
B TOT MOMEHT BPEMEHU, KOC4a AHCK MepeMecTin-
€A No I'paHi MPpUaME! Ha paccTosuue dy — 11, Tlo-
CKOMLKY HalPaBleHWE U BEAHYUHA MEepeMElleHNA NPHIMEL 3apaHee HEMIBECTHRL, TO,
ocoBeHHo He ragan, Wao6pa3kM nonoxenne /1 nmpanee HavanIkHOro noxcxenus I

Tak kak F{. = 0, 13 23xoHa COXPaHEHWA MPOLKUHH CKOPOCTH LEHTPa Macc

CHCTEME: Ha OCE T CREIYET Vog = const. Tak kak B nonoykennun I Bee CKOpDCTH GRLTH

PBBHLL HY 10, TO U, = 0. OTcloga caeayeT, 4To Tp = const HAK xé = -""'C Moreayacs

$opMyRaMi 114 KOOPAHHAT UEHTPa Macc, MEPENKIEM TOCASAHES PaBEHCTBO TakK:

Puc. 28.

mlxél + mzxé, mlxc + mz:r:'” 3)
my +m, my +my
3nece z{; u xé. — KOOPAMHATHEL LENTPOB MACC NPHAMKEL # AUCKA B noXoxenuwn I, a
f-g] H x” — 3HANOTHYHEE BETHYHHY B nouox(enuu H

Ha pue. 28 suguo, ute ::g = zc] + 4, zc = IC: + d; + d, cosa. TloacTasnan

3TH cooTHomenua 8 $opmyty (3], nocae ure&pauqecxux npeoGpa3opaHHil Haitzem
dy = — mad, cos o
my 4 mg ’
3nax uonyqenuoro OTBETA FOBOPHUT O TOM, YTO MNEPEMEINEHHE IPHIMEE HATPaBAeHD
MPOTHRECTIONCHHO W30 6PAKEHHOMY Ha PUCYHKE.

5.3. Teopema 06 uamenenun konuyecTea
ABUXXEHURA

* Kommuecrsom gBusenns TOUKE Maccsl M, ABHKYILEHCA CO CKO-
POCThIO ¥, HasmBaeTCs PeKTOpP
a = md.
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Koauuecmeonm detdcenus MeEranuvecrotl cucmembl HaakBaeTCH IJ1aB-
HBIR BEKTOP KOJHYECTB IBHXKeHHs BCeX TOYCK CHCTEMBI:

5=Z@'k‘

MoxHo JokasaTb, 4TO KOJIMYECTBO ABHAKEHHA CHCTEMBl PABHO KOJMH-
9eCTBY ABHXEHHA BOOGPaXkaeMoll MaTepHanbHOR ToUKH, HMeloIHel Maccy
CHCTeMBi B JBMXYLIEHCH cO CKOPOCTLIO EHTPA Macc: 6 = mi,.

» Hmnyapc cmnnl., [lycTs kx gsixylielicas MaTepHaIBHOH TOYKE IpH-
JoxeHa cuaa F (kpoMe Hee K Totdke MOTYT GEITE IPHJOXEHB! H IpYyI'He
CHAbI, HO Cel9ac Mbl BHIEAHAN TOJBKO OJHY H3 HHX).

JACHEHTRAPHIIM UMNYALCOM CUADL F aa JMeMEHTApHEI TPOMEXYTOK
BpeMeHH di Ha3bIBaeTCA BeKTop 45 :

dS = F dt.

Hunyavcom cuabt ¥ 32 xoneunwiit NpOMEeXYTOK BpeMeHH oT £, go !
HA3LIBAETCA BEKTOD 5

¢ ¢
g = d8 = th.
iy to

HpOEKHHH HMIIYJAbCA CHIBI HA KOODIHHATHBIE OCH MOTYT OBITE BBRITH-
CAeHB] 10 opMyTaM

t t t
S,:] F,dt, Sy=j F, dt, SZ=/ F,dt.
tg to te

» Pasanle popMySIHMpPOBKH TEOPEMEL O KOJAUYECTBE APMIKCHNA,

Teopesa 06 uamenenut xosuuecmea deuxcenua & dudidiepenyuaaptot
dopme: NPOHIBOAHAA IO BpeMeRH OT KOAHYeCTBA [JBHXeHMA MeXaHH4Ye-
CKOM CHCTEMH DABHA MIABHOMY BEKTODY BHEUIHHX CHA CHCTEMBI:

HIH, no-Apyromy: guddepeHuia) KOAM4eCTBA ABNKEHHA CHCTEME paBeH
reoMeTpH4ecKoll cyMMe bieMeHTapHBIX HMUYJIBCOB BCEX BHEMIHMX CHJ,
JAefCTBYIOIIMX Ha TOYKH CHCTEMBI:

dg = 45
[MpoexTHpya Ha OCH KOOPAHHAT (HAIPHMED, HA OCh €}, HOAY4UM

aQ
= = Y F:, wm dQ, =) dSE,.
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.

Teopemi 00 UIHEHEHUU KOAUVECTIEA JEUNCEHUR 8 UNME2PARHOL
Gopme: M3MEHEHHE KOMUYECTBA JBHKCHHA MEXaHUYECKOH CHCTeMBl 33
HeKOTOPBI MPOMEXYTOK BpEMEHH PABHO CYMMe HMIIYJILCOB BHELIHUX CAJ
cHCTEMBI 32 TOT Xe POMEXYTOK BpeMeHH:

é—aozzgjf:

= .
rQe BEKTOpEl a " (Jy COOTBETCTBYIOT MOMEHTAM BpeMeRi { H fy, a §§ —
HMIOYALCH] BHEITHMX CHI CHCTEMEI 33 TIPOMEXYTOK BpeMeRN oT £y Ao t. B
NpOeKIMAX HAa KOOPAWHATHbLIE OCH (HanpHMep, Ha ocb )

— E : e
Q: - QxO = Sk::'
le{ HCOOABIOBAHHA Te0peMbl IPHMECHNTEARHO K OrqHOﬁ MaTepHAIR-

HOH TOMKe CleJyeT HMeTh B BUJY, 4TC Jobad ciila, NPUIOKEHHAA K TOUKE,
ABNAETCA BHEILHEH,

p 3aKOH COXPAHEHWA KONHYeCTBA ABMMNCECHMA,
Jaxox coTpGHEHUA KOAUNECMEA JOUNCCHUR METAHUNECKDT CUCTILEMbL:

ecnn Zﬁ,f:O, To { = const.

Jaxon coTpanenuf NPOEKYUYU KOAUNECTREA JEUNCENUR HA KaKyo-atubo
och (Hanpumep, Ha OCh Z):

ecinu Z Fe, =0, To @, =const. " (4)

Iipumep. [o raagkoit TOpU3OHTAALHON MIOCKOCTH €O CKOPOCTHIO ¥y ABHKETCH
ﬂpﬂMO}'FOJIbHNﬁ napanaerenuanes Macchl ml, Ha BBPXHBﬁ I'paHH KOTOpPOrO NOKCAT-
€A ABE CAMOXOJHKIE TEIEMKH ¢ MAcCaMn My K My (pHUC. 29). B HeKOTOPHI MOMEHT
BPEMEHH TeleKKH HaHHAOT ABUIATBCA HABCTPEYY APRYr APYTY, NPH 2TOM 33aKOHE
HX OBHMEHHA MO OTHONIEHWIS K napaiIemeiune-

Ay 3a88l0TCA GyRKUNAMU dy = hot?, dy = hat?. 2 a3

HaitTi saBHCHMOCTE CKOPOCTU Mapaiieienunesa

OT BPEMEHH, P— —
Pewenpe. B cucremy prMCMHM TPH Te- G, &3

14 — papaifenendnes W ofe Temexkd. Hao-

CpasumM BHemHHe CHIEI — AKTWBHEIE CUIH BECa 0y /////////1/€////// s st il ‘;—:‘
1 &a, Gj, a Takke peakuuio NNOCKOCTH p

Bee onu neprukansie, u CYMM2 HX NpoexuHi Ha

TOPMIOHTANE paBHa Hylio. [lod3ToMy MpPUMEHMM Puc. 29.

3aK0H (4) 0 cOXPAHEHWM MMPOCKLUH KOAHYECTBA IBIKEHHA CHCTEMEl HA OCH T — 3a-

THIen (), B MOMEHT BpeMenH fy, 3aTem §, B NMPOUIBOABHEIN MOMEHT BPEMEHH ¢ M

NPUPABHAEM NOAYYEHHEIE BEXWHIHEL

Qo = M1 + Matp + M3y,
Q= myvy + my(vy +d3) + my(v, — dy).

Te B MocaeAHeM BLIPaXKEHHN CKOPOCTH TENEHEK NCACHHTHBALHCE B COOTBETCTEUY C
‘m:pe.Mo“ C CKOPOCTAX MPH CRHOKHOM ZBHXKEHWH Touxk, [locie npupapHKHBAHHA NPaBKIX
TeH PABEHCTD ¥ NpOBEAEHUA ANre SPANTIECKHX BLIKIAJOK TTOAY IM

3t3(myhy — myhs)
my 4+ mytmg

M =iy
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5.4. Teopema 06 aMeHEHUN KUHETUHECKOrO
MOMEHTA

» MOMEHT KOIHYMECTBA ABHMEHHMA H KHHETHYeCKHH MOMEHT.

Momenmos KosuNecmea J6UNCCHUR MAMEPURABHON MOUKY OMHOCU-
MEALHO HENOOBUNCHOZ0 yenmpa P HaseiBaeTca BekTop K p, paBHLI Bek-
TOpHOMY NPCHIBEAeHUIO pajgHyca-BeKTOopa, COeAWHAIONIEro UeHTp € ToY-
KOM, Ha KOJAMYMECTBO IBUXEHWS TOYKH:

Rp= Mp(a] =Fxmi.
Hurvemuueckus MHoMenmom (a.msﬂbi..u MOMENTMOM Koaudecmea odgu-
HeeHUR) METaHUNECKOT CUCTREMBL OMNOCUMEABHO Yenmpa P BaspiBaeTCs

reoMeTpH4yeCcKad CyMMa MOMEHTOB KOJMHYECTE IBIKEHHA BCEeX TOYEK CH-
CTEMEI OTHOCHTEABHC UEHTPA

RP:ZRPJ"

Momenmos Koauwecmea JSUNCEHUR TROYKY OMHOCUMEALHO OCU T Ha-
3LIBAETCA BeIHYMHA K, paBHad OpOEKUMH HA 2TY OCb MOMEHTa Koaude-
CTB4 ABHKEHHS TOYKH OTHOCHTEALHO Jw06oTG HeHTpa P, NpHHAAeXA-
LIEro OCH:

K, =M,(§).
Briuucnserea K, Tak Xe, KaKk MOMEHT CHIBI OTHOCHTEIBHG OCH.

Kunemuueckusm MOMEHTOM CUCTNEMB OMHOCUMEADHC 0CU T HAILIBA-
eTcA NMPOoeKUHA HAa Hee MOMEHTA CHCTeMBl OTHOCHTENBHO JI0GOro leH-
Tpa P, IprHEajieXallero ocH:

K,=> K,

AxanuTHyeckoe BEIDAXEHHE AMAd KHHeTHYeCKOTo MOMEHTA CHCTeMEI
OTHOCHTEJBHO OCH T HMeeT BUJT

K, = 3 _m(y4 = ;7).
Popmyast aaa Ky, u K, asanoru4nsl IpHBEACHHON,
MoxHO noKalaTk, 4T0 KHHETHYECKUN MOMEHT CUCTeMBl OTHOCHTEIb-
HO UeHTpa P paBeH cyMMe MOMEHTa KOAHYECTBA SBHXCHHA HEHTPa Mace

OTHOCHTENBHO UEHTPa P ¥ KNHeTHYeckoro MoMeHTa CHCTEMEI OTHOCH-
TeJILHO IEHTP4 MacC ' B ee OTHOCUTEALHOM ABHCHHUH B CHCTEeME Kéunra

J?P=M’P+Ré.

3necn Mp = ﬂp(mﬁc), I?& — KWHeTHYECKHH MOMEHT CHCTEMHL B €e
JABHXeHHH Mo OTHOUIEHHIO K CHCTeMe oTCcYeTa KeEHura.

Kunetwdeckn#i MoMeHnT K, TBepAoro Tefla, BpamaKmerocs 0THOCH-
TeALHO HeTNOABUKHOM OCH z ¢ YraoBoH CKOPOCTRIO w, BRIMHCISETCA MO
bopmyne <.
K, =Iw, (8)

rge I, — MOMEHT MHepUHH TBEPJOTO TEXA OTHOCHTEALHO OCH Z.



5.4, TEOPEMA QB UIMEHEHWM KHKETHYECKOrO MOMEHTA 339

» TeopeMa 00 HOMeHeHNH KHHe THYEeCKOr'0 MOMeHTa MeXaHH4e-
cKO;I CHCTEMEL: [IPOHABOAHAA IO BpeMeHH OT KHHEeTHYeCKOrc MOMEHTA
oTHOCHTEJNBHO awboro HEMOABHXHOIC UEHTPRA P p4aBHa r1aBHOMY MOMeH-
TY BHEUIHNX CHJI CHCTEMAI OTHOCHTEIBHO TOT'O Xe [eHTpa:

dff =3 Mp(Fp). (6)

[TpoexTupyA (6) Ha OCH KOOPAWHAT (HAmpHMep, Ha OChb ), MOAYYUM
TeopeMy 06 waMeHeHHN KUHeTHYECKOT G MOMEHTA CHCTeMEl OTHOCH TEIBHO
HEnoABHXHOH OCH:

dK
Iz . 3 .

Ecay 3Ty TeopeMy NpMMEHUTH K M3YHeRMIO ABHXEHHA TBEpJOrO Te-
fa, BPAINAIOUIETGCA BOKPYT HellDABHKHOH OCH z, noayunM dufdepenyus
GABHOE YDAGHMENUE 6PAWATEALN020 JUMCENUR Meepdoac medd eoxpye

HENOOBUMCHON Ocu:
Le=3 M,(F),

rge ¢ — yrol DOBOPOTA.

» 3akoH coXpaHeHHMA KHHeTHYecKOT'0 MOMEHTAa: eclAM TaIaBHLI
MOMEHT BHELIHHX CHJ CHCTEeMBl OTHOCHTENBHO UeHTpa P paBeH HYiIo,
TO THABHHIA MOMEHT KOAMHYECTB NBHIKEHHHA OTHO-
CUTEIRHO JTOro ueHTpa 6ygeT MocToAHHEIM. Ha-
[IpuMep,

ecin ZMP(F;F)=O’ TO I?P = Const.

B npapoit wacTH papeHCTBa pacnonaraeTcA Bek-
TOP-KOHCTAHTA, T.¢. M BEINYHHA BEKTOPa, M €ro
HanpapjneHHe He 3ABHCAT OT BpeMeHH.

Ecnn cymMMa MOMEHTOB BHELIHNX CHJ CHCTEME!
OTHOCHTeNBHO KakoH-AHGO HEMOABHKHOH OCH paB-
Ha HYMI0, TO KMHEeTHYECKHH MOMEHT CHCTEME! OT-
HOCHTENLHO 3TON OCH OCTAETCH MOCTOAHHBIM. Ha-
NpHMep,

Puc. 30.

ecan Z M ( Fse) =0, To K_=const.

HPHMED. Ha ognopoanuit 6apaban seca (G, u paguyca R HaMOTaHa HEBECOMAR
:“T" € rpy3om peca (G, Ha korue (puc. 30). Onpefgenuts yckopewue rpysa, npeebpe-
AR CHABAMU Tpenua npu BpanieHuM HapadaHa.
Pemenne. Bxmeyum B cucremy Gapabai; UPy3 M HUTH. PaccTasdMm BHelHue
CHAB — akTumHme cuan meca 1+ G, u cuny peaxuun Ny, npoxofawyr depes
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oce Bpaulends . Hanpaprende cume Iv o 3aPaHee HEMABECTHO, NTOITOMY pHCYEM ee
NPoH3BoALHO. [[aDH cuA TPEHUA B 0CH HE BOIHHKAET, YTO CAEAYET HA YCAOBHS 33 JauH,

Bocnoneayesca TeopeMmolt 08 HaMeHEHHN KUHETHYECKOTO MOMEHTA CHCTEME OT-
HOCHTENLHO OCH BpatlleHHA Gapabana (7):

o = 3™ Mo(Fr). ®)

dt

Mogcuntusan Ky kak cyMMy KHHETHYECKHX MOMeHTOB 6apafaHa W Tpyaa, ©
yeerom (1), (5) u paBetcTBa vy = wy R noayuum

Kg = vR($m, + My). (9)

BrruHenum CYMMY MOMEHTOB BHEIIHHX CHA CTHOCHTEABHO OCH

Y " Mo(Ff) = mysR. (29)

[Toacraene npaswie HacTu dopmya (8}, (10} B Brpaenue (8) u mpoeesn audidre-
PEHLIMPOBAHKE, HANAEM
2m2
:‘.'.2 =
my + 2m,

5.5. Teopema 06 nameHeHUN KMHETHECKOM
3HEpruu

» OuemeHTapHan paboTa. PaccMoTpuM Touky B, nepeMelaiomyoca
moj feficTBHeM cHcTeMs! cui. Madjoe mepeMeltieHHe TOUYKH BAOAL Tpaek-
TOPHMH XAPaKTepUIyeTCA BEKTOPOM dF (}%HC. 31). H3 cucTeMBl BHIEREM
oguy cuay F.

Juaeanenmapnod pabomot cuant F ua me-
peMelleHMM df Ha3EIBAaeTCA CKAAADHAs Be-
AH4YHHA dA, pABHAA CKaJAPHOMY IMpOH3Bee-
HUIO BEKTOPOB F W dr

£

Prc. 31 dA= F .df = Fdrcosa.

B xoopannaTHOW dopme daeMeHTapHad paboTa MOACHHTHIBAETCA MO
dopumyre ' :
dA = F,dz +F, dy+F, dz,

rae F,, F,, F,, dz, dy, dz — xoopausaTh BeKTOpPOB b ¥ dF cooTBeT-
CTBEHHO.

CrefyeT NOAYEPKHYTH, 4TO, HECMOTPA Ha NIPHHATYIO. hOpPMY 3aTIHCH,
aneMeHTapHaA paboTa dA He 06A3aTeNLHO ABNASTCA MOMAHEIM gudgepen-
HHAKOM HEKOTOPOH (PyHKIMH, 3aBHCAINEN OT KOOpAHHAT.

3HaK 2MeMeHTapHOH paboThi ONpefenteTcA KOCHHYCOM YIVIA & OHa
noNoXuTensHa 414 0 € o < #/2, oTpHuaTeabsa gaa m/2 < @ € 7 1 panHa
Hymo 0pu o = 7/2.
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"

p Brrumcrenue SI€MEHTApHOM PAaGOTH B ACTHHX CIydasX.
1. DneMenTaphad pafoTa CHIRl, NPMAMKEHHOM K TBEpAOMY Tely,
ppAlllAIOIEMYCA BOKPYT HEMIOABUKHON OCH z, HAXOAUTCA N0 popmyde

dA = +M,(F)dp.

2. CyMMa J/eMEHTApHHX paloT CHI TMaphl, NPHACKEHHONW K Tenly,
BpallAlOIEMyCA BOKPYT HEMOJBUXHOH OCH H TPH ILIOCKOTApPAJIeILHOM
ABHKEHHH, MOXET GBITh MOACYUTAHA TAK!

dA = M dp.

3gece M — MOMeHT mapel cui, dyp — dJIeMeHTapHEIH Yrol OOBOPO-
Ta Tela, 3HaK (UIOCH 6epeTcA IPH OAWHAKOBHIX HAaNpaBJeHHAX AYro-
BEIX CTPENOX MOMEHTA naphbl W Hampa-
BIEHHA BPALIEHHA, SMUHYC) — IIPH pas-
JMYHBIX HAIIpABACHUAX (MICCKOCTD Aei-
CTBMA NApH NpeANnOJaraeTcd NapaJ-
JeALHON OCHOBHON NIOCKOCTH).

3. Ilpu BEIMHCIEHHN BJIEMEHTAPHEIX
paloT CHI TpEeHHA, NPHACKEHHEIX K Te-
Ay, KaTaleMycs e NpoCcKaIbILIBAHNA,
HeofXOANMO Y4HECTh, YTO B TOUYKC Ka- ﬁp

canna P (puc. 32) geficTByloT: cmia P
HOPM3JILHOTO AaBAEHHs N, CHaa Tpe-
Hmg F.. ¥ napa cual TPeHHA KaveHHA ¢

Puc. 32

MomeHToM M., = Nk. [lockonexy, B cu-
{1y OTCYTCTBHA [IPOCKANL3KIBAHUA, TOUKA KACAHNA ABAACTCA MCHOBEHHEIM
UEHTPOM CKOPOCTEH U €€ CKOPOCTb Up PaBHa HYMO, TO M dFf = p dt = 0,
OTKYAa

dAy =dA,, =0, dAy =-M dp=-Nkdp.

4. MoxHo Aoka’aTs, 9TO CYMMa JIEMEHTApHBIX PaSoT CHJ, NPHAO-
XKEHHHWIX K TBEPAOMY Tely, PaBHA CYMMe 2JIeMeHTApHHX paGoT CTaTHYe-
CKM 3KBHBAJCHTHOH CHCTeMbl cua. [Io TeopeMe O NpUBEREHHH CHCTEME
CHI ¥ 33ajaHHOMY OEHTPY NPOU3IBONLHYIO CUCTEMY CHI MOXKHO 3aMEHHTH
SKBUBAEHTHOM CHCTEMON, CoCTosAeH wa CHakl A, IpnaokeHHON B Hale-
Pex aasannoit Toyke P, m napsl cua ¢ momenToM Mp. HoatoMmy gosons-
HO 4acTO BMeCTO rPOMOZAKOrO MOACHETA CYMME! DAEMEHTApPHBIX paboT
Soarimoro yneaa cn, TMPHIOKEHHHX K Tely, NOJCYUTHIBAIOT CYMMY de-
MEATAapHEIX paboT OAHON CHABI M GFHON NapEL.

Tpumep 1. Cucrema saeMeHTAPHIIX CHI TAKECTH TBEPOrG Tena BCErga HMEET
PasHozeficreyiomyro, paBHyl Becy Tena G, NPUNOKEHHYIO B LEHTpe TAXecTH C,
n :;:'::MY CYMMAa JMEMEHTApPHHX paloT CHN TAXECTH paBHa palloTe CHAM BEeCA Ha

CIEHNH HEHTPa TAXKECTH Tela.
Tu‘magka«tep 2. Cymma >nemeHTApHEHX paSoT BHYTPEHHUX CHA, NPUAOKEHHEIX X
C“CTeMuTBepAOPO Tena, paBHA HYMO, TaK KAK TIABHMI BEKTOP K TAABHAIN MOMEHT
BHYTPEHHHX CHA PABHH HYJIO.
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» Patora cuaunl. IloTerumnatkHad chia. Pafoma cuawt F ma ko-
HedROM MepeMellleNnH TOYKH Mo TpackTopuu DE (cm. puc. 31) pasha
KPHBOJIHHEHHOMY MHTErpaTty

A=/dA=/?-dF:/dem+Fydy+dez.
DE DE DE

Cuna HasblBaeTCA nomenyugabsoti, ecan ee paboTa He 3AaBACHT OT
(hOpME! TPaeKTOPHH, 3 3aBHCHT JHIIEL OT ee HA4AALHOH M KOHEUHOH TOYEK.

[IpUMepoM TNOTeHUMANbHON CHABl ABAAETCA cHAa TAXecTH (7, ee
paboTa MOXeT 6LITE NoJcuUTaHA 110 GopmMye

A=—C(z - z).

3pecy ock z BHIGpaHA Napaje]bHO JUHHM AelCTBAA CHABl Beca
M HanpaBneHa el HaBcTpedy, (G — CHAa Beca, Z;, £ — KOODAMHATH
HAYaILHON M KOHEYHOHM TOYeK TPaeKTOPHH.

» Kunernueckans smeprma. Kunemuuecwod sxepzueti mouxu Mac-
ChI M, ABMXYLIEHCA CO CKOPOCTHIO ¥, HA3RIBAETCA CKANApHAA Beau4una T,
omnpegenaeMan GoOPMyAOH

mu?

2

Kunemuvecxot SHBPEHE{E METAHUYECKOU CUCMEMb HA3bIBAETCA CYMM3a
KHHETHYTECKHX 3Hepr‘m‘i BCEX €€ TOYEK:

r=yn=3 5

Moxno JOKa3aTh, 4TO KHHeTHYCCKAA SHEDFUA CHCTEMEI PaBHa CYMMe
KHHETHYeCKOH JHEPTHN OEHTPA MacC H KHHEeTHYe CKOI JHEPI'HH CHCTEMBI
IpH €€ OTHOCHTEIbHOM JBHIKEHHHN B CHCTEME OTCYETA Kéuura:

T=

mus my(v])?
= M mylvi
o+ Y,

TAe m =) m;, a Uj — OTHOCHTEILHEIE CKOPOCTH TOYeK.

» <PDopMyasl 4IA KMHeTHYECKON PHEPIUM TBEpJOro Teaa!

a) MpH ero NoCTynaTeabHoM gBmieHmu: T = %mv%,

6) UpH BpALUCHWM BOKPYT HeMoABWKHON ocu z: T' = %I,wg,

B) OpH NIOCKoOmapalnensHOM ABHXeHMm: T = %mv% + %Icw2, rje
I~ —— MOMEHT WHEPUMH Teda OTHOCHTENBHO OCH, NepleHJHKYIADHOH

OCHOBHOM MIOCKOCTH M NPOXOAALIRH Yeped LeHTH mace (.
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p Paoune GOPMyIMPOBKH TEOPEMH O KHHEeTHYecKoN dHepram.

Teopema 06 uIMEHEHUU KuNemuvecxkoll anepauy ¢ JudPepenyuatnot
Fopue: gndxpepeHnral KHHeTHIECKON 3HePrHH MEeXaHUIeCKOH CHCTEMEI
paBeH CYMMe JIeMEHTAPHLIX PaBOT CILT, IPUIOKEHHBIX K TOUKAM CHCTe-
Mbl, HA X 3I€MEHTAPHBIX MepeMeleHIAX

dT =3 d4;. (11)

Teopesa 06 UaMEHENUU XUHEMUMECKOU aIHepeuy & uHmezpasbrol
fopse: HIMEHEHNE KUHETHYECKOH IHEPTUM MeXaHMYeCKOH CHCTEMBI TpH
HeKOTOPOM €€ TlepeMeLIeHUH PABHO CyMMe paboT RCeX CHJI, NPHIKKEHHBIX
K TOYKaM CHCTeMEl, Ha IlepeMemeHNAX STAX ToYeK

T-Ty=) A

Jamenanue. B oTauuMe OT Tpex paHee pacCMOTPEHHBIX TeOpeM
AMHAMHKH CHCTEMEL NOCHeJHAA TeopeMa XapaKTepHayeTCa CJIe,HyIOH.lHMH
ocobeHHOCTAMU:!

1) Teopema 06 HaMeHeHMH KMHETHYeCKOM SHepTMH CBA3LIBAET He
BeKTOpHBIE B&IUYHHH, a CKalApHEIE,

2) b mpaByI0 YacTh paBeHCTBA BXOJAT palloThl BCEX CHI, HE TONLKO
BHEWTHUX, HO ¥ BHYTDPEHHUX (BO3MOXKHO TakK¥Xe pailfleHue CYMMEl paboT
HA CyMmY paboT aKTMBHBIX CHJ M CHJ peakuuil ceazel);

3) cymMma pa6oT BHYTpeHHEX CHJ, MPHAOKEHHEIX K TOYKAM TBEPAOTD
Tejla, paBHA HYJIO.

Hpumep. Ognopoanulih guck mog geHcTBHEM CHALE Beca (G cxaTrpaeTcA Gea npo-
CKANLIEIBAHMA 0 WIEA/IbBHO LLEPOXOBATON MACCKOCTH, HAKIOHEHHON NOA YIIOM & K
ropuzcHTy (pHc. 33). OnpegeanTs yckopenne uen-

TRa QHCKE, BEAUYHHY CHAM TPEHUA H MUEMMalbHOC
3HaveHne xoadpdbuurenTa TpeHra f*, IpH XOTOPOM
BOIMOMHOC KaveHne 563 NPoCcKANhILBBHIA.

Pemeune, B xavecTPe MexaHM4ecKod CHCTe-

Mul BrfiepeM gMck M TIPHMEHHM OAA HCCAEJOBAHMA F‘r
ABHMEHMA TeopeMy of HaMEHEHMM WHHeTHYeckoH P

SHeprun B aucbdbepenunatbHoii dopme (11). Toa- o
CHNTHIBAR KMHETHMECKYIO SHEPIMIO JUCKA, HaltgeM z
= 1 2 CEZE
= omyp + -é-[cwz = %mu%.
3 Puc, 33.
AECh yuTeno, wro Io = %mrz u ve = wr, Tak

KBK uccregyemar cucTeMs ABIAeTCA TEEPIEM TENOM, TO E dAl = D. MoacauTaem
<
¥YMMY sneMenTapHEX paboT BHEIIHNX CHA H, TIOACTABHE HalZeHHKeE BRPAKeHHA 414
-
K ) dA* B pamencrso (11), nomymm

d(%—.’.’-mu%) = mgreino dy.
Mogenns o6e “AcTH PABEHCTEA Ha df C y4eTOM KMHEMATHMECKMX COOTHOWIEHHH

U =
CF8c, ¢ =w, naiigem
ap = %g sine, (12)
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3anuureM hopMyIHPOBKY TEOPEME 0 IBMAEHHHN HeHTPa Macc cHcTeMut {2) npu-
MEHNTEILHO K PACCMATPUREEMON 38346

mio = C_}’+57+ ﬁrp

CHPDEKTprEM NoAYY4EHHOE BeXTOPHOES pPapeHCTRO HAa JBe ?HEHHHK}MRPHHE
OCH, NEPERAA HA KOTOPRIX NapafinenbHA HOPMMB_HOIUI CHAE PeakKIHH

0= ~Gcosex + N,
map = Gsine — F.rp.

C yuerom (12) HaxoqwM pemtenne arol cucteMul: Fry, = +Gsina, N = Geosa.
fMoscTapnan nonyvenHble peau-UHL B GODMYIHPOBKY 3aKoHa TpeHnr Kynoua, onpe-
AeAiM MUHNMAnTLHOe aHaveHMe Kodhdmunenta Tpenus f*, Npu koTopoM BoIMOXKHO
KaueHHe Sea Mpockanbikpauua: f* = 3+ tgo.

6. MpuHymn ﬂ,anauﬁepa. 3nemMeHTbI
aHaNUTHYECKOU MEXaHWKH

6.1. Mpununn Ranambepa

» Cranm nuaepopn. Ipuanun JarmamGepa. IycTte Touxka MaTepu-
ANBHOM CHCTEMEl JBUXETCA IO AeHCTBHeM HEKOTOPOHR CHCTeME! cua (3TH
CH/ABI MOT'YT GBITS PadGUTH! NHG0 HA BHEIIHHE U BHYTPEHHEE, TG0 HA aK-
THBHBIE ¥ CHILl PeaknuH cBiaed). PaBHOAeHCTBYIOUYX 3TOH CACTEMEI
CXOAAIMXCA CHA 000IHAYHM

Cusoti uxepyuy TOYKH HAIBIBAETCA BEKTOPHAA BEIHYHHA ¢, paBHaH
NPON3BEJEHUI> MAcCH TOYKM Ha €€ YCKOPeHHe M HalpaBJeHHAR MpOTHBO-
BOAMKHO YCKOPEHMIO!

¢ = —md.
=

Crna ¢ GbuxTHBHA, OHA HE BXOJAUT B 4HCAC PEATBLHLIX CHJI, AeHCTRY-
HOLIKUX HA TOYKY.

Mpunyun Jasambepa: Opd ABMKEHHH MEXAHKIECKOH CHCTeMHl (Tod-
KH) J1060€ €¢ COCTOAHKE MOXHO PACCMATPABATE K4K IIOJ0XKEHEE paBHOBE-
CHA, €CIH K DEANBHEIM CHIAM, ACACTRYIOMIAM Ha KaXX Y10 TOYKY CHCTEMEI,
A00ABUTE PUKTHBHbIE CHALl HHEPLHH.

B cOOTRETCTBHH ¢ ITUM OPHHLUUIOM, eCAM K KaXJOK TOYKE CHCTEME]
AOGABATS CHIY <I> =—m;{i;, TO CHCTeMa CILI, COCTOALIAA U3 PeatbHbIX F;
H PHKTHBHEIX 'I> cua, OyxeT yJOBICTEOPATE BCEM YpaBHEHUEM CTATHKH,
T.e. [MABHEINA BeKTop CHCTEMBE CHJ M €€ [IABHLIH MOMEHT OTHOCHTENBLHO
NPOH3BOALHOTO UeHTPa P 6yayT paBHEI Hy.mo:

S F+Y.8=0
ZMP(E)+ZMP($
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B icoop,qHHaTHoi’l ¢bopMe 3TH ypaBHEHHA 3aNUCHBAIOTCA TaK!

S Fa Y %.=0, Y. M(F)+3 M(E,)=0,
zFiy+Z¢jy=0' ZMy +ZM 3 =0,
SR, =0, Y M(F)+Y M(3))

Hpunnun Janambepa nosBoAseT NEPEHECTH METOIH PelleHHA 3ajad
cTATHKM HA 3afa4M TUHAMHKY.

INMpumep 1. B xabune mdra, NOAHEMAKUIErocs JaMESNEHHO € YCKOPeHHEM a,
HaxoAnTca rpys Beca G (puc, 34). Onpegeants fabienue mona ANgTa HA Fpy3.

Pemenne. lipumem Ppys 33 MATEPHANLHYIO TOUKY U PACCTABMM DeanbHEE CHARL,
AEHCTBYIOUIUE HA HETO, — AKTHBHYK CHAY Beca (7 M CHAY faBliesna nona Ha rpya
HoGapuM K 3Tuu curaM HUKTHBHYIO CHAY HHEPLHH ‘I) = —~md (0GpaTUTe BHHMA-
HMe: CHAA T na PHCYHKE HAITpaBIEHA HE NpoTHR
nepeMelenus adTa, a NpOTHBONONOKHO BekTopy AL
YCKOpEHUA). 3

[Moay=sennad cHCTEMa TPEX CHA c';’ Iv 3 ypan-
HOBEIEHA B COOTBETCTBMM ¢ npHuuunoM Jlanambe- F 3
pa. JIMHMM gedicTBUR BCEX CHA HANDABAEHHl BACHE
oaHOH MPAMOH, MO3TOMY PaBHORECHE CHCTEMEL OTIH-
CHBAETCA OAHUM yYpaBHeHHeM 3  F, = 0, ocTanrbHble 4
MATL ypaBHeHH 06pallaioTCA B TORIECTEA. YpaB- ¥
HEHHE DABRHOBECHA HMEET BUJ

-G+ N+E=0

Mogerapasna emecro © Mogyas cuax sHepuun ma ¢
{3HaK MMHYcC GMI YYTeH Ha DHUCYHKe), HMeem Puc. 34.
N=0G(g—n). Bugno, 4To CHAS JABNEHHA NOJA MEHE

ule Beca rpysa.

CHCTeMa CHI MHEpUMH MOXET OKA3ATBECA TPOMOIAKOH B CIy9asx
GoaBIIOro KOAHYECTRA MATEPHANLHEIX TOYEK HIH DPACTPEAAEHHEIX MAcC.
[Tonsayace Teopemou GTaTHKH O NPUBEACHUM CHCTEMBI CH K UERTPY, CH-
CTeMy CHJ WHEPLMH <I> MO}KHO 3AMEHHTH 3KBUBANEHTHON CACTEMOH, Co-
CTORIEH U3 OJHON CHA ‘1> OpAACKEHHOH B Hallepe;] 33 1aHHOM LEHTpe P
(oma paspa 2AAEHOMY SEKMOPY CUA UNEDYUU 3= 3 (I> H He 3aBUCHT OT
BhIGOpa neHTpa), U OAHOW Maphl cHi, MOMEHT KOTOpPOH M“ paBeH 24a6-
HOMY MOMERTMY CUA4 UHEPHUl OTHOCHTENLHO LIEHTPA! ﬁp =3 Mp( ‘_gj)

-
MoxHo nokasats, yTo ® noscuuTHIBaeTCA O PopMyTe
= -
¢ = ~md,,

TAle m — macca cucTeMtl, & — YCKOPEHME UEHTPa Macc.

» Bupaxenns AAA PAABHOTO MOMEHTA CHJI MHEDIMM TBEPAOTO
Tera u ero npoexnuit Ha KOOpJAHATHHE OCH:
1. TIpu nocrynaTeasnom apmicenun: M% = 0.
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2. Ipu BpameHUd BOKPYF HeNOABMXHOM och 2 M)} = [ ¢,

3. [pu naockonapalfeasHoM Apmxkenun: Mg = ~I.¢.

3Jeck £ — yriaoBoe yckopenue Teda, I, m I — MOMeHTH HHepUMK
Tefa OTHOCUTENLHO OCH 2 M OCH, MPOXOAIIEH 4€Ped UEeHTP Mace fepileH-
JHKYAAPHO OCHOBHOM [IOCKOCTH (3HAKH «MUEBYC: B GopMydax O3HA¥AlOT,
YTO HAMPABJEHUA YTIOBOTO YCKODEHMA M MOMOHTA [TApBl CHA MHEPLWH
NPOTHBONOJGKHEL).

IMpamep 2. OgHopo KA fHCK pAIAYCA f KATHTCA BEepX H23 NPOCKANLIKIBAHUR
o Ayre oxpyXHocTH paguyca R (puc. 35). KoadbdHuneHT Tpenna KaveAns pasen k,
OnpefeatTs yCkoDeHHe UeHTPa IHCKA M CHIY JABAEHUA AUCKA HA ONIOPY B TOT MOMEHT,
KOrJa CKOPOCTE HEHTPA AMCKA PaBHA Vp, 3 Yol MeX[Oy BEPTHKANLIO W MPAMON,
COEAMHAOWe LEHTPH AHCKA W gYTH, DABEH &.

Pemenne. YckopeHte UeHTpa AMCKA COCTONT M3 JBYX COCTABIAXMMX al M a2,
MpH4eM HANpaBaeHMe af. dApaHee HeMIBECTHO, 3 ah = v}/ (R - r). flpu oTcyrcranu
NPOCKANLILBAHMA A7 = £r, Pae £ — YFAOBOE YCKOpEHhe AWCKa.

CHNE MHEDUHH AHCKA npug_t'e,qem_*x UeHTPY Mace, IPH 2TOM CHAy MHepLuMU pad-
AWM Ha gBe cocTaBagioume @ = 7+ $" rae 7 = ~mdlim " = ~mif.
Beauunua MOMeHTa Mapel CHI HHeplnn SydeT pasna MJ = Ioe = mral /2, coom
BETCTBYIOLLYK eMy A¥TORYIO CTPEeIKY HANPARHM NPOTHROMOACKHe JYI'OHON CTPelkKe
APeAMoAarasMoro YIVIOBOFO YCKopeHHA.

HaoBpamennan Ha puc, 35 cucTema cHd ypanrHobe-
mieua B cuny npunuuna Janaméepa. Burtnem ypasue-
HUA PABRHOBRECHA JMA IIOCKON CHOTCMEI CILT:

Fop+ @™ —Gsina =9, (1)
N=-©®" - Grosa =0, (2)
M, +MZ:+%"r—Grsina=0. (3)
3aech {l) — ypaBHeHUHe NPoeKuUMM HA HAMpande-
Hie F oo, {2) — ypaBHeHNe NpoexOdit Ha Harpabae-
p uue N, (3} — ypaBHeHHE MOMEHTOB OTHOCHTEABHO LIEH-
Tpa P. [IpucoegitHun K 2THM yYparHeHMAM 3akoH Kyao-
Pac. 35 . Ha (cm. ra. 3):
M, = kN,

NOAY MM OKOHYATEALHO CHCTEMY YeTHIpeX ypaBHeHM: C

4eTHPLMA HEMIBECTHEMU as, NV, F.rp, M.rp, pPelLInR KOoTOpYIo, Halgem:

¢

[+l

2 . va vé
= —|grsina+ k| gcose + , N=m[gcosa+ —2—).
3r AR-r R=r

6.2. Knaccupukauma mexaHu4eckux ceaaeu.
Obobwennsie kKoopgUHATLI

p Kiaccrdmianma MexaHBHecKUX cBA3eH. Meranuueckumy caaia-
MU HA3BEIBAIOTCA HeKOTODHIE YCTPOHCTBA (Tena), HAKIagLBalollle orpa-
HAYeHNA Ha MOJOXKEHHA H CKOPOCTH TOYEK MEXaHMYeCKoH CHCTeMEl. OTH
OTPaHNYeHUA BHIMOJHAIOTCA BCelAa HE3ABHCHMO OT 3aJaHHLIX CHA M 3a-
NKCEIBAIOTCA B BHZE COOTHOLUEHHI, HAJMBAEMBIX YpaaNenuRMy ceazell,
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C'mayuoraprblMy CBA3AMN -HA3LIBAIOTCA CBA3Y, HE JABUCALLNE OT Bpe-
MeHM, CBAM, 2aBRCAILNNAE OT BPEMEEN, HA3LIBAIOTCA HECMAYUOHADHBLMU.

CBHBH‘ B YPABHEHHA KOTODLIX BXOJAT KOODAHMHATHI TO4YEK H BPEMA,
Ha.ahlBa.IOTC.ﬂ 2EoMEMPUNECKiLMY, CBAIY HAIBEBAWOTCA KUHEMAOMUYECKUMU
(ﬂnch)(’peHuHa.ﬂbelMH), €CAM B YPABHEHHA CBS3eH BXOJAAT CKOPOCTH,
KOOpAMHATEL TOYEK 1 BPeMHA,

F,C.JIH KHHEMATHYECKYIO CBA2E MOXKHO ¢3AMEHHTLS QKBHBaJ'IEHTHofl reo-
MeTPH4ECKOH, TO OHA HAJLIBACTCA KUNEMAMUMECKOU UHmMezpupyemol, B
ApOTHBHOM CIY4ae — HEUHIMe2pupyemol.

TeomeTpHycckMe B KiHeMaTH4eCKHE HHTEMPHDYEMbie CEA3HN Ha3bIBa-
OT0A Z?OJtOHD.;!mbLMu, 4 KHHeMaTHYCCKHe HeHHTerpHpyeMule — HezZgao-
HOMHBMU, Mexannqecxa.a CHCTEMA HAZBIBAETCA POJIOHOMHOI"II‘ 2CAIH Ha Hee
HaNOXKENBl TOALKO COJOHOMHEIE CBA3H, H nerononomnoﬁ, eI NMeeTca
xoTA OBl O/THA HETONOHOMHAA CBAAL.

CBH:}H HalbLIBAKTCA ueocsoﬂom&awmumu, CCIH OrpaHuYeHMA, HAKIA-
JAbIBaeMLIE HMH Ha TIOJIMKENHA TOYEK, HX CKOPOCTH K BpEeMA, MOI'YT OLITH
Aanyealb B cpopme PARGHCTEH. Oceoﬁo:w:amowue CaA3U 3ANUCLIBAKOTCA B
¢dropse HEDABEHCTS.

P BosMoxduM (BEDTYalbBKIM) NCDeMOIIEHNEM TOUKH MeXaHuYe-
CKOM CHCTEMBbl HA3LIBAETCH JIO60e JONYCKAEMOE HAJONKEHHLIMH CBA3AMA
nepeserienne 57 U3 NOAGKENHA, 32aHMMAEMOT O TOUKOW N JAHHKI MOMEHT
ppeMeBH (INpH NOCTPOCHAN TAKUX TepeMelleRNi Halo MBICIEHHO OCTAHO-
BHTH BPEMS, IIpH 2TOM HECTALNOHADHEE CBA3H CTAHYT HENOJBHXKHBIMY,
T.¢. ~- CTALMOHAPHEIMHI). BoaMoOXHEIE MepemelnieHHA TOYKa He COBeplla-
eT, HO MorJa 6bl COBEPLIHTL, HE HAPYLUAA CBAIEN B MaHHLIA MOMEHT Bpe-
Melnn,

Bosmancnuix nepesmenenues cucmembt Ha3bIBaeTCd MOGAA COROKYT-
HOCTE BOIMOXHLIX NePeMEIUeR il TOueK CHCTeMbl 47, AONYCKaeMBbIX BCe-
ME HAOXEeHHBIMYE Ha Hee CBA3AMH.

B kadecTBe MpEMepa paccMOTPHM TOYKY, Ra KOTOPYIO HaloXKeHa He-
CTAUUOHADPHAR CBAIL -— MAOCKOCTh, ABMXYLIAACA NOCTYNIATEABHO CO CKO-
PocTere ¥ (puc. 36). B cooTBeTCTRBUM ¢ TEOpe- 3
MOll 0 CIOKHOM ABMXEHUH TOYKH ee 1eHCTRH- /
TelLltoe nepeMelllenle dF paBHO I'eoMeTpuye-

CKO! cyMMe OTHOCHTEALHOTO §F 1 EepEHOCHO- %m

To, paBoro v dt. Ha pucynke sujHa pasunua

MEXAY NeHCTBHTENLHEIM I BO3MOXHEIM Hepe-
MCUIeHMAMY TOYKH.

Ana cranmonapusix cBAaelt geficTBUTENbHEIE NepeMEIIEHNA TOYEK Ha-
XOZATCA Cpemy BOAMOKHHIX.

Mexanuyeckan cHCTEMa MOXET MMeTh MHOKECTBO pajIHIHEIX BO3-
MOXHHEX nepementennit. Ognako 144 CHCTEM, COCTOAINMX M3 MaTepHAlb-
HHX TBEDJRIX Tel M KOHEYHOr'd KOIMYECTB3 MATEPHAIBHBIX TOMEK, CYy-

Puc. 36,
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HIECTBYST HEKOTOPOE HUCHO HE3ABMCHMEIX MeXay cOoG0H BOIMOXHHX Ie-
PEMEIIEHUH, Epe3 KOTOphlE MOXKHO BEIDAsSHTE JNO60€ ApYroe BOIMOX-
HOE mepeMelleHre. “THCI0 HEIADMCHMEIX MepeMelIeHUH HAIBBAeTCa wuc-
A0M cmeneneli ceobo0bl METAHUNECKOU CUCTREMDBL.

» O606IMEeHHEMA KOOPAMHATAMH HA3EIBAIOTCA HE3ABHCHMEIE MEXK-
Ay co6oil mapaMeTph!, KOTOpHIE CAHO3HAYHO ONPEAeldloT NOAOKEHHE Ka-
K A0H TOUKH MeXanUdecKol cucrembl. B ¢liydae FOAOHOMHON CHCTEMEL HH-
clo cTenenell cBofogkl paBHO YHCHy 00OGIIEHHBIX KOOPANHAT, B CIy4Yae
HEr OMOHOMHOM CHCTEMEl MHCAO cTelleHeld cBoboasl Menbile ducaa o6oG
ILEHHETX KOODAMHAT.

PaccMmorpum XoHKpeTHSHE IpHMEDEL.

1. CpofogHan MaTepHalbHasa TOYKA B IPOCTPAHCTBE ABAAETCA CHCTE-
MOH C TpeMmsa CTeneHaMu cBoboab!.

2. Cro6ognoe TBEpAOE TEAG MMEET WIeCTh cTeneHell cBoboanl. Jei-
CTBUTEILHO, MOJ0XeHHe JI0601 TOYKH Tela B TpOCTPAHCTBE MOXKHO ONpe-
JeIUThL, 3HAA MOJNOXEHHe TPeX ero Todek B, B,, B,, ne aexaummux Ha og-
HOH npamon. [lodoKeHne KaX 00 U3 TOYeK MOXHO 33/]aTh TPEMA NMApa-
MeTpaMH, HallpuMep, KOOPAMHATAMH T, ¥;, Z; (§ =1, 2, 3). Obwee 1ncno
KOOpANHAT PABHO AEBATH, HO 3TH § YHCEN He MOTYT 3aJaBATLCA NPON3-
BOJNIEHO, TaK KaK OHM CBAJAHBl TpeMA YPABHEHWIMH, COTJACHO KOTOPBIM
paccTosHuA d, 5, dyz, d3; MEXAY TOUKAMH JOMKHE OCTABATHCA NMOCTONH-
HEIMH, TIOCKOABKY OHM NDMHAJMEKAT TBEpAOMY Teny. Ecnu, Hanpumep,
M3NECTHBI LIECTb KOOPAWHAT Iy, ¥y, 2;, L5, ¥y, L4, TO OCTABIUMECH TPH
Zy, Y3, #3 MOCYT OHITE HalgeHbl U3 YDADHEHUH CBA3EH.

3. Teno, Bpamaioleecs BOKpPYr HEMOABMKHOW OCHM, UMEET OJHY CTe-
nens cBo6ogbl, H B KatdecTbe 0606IIeHHOH KOOPAUHATH MOXHO BHIGPaTh
¥roJ NOBOPOTA (.

4. Teepaoe Teao MpH MIOCKONADANICIEHOM ABMAKEHHY HMEET TPH CTE-
NeHH CBOOOAR], B KadecTBe 060BMEHHEIX KOODANHAT MOKHO, HAIPHMEP,
BEIGPATh YFOI NOBOPOTA M ABE AEKAPTO-
BH KOODAHHATH Kakoil-aubo TOYXH Te-
aa.

5. TeepJoe Telo NMpM DOCTYDATENE-
HOM ABHXKEHHH HMEET TPH CTENeHH CBO-
#2 & 60451, B kKadecTse 0606IIEHHEIX KOOpIH-

%

Ir

z Z 7 HAT MOXHO BLISPATb TPH Z€KAPTOBE KO-
2s OPOHHATH KakoH-aM60 TOUKH Teda.

> 6. Cucrema, cocToRmAn M2 HPHAMH,

Puc. 37, HOJOMKEHHON HA IIOCKOCTDb, M JUCKA, Ka-

TAUErocA 0e3 NpocKalbasIBaHuA no 6o-
KOBOH I'paHH IIPH3MEL, HMeeT jBe creneny cBoboast (puc. 37).
7. CHcTeMa, COCTOAMIAA W3 ABYX CBOOOJHEIX TOYEK, MMeeT UIRCTH
CTeneHel cBoBOALL.
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8, Mexaniam IBeflHON MallMHEBl, COCTOAIUMA M2 GOALIIOTO YHCIA
rpepABIX TeN, UMEET OJHY CTeNeHs CBOSOAEL.

9. ToHKUH NPAMOIMHEHHHY CTEPKEHbL HA MJIOCKOCTH, KOTODHIH JOI-
KeH ABHTATHCA TaK, YTOOk! CKOPOCTL €ro leHTpa Ghlna napaiienbHa OCH
cTepXHA, HMEET JBe cTeleHn CBoSOAR.

W3 npHMBeAeHHBIX NIPUMEPOB MeXaHWHeCKMX CHCTEM ML OfHa -—
pocnedaa — Gblia Her OMOHOMHOIM, OCTANBHEE OLUIM MOJOHOMHLIME,

BepueMcs CHOBa K TMOHATHIC OOOOLIEHHEIX XOOpAMHAT, BIAB JJIA
yamecTpanuu cucreMmy w3 npumepa 6. Honoxenne xaxgoll Toukn gucka
}# NpU3IMEL Gy/leT M3aDeCTHO, KaK TONbKO 6YAYT 3a/aHbl 3HAYEHHA BETHYUH,
BXOAAUIMX B OJMH ¥3 HaBOpOB, COCTORUIAX H3 ABYX IIAPAMETPOB: (T,, T,),
i (24, dp), (25, %), wnit {2y, y), man gy = 5 (2,4+2;), g3 = §2, 2,
u T.A.

IlogBegeM HTOTH: QU8 PACCMATPUDBAEMOH CHCTEME! BAPHANTOB BEIOODA
oBOGHUIEHHEIX KOODAHHAT CYUIECTBYET BeCKOHeWHO MHOIO, HO KaXJBIH
$UKCHPOBAHHELL Habop DCETAa COAEPKUT ABe HedaBUCHMEIS BEAMYMHEL.
Tak kak JgaHHafA CHCTEMa FOJACHOMHA, 4iciHo O0OGLIEHHEIX KOOPAHHAT
paBHO ADYM, T.€. YHCAY CTeleHell ¢poboab. KOoOpANHATH HA3LIBAIOTCA
0DOOHIEHHEIMH, TOCKONBKY OHH MOLYT He HMeTh HBHO BHIPaXKEHHOIQ
FeoMeTPHYECKOrO CMEICTA, KaK, HAIpUMeD, B cIydae KOOPAHHAT ¢, {y.

» HjpeannHwme cepdAan. CPAIM HASHIBAIOTCA UJeasbHbiMU, CAH CYMMA
pafoT uX peakiuuil }_fj PaBHA HYJIO Ha MO50M DOIMOXKHOM HEpEMELIEHUH

CHCTEMEL:
ZJA_f =0.

TlprMepoM CHCTEMEI € HACANBHBIME CBASAME CXYXKUT CROBOIHOE TRER-
Aoe teno. Jli06ol cIOXKHEIA MEXaHH3M, COCTOAIMHA H3 HECKONBKHX TBEp-
AsIX TeT, MOXHO TPAKTOBATh KaK MEXAHNHUECKYIC CHCTEMY € HAeadbHEIMH
CBA3AMH, eCAN Tela coeqiEeHbl abCoMOTHO XKeCTKO, IPH MOMOIK Healk-
HBIX MIApHMPOB (6€3 TPEHHA), HEDECOMBIMI HEPACTAXHMEIME YJ€AALHO
THOKUMN puTAME. KpoMe TOT'0, HOBEPXHOCTH CONPUKOCHOBEHNS AOMKHE]
OBITE IN60 ABCOMOTHO T JKHMH, THO0 UAATLHO IIEPOXOBATHIMMU, KOT 14
OJHO U3 Ten KaTHTCA N0 ApyroMy 6€3 DpoCKalb3LIBAHUA.

6.3. MpuHumn BoaMOXHBIX NepemewteHu

Hpunyun sosmoncrbiz nepeseujenudl: ANA paBHOBECHS MEXaHUIECKOR
CHCTEMEl ¢ MAeaibHEIMH CBA3AMH HEOBXOZHMO H AOCTATOYHO, YTOGHI
C¥MMa sneMenTapHEIX PabOT AKTHBHEIX CHA ; Ha n060M BOIMONKHOM
Nepemementn cucTeMs 651a paBHa HYJIIO.

Martemaruyeckan sanucs DPUHIMNA DOIMOKHEIX MepeMeLIeHu:

P ZHET )
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TMpumep. HaiiTy yrof @ o TKACHEHHA 0T BEPTHKAAH 0CH TAXKEIOI'O OROPOJHOIG
CTEDMHA BeCa G, K HHAHeMY KOHUY KOTOpOoro B NpHAOKCHA COPHIOHTANTBEHAR CHIa F
{puc. 38).

Peumrenne, B Mexanudeckyir ¢HCTEMY BKAKMHM CTEpXKeHL,
ABMAUIHIACA TBepaLlmM TenoM. IIpeHeSperad TpeHHEM B IADHH-
pe, 3aKAyaeM, UTO CBAIM, HAJMOMEHHLEIC HA CHCTEMY, HOCAABHEIe
H K HCCIeqopaHHKC €€ PABHOBECHA MOXHO NPHMEHUTR MPHHUKHN
BOIMOMKHLIX nepemcmeﬂuﬁ‘

W3 cocToanna paBHOBeCHR, XAPAKTEPM3YEMOro YLIAOM i,
COD&I.LI&GM CHCTEME BOIMOMHOE OepeMelieHHe — MNoBoRadHbaenM
CTEpXEHh HA Malkit yroa 8¢ Bokpyr mapuupa H B cTopouy yee-
JAHYEHHA ¥TNa 2, TOJCHHTHPACM CYMMY 3A6MEHTADHRIX PﬂBOT ax-
THBHLIX CHI g H H NpPHPaBHABaeM €2 HY DK

—GLsingbe + F2Lcospdpy =0

{npuHHMaeM BasHY CTepXHA paBHoh 2L}, uau nocne npeobpaso-
Bapt:
Puc. 38. ${—GLsing + F2Lcosyp) = 0.

TMockoasky BoaMOxHOE NepeMemteHite §¢ NPOU3BOALHO, TO AR TOrQ, 4ToBH Npo-
Hapegenne GLLI0 paBIto HYIO, Heo X0 WMo IPUPABHATE HY.0 BRIDAKEHHE, JAKTIOHEH-
HOE B KPYIMHe ckoOKH;

—GLsing + F2Lcose = 0.

Orciofa HaXo UM HCKOMKI yroa ¢ = arctg(2F/G).

6.4. Obwee ypasHeHue gUHAMUKH
(npunumun flanambepa — Jflarpanxa)

Popuyauposxa obwezo ypasHeHuR SUHGHURY: MEXZHMYECKad CHCTe-
Ma, Ha KOTOPYIC HAJOXKEeHBl K/eAlbHEIE CBA3M, JBMXETCA TaK, YTO B Ka-
HIbIH MOMEHT BPeMEHH CyMMa d1eMeHTapHEIX paboT BCEX AKTHBHBIX

CHI j ¥ CHJ UHepIUH ¢J Ha A160M BOIMOXKHOM NepeMELITeHHH CHCTEMEI

pasHa Hyaw. MaTemaTudeckada ¢opMmynunpopka npuninuna Jarambepa —

Jlarpasxa:
F ® _
E §A7 + E dA7 = 0.

IIpamep. [lo roa kol ropHIOHTANRHON NOREPXHOCTH ABHKETCA MPAMOYNOALHEHN
napantefenined MACCH 1y, TI0 €ro BepxHell HAILHC UIEPOXOBATON MOBEPKHOCTH Ka-
THTCH OAHOPOAHEIN MMCK Macchl My M pagMyCa rp, K UEHTPY KOTOPOro NPHIOKEH2
nocToAHHAA FOpHAOHTankHas cuaa K, (puc. 39, ). Hailttu yexopenua napasienenune-
Aa G, ¥ UEHTPA IHCKA 2.

Pemenrue, PaccMoTpuM cHcTeMy, cocToAIyo 3 Napaiienenunesa n aucka, Ha-
NOMeHHLIE CBAIM ABAAIOTCA WCAALHLIMY, ¥ IR H3YYEHHUR ODHAKEHUE CHCTEMBL MOKHO
NpUMEHNTE 0 f1uee YpaBHeHHe JHHAMHKM. B kadecTBe koopAMHAT, CNIpEIeARKILHY ITO-
AOKEHHE CUCTEMEL, BHIGEpEM abCOMOTHYX KOODAHHATY Napalfefenuiefa £, H KOOp-
AUHATY Ty, XaPaKTEPUIY WY NOJOMKEHHE JUCKA O OTHOWEHHIO K Tapa/lIeledresy.

BekToph ycxopeHUi NaPaANeNenNnefa o, i LEHTPA AUCKA Gy TOPHIOHTANBHEL, HX
BenuwduHel 2, =%, o, =¥, +%,, yrloBoe yckopeHue gucka ¢, = ¥, /v, [Ipegnonaraemue
HANPaBeHUA BEKTOPOB &), &; M COOTBETCTBYIIEE HM Harganmnue AYTOBOH cTpen-

KM £, M3c0pakednl Ha puc. 39, 6. K axrusnum cuaam Fy, G, G, (G, Gy-—cnau
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e
2 - 4 -
peca napanfelennnena n AUCKA) JoSaBuM cuaK uHepuun & | = —m &), ;= —m,d,
o fTapy CUA uHepuuu ¢ MomeHToM MY = —L&, (cm. puc. 39, 6).
CooSWKHM CACTEME BO3BMOXHOE MEepemelie-
fiye, YBEMMSEHB KOOPIHHATH 2, £, Ha BeANIHHE s
§z,, 6zp. Tlpn 3TOM aMCK NoBepHeTCA Ha yroa
Son = ma/ra TN
ToacHnTaeM CyMMY 3neMeHTapHux pabor 21
aKTHBHLIX CHIE H CHJ MHEPIIMY HAa BOIMOXHOM Ne- 3
peMeIIEHUH W NDUDABHAEM ee HYRI0: <, 2
:::5/ e
L1
Fy(3z) 4+ 813) —mya) 6z, - = Iﬁ,
— mang{dzy +8x;3) — Loe, Sy = 0. a)
T2
[}
Y .
Nlocae npeoSpaloBaHuil MORY UM . G 7, o
L —1
5¢1[F2‘m151"m2(51+52}]+ ~ 3 Dsz
B,y l; ' 2
. . 1 -
+8z,{Fy — mo (&) + ;) - ‘f‘mzxz] =0. {4 777 7 77
51 G,
34eck BO3MONKHLIE MepeMellleHnd 6y 1 dr, 5)

MODYT IPUHUMATE NPOHABOAbHEIE HeIABHCHMELE
Mex Iy cofolt aHaueHnd. YToOK pabeHCTBO HY-
10 BHINORHATOCE BCerga, HeoOXoAHMo, MTo8k
ofa BHPaXKEHUSA, CTOALLNE MHOKUTEIAMH IpK 8, W 5T, W 3aKNI0IEHHME B KBAZPaTHELE
ckoBkH, SEIU paBubl Hy Mo, Takum oSpasoM, papeHCTBo (4) pacnafaeTen Ha CUCTEMY
OBYX YPABHEHHH C JBYMA HEUIBECTHRIMH

Puc. 39.

Fy —mz; —my(# +£;) =0,

Fy = my(E) + &) — $maE, = 0.

Pewaa cucremy, naigem

a1=51=_._.f3....__, a2=;@-1+52=M_ (5)
3my + my my(3m; 4 my)

6.5. Ypasnenusn flarpanxa sToporo poga

Jlna onmcanua ABHXEHHA FOJOHOMHOW MEXAHMYECKOM CHCTEMEI C 71
CTeNeHAMU ¢BOGOABl, HA KOTOPYIO HAAOXEHH HJecalbHEIE CBA3H, MCIONL-
3Y®T ypasuenus Jaepanmce emopoze pods

d {8T ar :
'a;(a_q'j)‘w—@,-, i=12..,m (6

3

3aech q; — o6obuernbie KoOpJuKamel, KOAMIECTBO KOTOPHIX PABHO
HHCHy cTenerell cBoSOARI N, q'j — ofobuennle cropocmy, paBHble IIPO-
HIBOAHBIM No ppeMend OT 0606IIeHHbIX KOOPAUHAT, T — KHHeTUYeCKaR
SHEPI A cHeTeMB, Q; — obobuennne cuast.
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Beanuuuwsr T u Qj JOMKHEL OLITE NpPeICTABACHE! B BHAS YHKUHE
Q60BIIeHHBIX CKOPOCTeH, 060BUIEHHBIX KOOPAHHAT M BPEeMEHH:

T:T(é]_: "'!q.n: Q1) "'FQn)t)!
Q;= Q1 sy Ty s B )

O6o6wennbie CUIB HAXOAATCA U3 BHIDAXEHUA JAA CYMMBI JJIEMEHTAPHEIX
paboT AKTHBHEIX CHA F HAa BO3MOXHOM TepeMeIleHH CHCTeME, npeoﬁpa~
J0BAHHOI'C K BUIY

N 5AF = F &= iQs‘ 8q;.

i=1

KoaugecTBo 0606IIEHHEIX CUI PABHO YHCAY CTENeHeH CBOSOXHL.

Pusudeckad pazMepHOCTb 0606UIEHHOM CHAK () ; 3aBUCAT OT pasMep-
HOCTH COOTBETCTBYOIeH 0606LIeHHON KOOPAKHATSI ¢;, TaK KAaK pasMep-
HOCT) MX NPOH3BeAeHHA Q; d¢; JONKHA COBIAJATH ¢ Pa3MePHOCTLIO pa-
6oTet cuanl, Ilo 3Tol NpumRe (; MOXET He UMETb ABHOrO PUIUYECKOLO
CMEICAE, OTCIOAA W ee HasBaHHe — 0506IIeHHAA CILIa.

Mocae moactanosku B (6) dbysxuuit T u Q; NONY4aeTCA CHCTEMa.
O0BBIKHOBEHHBIX JU(dhepeHIMAIEHEIX YPABHEHNH BTOPOT'O NOPAJKaE, KO-
TOPYIC HeGOHX0IUMO HHTETPUPOBATE C Y4eTOM HAYANbHEIX YCIOBHH.

IMpumep. YTo6H HarzAzHO NPOABHANCL TOCTOMHCTBA MINOXKEHHOH METOIMKN,
cocTasuM B hopme ypasueHni Jlarpanxa sToporo poja ZuddepeHIHAIbLHLE YPabHe-
HHA ABHXKEHMS MEXAHHHECKOH CUCTEMLl, PACCMOTPEHHOW B TIPUMEPE H3 padjg. 6.4.

Pewenne. PaccMoTpUM cHCTeMY, COCTOALLYKO M3 Napaniesendnesa n gHcka. Ha-
NOKEHHKIE CBAIM ABIAKTCA MOJOHOMHBIMYI H W AeBThHEMIY, TO3TOMY MOKHO NPUMEHATD
ypapsenma Jlarpaixa sToporo poga. CHcTeMa MMeeT gBe CTEMeHH cBOSOALI; B Kae-
cTBe 0506UEHHHX KOOPIHHAT, OTIPEAe/AOIIHX e NoRoKeHHe, BubepeM adcoNOTHEIS
KOOpJMHATH MapalleRenunesa ¢; = &, H LEHTPa AHCKaA §; = I, + Ty (oM. puc. 39, a}.

3anwmem BEIpaXKeHUE KHHETHYeCKON DHEPrUMM CHCTEMEL W NPHBENEM €ro K BHAY
$BYHKUIUH, JABNCALIEH OT §y, 45, 411 §2, I

2 2 Y] ne 4 ; Y1
T Mad ) m n m
T= Tl T:Z —_ 141 4 2v¥ez ' Lo R 191 ' 292 } 2_(912 QI,} .

IIpn npobegeHNN BHKIAIOK HCNoab3oBatia Gopmyna (1) wa ra, 5 ¥ KuHemaTH1e-
€KO€ COOTHOEHHE wy = {§; — &, )/r).

Hb-7a npocToii kMHEMATHKH 1 ¥ jauHOro BEIGOPA 0 BO6UIEHHEIX KOOPXMHAT OKA3a-
AOCh, 9T B BHPAXKEHHE KHHETUHECKOH JHEPTHH He BXOIAT HH 060 lleHHuIe KOOpIu-
HATHI, HH BpeMd.

Burucnaum o6obmenneie cuan. Jas 3TOro nogcHHTacM CYMMY 3R€MEHTAPHEX
paboT akTueHuX cun G, G, F) Ha BOIMOXHOM NepeMeIIeHHM CHCTEMRL, 33 1ABAEMOM
papuanuaMit §q,, §g;, HANPABIEHHKIMY B CTOPOHY YBEIH3EHUS KOODPAMHAT ¢, H ¢!

Z‘;Ai“ = F, g, =08, + F; 6g,.

Kozdbdunuenral, cTodimue npu papHaimax o850 SIeHHEIX KOOPIWHAT, ABIAIGTCA
HCKOMBIMH BRIPaXEHUAMH 080 SUIEHHEIX CHI, OTKYAa

Q=0 @Q,=F,.
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OcTanochk 3aNHCATE CHCTEMY YPABHEHAN IBHXeHUA {6):
d ar aT
. __-'" - = Ql'
dt | 24, 9
d (ar_or _,
dt \ @b, dq, ¥

C y4eToM HallZeHHLIX BuIpaxennit T, @, u §, nocae cooTBe TeTBYWINMX Npeo&pa-
10BAHUH YPABHEHUA TBHXXEHHA IPUHAMAIT CeAYIOUIMN BHS:

mygy — %mz(&z—61}=0- )

o 1 o -y
moly + gmy(ty — §) = Fy.

Pettennte cucremut (7) coBmagaeT ¢ pewenneM (5) aTol ke 3azaTH, NONYyIeHHEM
paHee MHLIM CrocoioM.

B orauuue ot ypapnenmit Jlarpamka Broporo pojga, ofllee ypasHe-
HHe AMHAMHKH NPHCOAHO TaKXe JJA WIYHYeHHS HErOMOHOMHBIX CUCTEM,
[0OTOMY OHO HMeeT 60Jee MUPOKHE BOIMOKHOCTE NPHMeHeHAA. B To Xe
BpeMA NpHMeHeHHe ypaBHeHMH (6) 4na UcCAOBAHUA TOJOHOMHEIX CH-
cTeM Goflee MPEAIOYTHTEIBHO, TaK KaK OHO TpeGyeT MeHBIIEro KoAuie-
CTBa MPOCTHIX AEHCTBHM.
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1. OcHoBHbIE NOHATMA

1.1. Beepeuue. BHewnue w BHyTpeHHHUE CUALI

» Jdedopmanms, IPpOYHOCTE B KECTKOCTH. CONpoTHRICHNE MaTe-
pHaJioB peAcTaBJsieT coboil YacTh MEXAHHKH, B KOTOPO# paccMaTpUBa-
IOTCA BOMPOCHL PAcHeTa 3AEMEHTOR KOHCTPYKUWH Ha NPOMHOCTH, XecT-
KOCTh H YCTOHYHBOCTE.

ColpoTHBIEHHE MATEPHAJOB OMHPAETCA HA 3HAHHA TEOpeTHYecKo
Mexanuki, Ho ecit 06beKTOM TeOpeTHYECKON MeXauUKH ABAAETCA abco-
JIOTHO TBEPJOE TENO, TG B CONPOTHRISHUH MaTepUAIOB PacCMaTPHBAIOT-
ca gedopMHpYeMEle TBEDJLIE TeIA.

Ha npakTuxe peajbHBIe HMACTH MAIUMH M COOPYKEHHA NOABEPTAlOTCA
BO3JCHCTBHIO pa3zHoro pofa cui. [log geHcTBHEM 3THX CHA NPOUCXOIHT
defopmayus Tel, T.€. HIMEHEHHE B3aHMHOI'C PacHOACKeHHA HacTHH Ma-
TepHata. Eciu cUABl JOCTATOYMHO BEJIHKH, BOOMOXHO PaspyllieHNe Tela.

CrnocofHocThk Teda BOCIPMHAMATE HArpyaky Oea paspyllieHuA H 60Jb-
Mx AecropMaliil HASEIBAIOT COOTBETCTBCHHO NPONHGCTbY H HCECTKo-
CHibio.

HekoTophie COCTOAHUA PABHOBECUSA TeN H KOHCTPYKIHIL OKAIBIBAIOTCA
HeycTmouuUebtMY, T.¢. TAKUMH, IPH KOTOPHIX HEIHAYUTENbHEIE MEXaHNTe-
CKHe BOaAeHCTBUA, KaK MPaBHIo, CIy4alHOro XxapakTepa, MOL'YT [pHBe-
CTH K CYUIECTBEHHBLIM OTKJIOHEHHAM OT 3THX COCTOAHHH. Ecam xe ot-
KJIOHEHHA TaKXe HEBeAWKH, TO TAKWe COCTOAHWA paBHOBECHUS HAdLIBAIOT
yemoluugna.

» Baemnwe caanl, K BHemHUM cuiaM, AeficTBYIOUINM HAa KOHCTDYK-
IMIO, OTHOCATCA AKTUBHBIE CUABL (HACPY3KM) U PeakIUH BHEIMHUX CBA3EH.
PaanmuvaloT HeCKONEKO BUIOB HArpy3okK.

Cocpedomorennal cuag, npuloxeHHad B Todyke. Ee BBOJAT BMecCTO
PealbHBIX CHJ, AeHCTBYIOIMAX Ha HeGOABLIOH YyYacTOK MOBEPXHOCTH Hle-
MEeHTa KOHCTPYKUHH, Pa3MepaMi KOTOPOro MOXHO TIpeHe6pedb.

Pacnpedeaentivie cuast. HanpuMep, ciibl aBleHHA KHJIKOCTH HA AHO
COCYAA OTHOCATCA K PACTIPEACISHHBIM [0 NOBEPXHOCTH HArPY3KaM H M3-
MepAlTca B equaunax H/M2, a cuabl Beca — K HarpysKe, pacnpejeseH-
Hoit o o6neMy u uaMepsaeMoit 8 H/M>. B page cayvaer BBOJAT HATDY3KY,
PaclpeseacHHYI0 10 AHHHH, HHTeHCHBHOCTE KOTOpPOIl uaMepAeTca B H/m.

O gHHM M3 BAPUAHTOB HATPY3OK ABIAETCA COCPEOOmMOUEHHBIE HOMENT
(napa cua}.

» Bnuyrpennne cmam B crepxkue. Haufojee paclIpocTpaHeHHBIM
SJEMEHTOM KOHCTPYKIUH ABAAETCA CTEPXKEHD, IO3TOMY B CONPOTHBIEHHH
MATEepUHAJICB €My YAeNAICT IABHOE BHUMAHHE,

[TIpoaonbHad 0Ck U IONEPEYHOE CeYEHNe — OCHOBHEIE TeOMeTPUYeCKHe
DAEMEHTHl CTepXKHA. [[pPHHHMAETCA, YTC MONEpedlble CEYeHUA CTEPIKHA
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Pnc. 1.

nepneHAUKY IAPHEL TIPOJOJIBHOU OCH, & NPOAOLHAA OCh NPOXOANT Yepea
LUeHTPH TAXECTH NONEPeYHBIX CEYeHUH.

Buympennust ctiaamt CTEPKHA HAIBIBAIOT CHABI BIAHMOJEHCTBHA
MEXJY ero OTAeALHEIMH YacTAMH, BORHHKAIOWME 1o] AelHcTBUeM BHeI-
HEX CUI (NpeAncAaraeTcs, YTO B OTCYTCTBHE BHEIIHHX CUJI BHy TPeHHHUE
CHJIB! PABHEL HYJT10).

PaccMoTpuM cTepXeHb, HAXOZAUMECA B PABHOBECHH Mog JelicTBHEM
HEKOTOpPON cHCTEMEL BHEIHUX cui (puc. 1, ¢). MbicAenHo poBeaeM npo-
H3BOJIBHOE NONEPEYHOe CeeHNe, KOTOPOe JeNUT CTEDKEHb Ha ABE YacTH
A u fl. Ha npayic vacte /I crepxHa co cTopoHkl aesoll wactn JI gell-
CTBYET CHCTEMAa PaclpefieleHHbIX 10 TOBEPXHOCTH NONEepPeTHOrO CeueHHA
CHA — BHYTPEHHHX CHA 110 OTHOIIEHMIC K CTEPKHIO B LEIOM. JTY CHCTEI%‘I{V
CHIl MOXHC NPHBECTH K T'TABHOMY BekTOPY R H IlaBHOMY MOMeHTY M,
B3AB LEHTP TAXKECTH cedeHHA — TO4Ky () — B xajecTBe LIEHTPA NpUBe-
JEHHA.

» Buyrpemnme cumopmie dpaxkTopul. BrifiepeM cucTeMy woopauHarT,
Pacnoloxus ocu %, ¥ B NIONEPEHOM CEeHCHUH, & OCh Z NEPNIeH AMKYIAPHO
EMY, ¥ pa3iokuM A H M Ha cocTaBIALIINE IO STUM ocaM: (I, Qy, Nn
Mg, M,, M, (puc. 1, 6).

OTH IUECTL BEMUYUH HASBIBAIOTCA GHYMPERHUMY CUADGBIAMY GaKmopa-
MU CIEPHCHA (UAY GHYMPEHHUMY YCUAURMY) B PACCMATPUBAEMOM cede-
HuH. Kaxgoe ua aTux YCHJAHH HMeeT cBO€ Ha3BaHMe, COOTBETCTBYIOIEe
€0 HATPaB/IEHUIO WM ONpeeIeHHOMY BHAY Ae(OPMANUH CTEPXKHA, KOTO-
PHIl BEI3BIBaeTCA >THM younuem. CHunl (, o (), HasbIBAIOTCA nRONEpeN-
"b““: (ﬂepepesmsamwuuu) curaMi, a N — sopaaavnoti (npodoabnoti)
CHroH. MomenThr M, n My HA3BIBAIOTCA UIzuSAWu UMY MOMEHTAMH, &
M, — xpymawun momenTom.

>
. MeTog cevenmit. Tax kax oTcedennas HacTs cTepxua [I HaxoanT-
H ~ u
- B PaBROBecHH, MOXHO COCTABUTE IIECTh YPaBHEHMI CTATUKN AJA Jel-
B
YIOUIHX Ha DTy 9acTh CHJ, H3 KOTOPHIX ONPEAEIAIOTCA BCE IIeCTh BHY-
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TPEeHHHX CHJIOBBIX (raKTOPOB

Y F.=0, > F, =0, S F, =0,
Zmz(?)zo, Zmy(ﬁ):{], Emz(p)=0.

JTOT crocab ONpeAcIeHHA BHY TPEHHEX YCUTHH HAIBIRAKOT Memodom
cexenu. .

Ha ocHopanMK 3akoHa JeHCTBUA U NPOTHBOAEHCTBUA MpaBad TacTh
CTepKHA JeHCTBYET Ha JeBYIO C TAKHMH XK€, HO TIPOTHUBONOIOKHO HAIPa-
BJACHHEIMY YCHAMAMY, MO3TOMY HX MOXHO TaKXe ONpefeldTh, HCX0AA M3
paBHOBecHA 4acTH J CTepKHA.

1.2. Hanpsxenunsa u gecpopmaunn 8 Touke

» Hanpsxenun. Bexmopos nanpAxcenud p HAIHBaeTCA UHTEHCHB-
HOCTh PacHpefeleHHbIX [0 CEYEHHI0 BHYTPEHHHX CHM B HEKOTOPOW TOY-
ke cedenna (puc. 2). Ero cocraBngoume, Je-
Xalllle B MI0CKOCTH Ce4YeHHA, HA3BIBAlOTCA Ka-
CATMEABHBLUY HANDAHCERURMU T, T, & COCTa-
BAAICUIAA, IEPIEHAUKY IAPHAA CEHEHIIQ, — HOp-
MEABHbIM HanpRxcenues o. Hanpaxenus name-
paotea B egnuunax H/m? (Ila) u sapucar e
TOJBLKO OT BEIGOPA TOYKH, HO H OT OPHEHTALNH
cevenus (uau nuomaiky dA, puc. 2), npoxos-
Uero 9epea 3Ty TOUKY. BCA COBOKYNHOCTD Ha-
NpAKEHHN B 32JaHHON TO4YKe /A PA3HEIX IIIO-
WaJoK Ha3LIBALTCA Hanpﬁ:m:enublm COGCIMORHU-
€M B ITOW TOYKE.

ITpu M3BeCTHEIX HATNPAKEHHMAX B CeYeHHM CTEPXKHA €ro BHYTpeHHMe
CHJIOBLIE (PAKTOPBEE MOT'YT GBITEH HalgeHBl o GopMydaM

N:/adA, Qz:[rdi, QyzfrydA,
A A

A

Puc. 2.

(1)
M, = —/JydA, M, = —famdA, M, = /(Tyz—rry) dA,
A A A

rje HHTECpUpPOBaHHe PACIPOCTPAHEHO HA BCIO MUOMIAAL ceMeHna A.

» [Jedopmaoun. PaccMoTpUM IpON3BONBHYIO TOYKY K Tela B Hadalb-
HOM HefedropMHPOBAHHOM COCTOAHUY U MPOBEAeM 4YePed Hee B HanpaBie-
HIM ocell T H  JBa GeCKOHE4HO MAJbIX OTpe3ka annHol dx u dy (puc. 3).
ITog aeficTBHEM HAPpY3xW NPOHCXOAUT gedopMauMa Teda, Touka K
nepeMelaeTca B Touky K', oTpesx dr W dy MaMeHAIOT CBOK MIMHY HA
BeqU4UHEL Ax B Ay, a yrod 7/2 Mexy HIMU H3MeHAeTCA Ha Vey-
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(OTHOIDCHNA
_ Az e = Ay
82T 4z v dy yA

HAIEIBAIOTCA Auelnbiiy dedopuatuiny b
gpouxe K B HANPABICHAA OCEH z H Y co-
oTBETCTBEHHQ, @ BEAHNHHA ¥, — yeao60l
degopmayuet (yraom capura) B roike K
Mex gy oCAMH Z H Y. Beca cosoxynHocTh -
IHHeMHHIX H YCAOBHX AedopMmanmi gia W
pasAMTHEX HalpaBIeHHH, IPOXOAAIIEX Ye-
pe3 pacCMATPUBAEMYIO TOYKY, Ha3bBAET-
sl OefopMUPOSAMMBLI COCMORKUEMR B ITOR

Pnrc. 3.

TOYKE.

1.3. OcHoBHblEe NOHATUR ¥ AONYUWEHUR

p YOpYrocTLIO HASHBAIOT CBOHCTBO Tela, BHPAKAIMEECA B OAHO-
JHAYHOW JABUCHMOCTH MEXAY CHIAMM, JEeHCTEYIOIIAMH HA TEIC, H ero
AedopmanpeaMu. B 9acTHOCTH, YNIpYroe Teao Hocle CEATAA HAUPY3oK Bo3-
BPAIAETCA B HCXOAHOE COCTOAHUE.

B HeKOTOPHIX CAIYTaAX MOCAE CHATHA HArpy3oK HCYE3aeT JHIlE: YacTh
NONHOW AehOpMAldN, HadHBacMad ynpyeoti. QcTaBmafdcs 9acTh — TaK
HasplBaeMad ocMamounds (nagcmusvecxas) aedopManun ceaA3ama C€o
CBOHCTBOM TEN3, KOTOPOE HA3LIBAETCH NAGCUNHGCTGIO.

» OcHOPHHEe JOOYIIEHUA, IPHHATHE B CONMPOTHRICHAH MaTE-
PHAIOB:

1. Tena cyaTaOTCA cINOWHBIMA (663 NyCTOT) H OAHOPOAHKIMH, T.€.
CBOHCTBA MaTepHaJa Teld B PA3HEIX TOTKAX OJWHAKOBLL.

2. Marepnas Tena ugomponen, T.e. €ro CBOACTBA IO BCEM HaNpasie-
RMAM oAMHAKCBEL (B pafie ciyyvaeB NPHXOJATCA OTKAIWBATECA OT 3TO-
[0 fonywmeHna gaa aMusomponmsis Tel, CRBOUCTRA MaTepHala KOTOPHX B
PA3HBIX HampapleHMAX padingalorcd. Hanpumep, ceolicTBa gepesa B Ha-
UPaBAeHHH B JoJdb BOJOKOH H HOMEPEK Pa3IMYHE.)

3. Jdedopmanun Teaa B KaxJoH TOUKe OPAMO MpONOPUMCHAIBHE Ha-
NPAXEHUAM B 3TOH Touke. JTO CBOHCTBO HAIHWPBAIOT fuHetinoi ynpyzo-
Mo unw 3axomom Iyka.

4. NpeanosaraeTea MatocTs AediopManMil Tesa, a TAKXKE MalOCTh
TICPEMEIE AN €ro ToYeK MO CPABHEHHIO C TeOMETPHYECKAMH pasMepaMa
CaMoro Tejqa.

5. C“PaBe,q.rmB npunyun Hesasucusmocmu deticmsus cua (OpMBOEN
ey Heprjomunn), COrJacHO KOTOPOMY Kakaa-1AaGO BeJUMUHA 4, JABHCAUIAA
OT melcTBus HECKOJAEKHX CAJ, PaBHa CyMMe BedHYHH 4, HalAEeHAWX OT

K 5 o
3&)!(‘,;(011 CUIH B OTIENBHOCTH. JTOT HPMHIMI CASAYET M3 AOMYIIeHHH
u 4,
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2. HanpaxeHuo-gedopmupoBarHoe
COCTOSIHME B TOUYKe

2.1. Buabl HanNpAXXEeHHOr 0 COCTOAHHUA

p DnapHpe HAOPAXEHAS U TIABHLIE HANpaBIeHWA. AHAIU3 Ha-
NPAXEHHOI0 COCTOAHAA B HEKOTOpoH Todke K Tena yao6HO NPOBOAUTE,
MBICIEHHO BEIJeMAS 3NeMeH TADHBE Dapajefellunes B OKPECTHOCTH 3TOMR
TOYKH H PACCMATPHBAd HAaNpAXKEeHRA, AcHcTBYIomUe Ha ero rpand. Beugy
MAJOCTH Dapallereninefa MOXHO CYHTATE, YTO HANPHXEHHOe COCTOAHNE
BO BCEX ero TOYKAX OMHaKOBO (OfHOPOAHO) M COBNAJAET C HANpPIHKeH-
HHM COCTOAHAEM B Hecaeqyemol Tovke K. HsMeHAs opHeHTAlHI0 3TOrO
napaijelenuneja, MOXHo go6uThca Toro, 4To6B Bee ero FpaHA GHUTH
cBofoAupl oT KacaTeAbHHX HanpaxeHRH. CoOTBeTCTBYIOUIAE HOPMAIL-
Hbi¢ HANDAXCHUA HASHIBAIOTCH 2AGGHBIMYU MANPRAWCEHURMY, 3 HX HANPa-
BACHAA — 2406HbLMYU HONPAGACHUAMY B TOUKe K.

Paanuuyalor aunetinoe, naockoe v obvemnoe (0dnoocuoe, deyrocroe
U MperocHoe) HANPAXKEHHBIE COCTOAHHA B TOYKe B 3aBHCHMOCTH OT
TOro, UCIHTHEBAET AN MAPAANCIENHNE], OPHEHTAPOBAHHLIA MO JIaBHHIM
HANpaBJeHAAM, pacTsieHne (HIM CXKATHE) COOTBETCTBEHHO B OJHOM,
ABYX HJIH TPpeX B33HMHO NepIIeH HKY/IAPHEX HAPABICHHAX.

» Ilnockoe HampaXeHHoe COCTOAHHE. 3aKOH TAPHOCTH. B
JalbHelIUeM BBEAY 0Co00H BaXHOCTH OUPAHHYMMCH ClIy4aeM OACCKO-

6,4 ro HaNpAXEeHHOr0 COCTOAHMA, NPH KOTO-

_ POM Ha ABYX IPOTHBONOACKHMX CPaHAX

et T2 JJEMEHTAPHOI'O TapaJlieennne]a Hampi-

| ' Ty XKeHAs oTcyTcTByoT. Ha ocranbubix rpa-

s | I 51: S; HAX B 00UIEM CAy4Yae HX OPHEHTAIMH JeH-
- - | | &£z ™ CTBYIOT KacaTeqbHBIE H HOPMAJbHbIE Ha-
T ¥ i npsxenna (puc. 4). W3 ogHOpogHOCTH Ha-
- é—;_—_— ——— TIPAKEHHOTO COCTOAHAA Mapailelenunesa
cAefyeT, 9TO OAHOHMEHHBIE HANpPAXKEHHA

Ha MPOTHBONOJOKHBIX TPaHAX 4YACIEHHO
paBHH. O4eBHAHO, YTO HOpMaibHLIE YCH-
Pnc. 4. WA Ha TPaHAX Mapa/liciennne]a B3aHMHO
ypaBHoBellleHbl. KacaTenpHble YCAIAA Ha TeX Xe FpaHAX 06pasyloT aBe
nape can ¢ MoMeRTaMmu (7, dy dz) dz u (7, dz dz) dy npoTHBOmOAOKHOIO
HanpaBieHnd, Tge dz, dy, dz — pasMepbl Napa/lieJeNAnea. JTH MOMEH-
THI JOMKHE! GHITh YPaBHOBEWEHB, OTKYa T, = T,
MocnesHee PaBEHCTBO BHPAXKAET JGKOH NAPHOCTRU KACAMEALKYIT Ha-
npAoiceuti: Ha JMOOGHIX B3aUMHO NEPNEHIAKYASPHBIX MMOMAJKAX Kaca-
TelNbHb¢ HAPAKEHVUA paBHB JO BeIW'iMHe M HANPABJICHH TaK, 4TO CTpe-

Yo,
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MATCA BPAIIATE DIEMEHT B IPOTUBOMOIOKHEIE CTOPOHLI (puc. 4). Cxazan-
Hoe MO3BOIACT BBECTH €IMHOe ofcaHaeHNe: T =T, = Ty

2.2. OaHOOCHOE PacTAXEHUE U CXKaTHe

p Moayan ynpyrocTs mepeoroe pojga. PaccMoTpum siemeHTap-
el apajielelliIe] B COCTOAHUN OJHOOCHOrO PacTAXEeHNA HIM CKATHA,
Ha ABYX MPOTHBONOJOXHELX IPAHAX KO- —7 -
TOpOro AEHCTBYIOT TOABKO HOPMAJlbHbI® z z
wanpAxenus (puc. 5). 2 2

IIpasuso 3naK06: pacTACHBAIOLIME Puc. 5.
HANDAXCHUA CIHTAOTCA MOJOKUTEABHEIMM, 3 CHMMAIOUe — OTPHLA-
TeIbHBIMH.

B cooTBeTcTEUM ¢ 3akoHOM I'yka Hanpaxenue U AuHelHan fedopMa-
[UA B HAMPABJEHUH OCH Z TIPAMO NPONOPLHOHANBHET

o= Ee,. (1)

KoaddulenT NponopUroHalbHOCTH E HasbiBaeTca sodysem ynpy-
zocmu nepecgo poda N UMeeT Pa3MepPHOCTH HanpsDKeHNA, Tak Kak £, —
6eapasmepHas BeanduHa. Ilpu o > 0 (pacTaxenue)} €, — Takxke Gofbile
RYJA, 4TO COOTBETCTBYET YIIHHEHUIO MApAMLIEelue]a B HANDAaBIeHHH
oct z. Ilpu ¢ < 0 (ckarve) nmeem €, < (), 9TO COOTBETCTBYeT yKopo4e-
HHIO Napallielenuneis.

» KoaddmunenT llyaccona. Jluueinsle gedopManuy B HanpasieHHH
ocell £ M y M3 coobpakeHHH CHMMEeTDHE PaBHBEI MeXJy cOGOH H Takke
NpONOPEUOHAALHE] HANDAXEHHIO Hau, ¢ yueTom (1), aedopmanuu €, :
=€y = —VE, =—~%. (2)

NocToanunit GeapasMepHbil KOdPEPHUNEHT NPONOPIUOHATLHOCTH V
HasmBaeTca kooduyuenmon ITyaccona, a 3HAK MHHYC YMHTLIBAET pas-
HHE 3HaKM MPOJOJAbHON €, H NONEpPEYHBIX €, €y Aecropmanuit. B sacTHO-
CTH, pH ¢ > (), €, > () BEMMYHHH £, €, MeHbIlle HYJA, T.e. NOlepeTHEe
PasMmephl mapasaeftenunefa yMeHbLOIAIOTCA.

HocToannpie peanmunner E ¥ v XapaKTepHayloT yOpyrue cBOHCT:

B3 KoHKpeTHoro marepwana, Hanpumep gaa craam E = 210 I'la,
¥=0,25 +0,3.

£

2.3. Yycroli casur

> u .
“TucTrii cxpur. PaccMoTpHM SaCTHBIA BHJ MIOCKONO HATDAXKERHO-
ro
COCTOARMA, NPH KOTOPOM HA GOKOBLIE I'DAHH DJEMEHNTAPHOTO apake-
e .
TMnega gelicTayioT ToMbko KacaTelbHbie Hanpaxenns T (puc. 6, a). Io
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oy 3
ctr F & 2
4 t

1

A 7

&
Puc. 6.

32KOHY NApHOCTH HAIPAXEHHA HA COCEJHMX I'DAHAX OJMHAKOBLI. Takofl
BHj] HAMPAXKEHHOrO COCTOAHAA HAILIBAETCH HUCTILLM CABUSOM,

XapakTep fedopMauuM napalledeNunefa NOKAa3aH Ha pHc. 6, 6.
IepsonavanbHO OpAMEIE YOJAB MeX LY GOKOBbIMU T'PaHAMH MIMEHAIOTCA
Ha BEAMYHHY %, HA3LIBAEMYIO YrAOM CJBUra, a JHHeHHBle dedropMaHuH
€y €y, €; PABHB HYJIO.

» Mopayae capura. Jakon [yka B fannoM cryyae HMeeT BHJ
T = Gy. (3)

Koopdunpent nponopunoHarbHocTH G HA3LIBAIOT MOdyaes cosuza
HWIH M0dYaesm ynpyzocmy amopoeo podd. PasMepHOCTh MOLYI COBIIA A
eT ¢ Pa3MepHOCTLIO HANPIXKEHHI.

HeTpyauo BuaeTsh, uTo npu dy = dz AMAroHaNbHBIH oTpezok AB
NapalIeJenuIe]a yKopaiuBaeTca, a oTpeack (D yIavHAeTCA Ha OFHY
u Ty xe peamdauHy A = ydysin4b® (puc. 6, 6), nooToMy Ha Apyrou
2MeMEHTADHBIH Mapadiefenune], BblJeJeHHBIH B OKPECTHOCTH TOH XKe
TOYKH M MOBEPHYTHIA Ha yroa 45° OTHOCHTENLHO TEPBOrO, JOMKHBI
JeHCTBOBATE COOTBETCTBYIOUINE HOPMAIbHEIE Hanpskenvs o (puc. 6, ).
KacaTeabHpIx HANDAXEHMH 37eCh yike He GyJeT, OITOMY HOPMATBHbIE
HANPAXKEHHA ¢ — IJaBHble HAaMpAXKeHHs, a UX HaNpasJeHUA — LIaBHLIE
HalpaBJeHAA JAA JaHHOTO HANPAKEHHOCO COCTOAHHA.

Y

» Cpase Mexay G, F u v. Paccmorpum
3JEMeHT, o6pasoBaHHLA AHarOHANLHBEIM pa3pe-
3oM mapanilefenunega (puc. 7). Ha ero rpaun
JAeVCTBYIOT CHILL, N0 BeIUYNHE paBHEE Tdx dy,
rdzrdz n odedz/cos4h°,

Ha paBHOBeCHMA 3TOro 3JEMEHTA MOXKHO I10-
AYHHTH

g=T. (4}

C yuerom (3), (4) sedopmanus oTpeska CD
(puc. 6, 6) paBHa £op = A/CD=$y=$7/G= +¢/G.

C apyro#t cropoHH, paccMaTpHBad coCToflHHe Ha pHc. 6, & kak

KOMGHHALHIO JBYX OAHOOCHEIX HANPAXKEHHBIX COCTOARNN (pacTAXeHNA U

Puc. 7.
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CKATHA Mo Tepled JUKYIAPHEIM HanpasieHuam), U3 sakona [yka (1), (2)
HM E T+ 22 Otciona — 2 + ¥ w6
THM = -_ —_— —_— Ha -
moAyHIM £¢p = F T g BT ETE 2(1 +v)
TakuM o6pa3oM, MoJyJs csura G onpefendeTcs Yepes yxe BBejeH-

HEie MOCTOAHHEEe F H v,

3. LlenTpansHoe pacTaxeHue u cxartue

3.1. MpogonsHan cuna

Lenmpaabrbia pacmancenuen (coacamues) Ha3LBAETCA TaKoH BI Je-
opMALMY CTepXKHA, IPH KOTOPOM B ero MolepedHbIX cedeHNAX BO3HH-
KaeT TOJbLKO MpoJodbHad ciaa N, a Bce ocTalbHBle BHYTPEHHAE YCHINA
PaBHBI HYJIO.

Hpaauso 3nuK0E: PACTATHBAICUIME NPOACAbHBIE CHIK CHHTAIOTCA IO-
JOKUTEILHHMH, & CXXUMAIHE — OTPHUATENbHEMH.

Ipumep. Ha puc. 8, ¢ noxazad cTepikeHb, HACPYMKEHHKI ABYMA cHIamu F|
u F,, rexamwmmu Ha eco ocH. [ia onpegenenua (poionbHoH CANL HCTIOABIYEM METO]
cesennii {em. pasg. 1.1). [Tpopegem nponapoabtoe ceverue J HA YHacTKe ¢ay CTEPKHA
M pacCMOTPUM DaBHOBECHe cBoGofHON oTcedeHHol wacTu (puc. 8, 6). [JeiicTBue
OTGPOIICHHOH YACTH 3aMEHHM HEH3BECTHON CHaoM N, CHUTAA €€ MNCIKHTENBHOH.
s ypaBHennH paBHOBECHA 3TOMU OTCEYEHHON YACTH B GOpME PABEHCTBA HYMIO CYMMEL
NpoeKlMiT Beex cua Ha ock z: Ny — Fy = 0 caeayer N| = F| = 20 kH. Ananoruyno aas
cevenust I ua yuacrie ¢bv crepxun noayuum {puc. 8, 8) Ny + F, — F{ =0, orxyaa
Ny=F - F, = —-40 xH. '

N, nH
(AP AP A 40
1"
o i I
Fa
H=80nKH
Z 20
%0
Ny
o I I
* l« 20
F.,.:ngH F, F-;
a) & 8 2
Pnc. 8.

Taxum ofipasoM, NpofoAbHAA CHAA HA YHACTKAX ¢4» M tbi CTEPIKHA PasAMMHA.
YqacTok «as CTepPXKHA MCNHTHBaeT pacTsaxenne {N > 0}, a yvacTok by — cakaTie
(N <0). [Ipu nepexcofge oT y9acTka ea+ K yHacTKy b cuna N HMIMEHRETCA CKAMKOM
HA BeoHHHY cHan E,.
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Jada HATIOCTpALMM XapaKTepa WIMeHeHHA MPOJOJBHON CHAH BAOIb
CTePKHA IPHAATO CTPoUTH rpaduk GyHkuun N(z), HaseBaeMEH snopod
npogoasnoil cuasl. Ha 3ToMm rpaduke yKasHBaloT 4YHCIOBHIE 3HAYEHMUA
OPGACALHOH CHABI B XApPAKTEPHEIX CeHeHWAX, & TaKXKe HX 3HakW. [as
paccMoTpeHHora NpHMepa anwpa N(z) nokalaka Ha pHc. 8, 2.

3.2. Hanpsa>xeuna u gecpopmanum
NPy pacTaXKeHUH UAK CKATHM

» I'mnoreaa maockux cedeHun. Jlad onpefeleHnd HanpfAxeHUH MPH
PacTAXeHHH WIH CKATHH NPHMEM 2UROME3Y NA0CKUL cevenud: Momepey-
HEIE CEYeHMA CTEepXKHA mocie AedopMalUil oCTalTCA MICCKHMU M nep-
TMeHAMKYAAPHBIME 0CH cTepXHA. ONBIT NOKA3WBAaeT, YTC 3Ta M'UOOTE3a
HapyUIaeTCA ToAbKO 44 ofaacTed TaK HAZHBAEMEIX MECTHEIX HaNpiXe-
HUH, B HeMoCpeACTBEHHOH 6IH30CTH OT To4eK NPUIOKeHHA BHEINHAX CH,
HIH B MecTax pe3kKoro H3MeHeHMA MAollajM mollepevHOro CeYeHMA, T'je
NPOUCXOANT TAaK Ha3HBAaeMand KoHyenmpayus sanpsocenut. VX yuer co-
craBigeT ocobyio 3ajady, HAMM He 3aTDarHBacMyIo.

- I - » Dopmyan _AnA HAIpAKEHHA

a _r I -, ¥ aedopmapmm, PaSCMOTpHM cTep-
KeHb, PACTAIMBACMBIN ABYMA CHJIaMH

I (puc. 9, a}. B cooTBeTCTBMH ¢ THTIO-

9 i_ EL TE30H TIOCKHX c%lleﬂnfr H [OCTOAH-
L—+ z CTBOM MPOJOJLHON CHALI BAOJL CTED-

xuaA (N = F), nanpaxkenuoe u gedop-
MHDOBAHHOE COCTOSHHE TOYECK CTep-
KHA BHEe OKPECTHOCTH KOHIOB OJHOPOAHO U HOPMalbHble HaNpfXeHHA
IO [oNlepeYHOMY CeYeHMIo pacnpegeieHnl paBHOMepHO (prc. 9, 6).

Ha dopmymet (1) v 1 caeayer N = [, 0dA = oA, orcoga

Puc. 9.

o= T (1)

Popmyaa (1) Ho3BolseT BHYUCIATL HOPMAAbHbE HAMPAKEHHA B

morepedHbIX CedeHMAX CTepXHA 0P LEHTPANLHOM pacTHXKeHHAM WIH

CHATHH [0 W3BECTHOH UpofJOAbHOM cuie N H IUVomajd momnepevHoro
cedenns A.

BuigeneHHBIR M3 CTepXHA 3JeMeHTAPHHE NapaiiefeNine] HaxoAHTCA

B YCIOBHAX OJHOOCHOro pacTAXeHuA (puc. 5, a). Fro pedopmanun

onpefendTea 13 3akona [yka (cm. pasg. 2.2). B yacTHoCcTH, npofjonsHan

AedpopManui
N

€ = or = oy

o
* F A
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CyMMHUPYfl YATUHEHHS MAlEIX JIEMeHTOB Mo BCell JIMHE CTEePXKHA,
NOAYTAM ero GGCoMOMHoe yoaunenue

!
Nl
Al = dr—gl=0t
/062 P& =TT

rae | — AMAHA CTEPXKHA.
Beanunna EA Ha3HBASTCH HECMKOCMbBIO CEMEHURA CMEPICHA Npu
pacmﬁ:m:euuu U CHCAamu.

3.3. PacueTbl Ha NPOYHOCTL NPU PACTAIKEHUMN
W CKaTuu

p [Jonycxaemoe panpskenne, [ obecneieHns NIPOTHOCTH CTEPX-
BA, HCIIBITHBAIOIIEr0 PACTAXKCHHE HIH CKATHE, Heo GXoJHMO OrpaHiYUTh
MAKCHMAIbHEE HAIPAXEHUA 3TOT0 CTEPXHA HeKOTOPHLIM 3HaYeHHeM, Ha-
3LIBAEMBIM donycxgemblyu Hanpascenues [o]. Ero Benuvuna puibupaercs
Ha 0CHOBE YCTAHABANBASMOT O JapaHee JiA JaHHOTO MATepHAIA OMACHOTO
3HaYeHHA HaNpPAXeHHA ¢ y4YeToM koodduuuenTa 3anaca. JaAa MaTepua-
JOB, HEOJHHAKOBO CONPOTHBIAIOUIMXCA PACTAKEHHIO H CXKATHIO, BBOJAT
JBa pasHBIX JONMyCKaeMBIX Hanpsxenus [oP)] u [o°].

» OSajgayM pacyeTa Ha NPOYHOCTE, TaknM o6pasoM, yciloBHe Npoi-
HOCTH B JAaHHOM CIy4dae HMeeT BHJ
V]
Ty = —— < [o].

max A
Ifone3yAck UM, MOKHO pellaTh CASAYIONIME 3aJa4H:
1. Tlo 3aaHHLM HArpy3KaM, pasMepaM Ce4YeHHA H BeIHIHHE JOIYyC-
KaeMOTI'0 HANpAXeHHA NMPOBEPATE NPOYHOCTh CTEPXKHA.
2. Tlo 2ajaHHBIM HACPY3KaAM M MIBECTHOH BedW4HHE JOMYCKAEMOIo
HANPAMEHUA ONPEAENATh Pa3Mephl MOMePEYHOT0 CeYeHHA:

N
az L
(o]

3. Mo 3afaHHEIM pPa3MepaM CeHeHNA H H3BECTHOM BeAWYWHe AOIYC-
KaeMOro HANpAXKeHUA ONpedelfTh BeAUHUHY AONYCKaeMOH NPOJ0IbHON
CHUIEL :

N g [g]A.

Npumep. Aan uyrynnoro crepxua {puc. 8, a) ¢ niomaapo cedenna 4 = 5 cm?
NpoBepUTE YcAoBnA npouHocTu npn {oP] = 30 MIIa, {¢%] = 100 Mlla.

Pemenne. Ha yuacTke 14y CTepieNh MCNLTHBAET PACTATHBAICLIES YCule
Ny = 20 kH (cM. puc. 8, 2), N03ToMY HOPMATEHOE HAIPKEHUE B CENEHUAX HA ITOM
¥uacTre oy = N, fA = 40 Mlla.

Ha yvacTke by, uenelTHBanomes cxkaTHe, N, = —40 kH. CooTeeTcTRywiLCE
Hanpsxenue o, = |N,|/A = 80 MIla.

Tak Kax gonyckaeMere HaNPANKSHNA Ha PACTAKSHUE H CKATHE ANA Ty TYHA Pasnns-
HEL, Heo6Xo[uMo NpoBepUTh ABa ycaosua o, § [oF) it o, £ [0°]. [leppoe oxasuBaeTca
HEBEITIOHEHHLIM, IC3TOMY YCIOBME NPOMHOCTH B UEAOM He COBNIOACHT.
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4. Kpyuenue

4.1. KpyTswué momenT

Kpyuenuem HaspBaerca Takodl BUJ JedopMalHH CTepXHA, TIPA KO-
TOPOM B ero MONEPEYHbIX CEYEHUAX BOSHMKAET TOJIBKO KPYTALIMH MO-
MenT M, , a Bce oCTANbKEE BHYTpeHHHE CHAOBLE (DaKTOPBl PABHE HYJIIO.

IIpasuao 3neros: ecad pH BaLAAJE CO CTOPOHE BHEMIHEH HOpMARH K
CeqeHMI0 KPYTALIMHA MOMEHT HANpasieH NPOTHB XoJa YacoBOW CTPEIKH,

OH CMUTALTCA NOJOXKHTEIEHBIM.
Ipumep. PaccMoTpum crepwsens, Harpy-
my=30xHm I mz'WNHME KEHHEI ABYMA MOMEHTAMU WMy M Mg, MOCKC-
p ’6‘_ = ; %) CTH JeHCTBHA KOTODLIX HEPNEHAUKYIAPHEL OCH
1 cTepxua (puc. 10, a}. B cooTeeTcTBAH € MeTG-
L_ d .J_ L] % AoM cedeHMil NpoBeieM MPGHIBOALHOE HONEpeY-

Hoe cederne § Ha yHACTKE 4a+ H PACCMOTPHM PaB-

r
7 M ) :
8 b 1 2 HoBeCHE CBOGOIHON OTCEYEHHON HACTH CTEpPKHA
{puc. 10, 6). [eicTaue oTHpomwennoit YacT 3a-
f\f 2 Mz MEHWM HEH3IBECTHHM KPYTAWNM MomeHTom M,
) Y - BHIGpapP €ro HaNpaBlcHUe NOAOKUTEAbHHM. Ha
¢ L P P
38 30 YPpaABHEHUA PABHOBECHA LA OTCEYEHHOH JACTH B
2 ””I”H“”“ M. kin, POPME PaBEHCTBA HYJIO CYMMM MOMEHTOB BCeX
7 Jlumayg CHAl OTHOCHTENRHO oclt 71 My — m = 0 caeayeT
M, = m; =30 xHwm. Anastoruvse gas cevenus I7
Puc. 10, 6yAem uMeTh (puc. 10, o) M, + my —m; =40,

orxyaa M , = m| —m; = —10 kHwm.
Ha puc. 10, e gana aniopa KpyTRILET0 MOMENTA, MOKAZHBAOMIAS XapaKTep U3Me-
HeHuA BexnunHEl M, Bgonn ocu crepxkui. Ha rpannne y4acTioR «as u +by cTepikns
KPYTAUIMH MOMEHT NpeTepnenasT CKavok Ha BEAHYMHY, PABHYIO MOMEHTY ;.

4.2. Hanpsxenua n gedopmanumn npu KpyieHuu

m m » Hal’lpﬂ)KBHHOE COCTOAHHEe OpH

(( .;6 xKpydennn. OrpasuiuMca paccMoTpe-
a}

HUEM cTepKHeH ¢ MolepedHuIM CeqeHu-

eM B popMe Kpyra WIH KoJbla,
dr JlAs  yCTaHOBAEHHA 3aKoHA pac-
_mpefelcHHA HANDAXKEHHH [0 CeYeHMIO
) ( &5 ﬂ NpUMeM IONYIIEHHE, MOATBEPX faeMoe
ONEITOM, O TOM, YTO NpH KpYYeHUH
nollepedHble Ce4YeHUs CTEPXHA B pe-
3yAbTATe AedopMALME NOBOPAYHBAIOT-
€A BOKDYT MpofoabHoll ocl KaK XKecT-
KHe AMcKH (kofbua). YcioBHs NpHMe-
HUMOCTH 3TOre JOMYIUEHHUA AHANOTHY-
Pue, 11. HBI YCAOBHAM MPHMeHHMOCTH THIOTE3H

IIOCKHX CeYeHHH MpH PACTAKEHHN MAH CKATHH (CM. pasf. 3.2).
PaccMoTpHM CTepXkeHb, HCIWTHBAMHNA KpyYeHne Noj ZeHCTBHEM
ABYX MOMEHTOB, IDWICKEHHHX Ha ero koHuax (puc. 11, a). Pazobbem
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ero Ha coocHBIe TPYOkn (pnc. 11, 6)  BHZeANM OHY C BHYTPEHHHM Da-
grycoM p H GECKOHEUHO Majon ToamuHoll dp (puc. 11, 6).

B cuiy NpHHATOrO JONYIIEHWA OTHOCUTEILHO XapakTepa JedopMi-
poBaHHA CTEPKHA MOXHO yTBEDKAATH, YTO SecKoHedTHO MANLIA DJIEMEHT
ACBD, BhiZleAeHEBIN W3 Tpy6KH (puc. 11, ), UCIHITHBAET JedOpPMALHIO,
cOOTBETCTBYIONYIO HHCToMy cABury (cM. paag. 2.3). Orcioga cresyeT,
gTo Mo GOKOBHIM TPaHAM 3feMeRTa JefCTBYIOT TOAbLKO KacaTelbHHE Ha-
pAKeRHA T {cm. puc. 6, a).

p [OAAPHEIM MOMEHT HWHEepHWH. Yrod CABATA 3JJeMeHTa § =
= BB'/dz = pdyp/dz (puc. 11, 8}, rae dip/dz — noeonnbui yzoa aakpyuu-
gantia TPYOKM WM Yrol 3aKpy<HBaHHA Ha efuHuny Aanen. Uz dopmy-

apt (3) o 2 (3axon [yka) cregyer : ”
dy
= = —_— M.
T=0Gy=Gp 1 (1) 2
aA P

Beanunna noroHHoro yria 3akpyansanns dp/dz
oJHHAKOBA A BCEX CCOCHHIX TPYHoK, H3 KOTOPHIX
cocTasnel crepxelb. [looromy ua popmyan (1) Bui- T
TeKAeT, UTO KACaTelbHble HAMPAXKEHHA B Mollepe4-
HBHX CeYeHHAX CTepXKHA MPAMO NpolopHHUOHAILHE
PaccTosHuIc p o ero ocu (puc. 12).

KpyTammit momeHT M, MoXeT SHTH ModydeH CYMMHPOBaRHEM MO-
MEHTOB BCeX DACHPEJeNeHHBIX MO CeYeHHIO HANPMKEHNH OTHOCHTEABHO
OoCH 2

T
Puc. 12.

M, =frpdA=Gfp%‘£-, rge 1, = f,osz. (2)
A A

Hurerpar no moBepxHoCTH CeYEHHA Ip HA3BIBAETCH NOARPHBIM HOMEH-
MOM UHEPYUY CEUEHUR W TIPEACTABIACT Cob0ll reoMeTPUYECKYIO Xapak-
TEPUCTHKY 3TOro CedeHHA.

Mas kpyra amamerpa D nmeem I, = ;—2D4.

Ana xonena I, = 5 (D* — d*), rje d u D — pryTpennuil u sHemnui
AHAMETPH COOTBETCTBEHHO.

> KacaTesnbnne HanpsoxkeHua. Yrof saxpyumsaHua. Hemonb-
3ya (2), Haxoqum
dp M,
dz Gl

(3)

Hogcrasass >ro pripaxenne b (1) Ana T, MONYHHM OCHOBHYIO (bOpMY-
Y AAS KacaTeAbHBIX HANpAXeHUI B MOMEpPeYHEX CEYeHNAX CTEPKHA IPH
KDy4enny
M
r= 2l (4)

I
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VYeou zaxpyuusanus Beero CTepXHA Ha puc. 11, a, T.e. yrod B3auMHo-
r'o TIOBOPOTA €ro KpaitHUX CedeHNd, MOXHO HAHTH, 3HAA MOrOHHBIH yroJ
3aKpy4HBanua (3) U yMHTHIBAA MOCTOAHCTBO BeAd4HHH M, Bj0Ab oCH
crepxns (M, = m):
"dp M,

o dz  GI'

Ap =

rae { — AAWHA CTepXKHA.
Beanmduna (I, Ha3bIBaeTCH HECMKOCMbIG CENENUR NPY KpYuenuu.

4.3, PacueTbl Ha NPOYHOCTL NPU KpyYeHuu

3HaveHNe HanGoJblIEro KaCATelbHOrO BalpAXKeHMs NPH KpYyieHHH
HaxoAuTCA 03 bopMyns (4) opu p=p_ ..

|M |pmax IM |
e = iR = SoE (5)
IP WF—‘

Beamnanna W, = I,/p,,., HA3BIBAETCA NOARPHBIM HOMEHTLOM CONPO-

MUGAEHUR CEUENUA.
- % 3

Aas kpyra W, = fg D°.

— % _p3 47 ryd

Maa xonsua W, = $5 D°(1 - &%/ D%).

YeioBHe MPOYHOCTH CBOAUTCA K HEPABEHCTBY ., = |M, /W, < [7],
rae [r] — momyckaeMoe RanpsikeHHe NPH KPYICHAH.

Kax u mpu pacyeTe Ha IpoYHOCTH NpU PACTAXKEHHH W CXKATHH, BO3-
MOMHBI CIAYIONNE TP BAAa 33444, pasanyaoumxc ¢ opmoit uenobao-
BAaHHA YCIOBHA MPOYHOCTH. :

L. IIposepounniii pacyet: |M,|/W, < [7].

2. Mopbop cevenna: W, 2 [M,{/[r].

3. Onpegenenne gonyckaemol Harpysxu: |M,| < [r]W,.

Mpumep. Jnn cTalkHOro CTEPKHA KPYroBoro cedenua (puc. 10, e) nogo6pate
AHAMETP W3 YCIOBHA TpouHocTyH npu [r] = 100 Mia.

Pemenne. Tﬂl( KaKk noflepevdHos CeMeHHe NOCTOAHHO BAONL CTEPXKHA, CTIACHRMH
GYAYT CeMeHHA Ha ¥YACTHKe éd%, '€ BOIHHKAET Mﬂ.KCHMaﬂbHHﬁ Kp)’TﬁmHi’( MOMEHT
M, = 30 xHm (cm. puc. 10, 2).

Ha ycnoBdA npodHocTH

AW, T xD?3

uaxoaum D 2 {/16M,/(x[r}) = 0,119 m.

OxpyrLasa 8 §6abUIYIC CTOPOHY, BEIGHpaeM okoHYaTeabHo [ = 12 cm.
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5. flpsimoi uarub

5.1. Warubawowmu momenT v nonepeynas cuna

p OmnpepencHnn. Hazubos HasbiBaeTcd Takol BiJ AehopMaluy crep-
%HfA, TPH KOTOPOM B €ro MoNEPEeYHHX CedeHMAX BOZHHKAIOT Harubalo-
mme MoMeHThl M, n M, n, 66ITe MOXeT, nonepednne cuan @, un Q,, 2
oCTalbHEIE BHYTpeHHMe cioBbie dakTopel (N 1 M) paBeH HyJIG.

B ciy4ae papeHCTBA HYIIO MONEPEYHHIX CHI W3ruS HA3LIBAIOT viu-
cmbis, 2 IpH HaIHYHW TMollepevHBIX CHJ MMeeM TaK HA3HBAaeMBIH none-
peundtil uzaud, '

ByleM pacCMATpPHBATE CTEPKEH, MONEPEYHEIe CeYeHAA KOTOPHIX HMe-
T 0Ch CHMMeTpul Y. Eciu Ha Takol cTepXeBb AeHCTBYET CHCTEMAa
BHEIIHUX CHI, JeXAWMX B IJIOCKOCTH Y2z £
¥ HanpasleHHHX MepleEJUKYAAPHO Npo- y T ¢
JofbHOI ocu crepxkua (puc. 13), To B ero
nonepevHHMX CedeHHAX BOSHHKHYT TOMBKO
ABA BHYTpeHHHX CHJICBHX (pakTopa — H3-
rubatouii momenT M H monepevnas cu-
na Q. Taxod M3rn6G HA3LIBAIOT NPRAbIA
{0 kocoM marube cMoTpH pasg. 6.1).

[pasusc sndxos: HarubaroWHl Mo- Puc. 13.

MEHT CHMTAETCA MOJOXKHTEILHEIM, €CiIH

OH NPHBOANT K PACTAXKEHHI0 BHXEHX BOJOKOH H CKATHK BepXHHX, Mo-
NepeYHan CHaA MoJoXHTeIbHA, €CIH NPH BO3eHCTBUM HA CeHeHHe CPABa
OHa HANpPaBJAeHa BHH3, 4 NIPH BO3ACHCTBHM CJleBa — BBEpPX.

Kak yxe oTMe4aloCh, BHYTpeHHHe CHIOBble haKTopPhl CTEPKHEA IaBH-
CAT OT NPOAGILHOR KOOPAHHATH pPacCMaTPHBAEMOr'o Ce4eHHA, T.€. ABIf-
OTCA (PYHKIHMAMH IIEPEMEHHON 2.

» JunddepenunalpHble YpaBACHAA PABHOBECHA CTEepaKHA, Pac-
' MOTPHM CTEpPKEHb, HA KOTOPHIN AeHCTBYeT pacnpefeleHHad BAOJL el'o
3CH Harpyska ¢ (puc. 14, a). Bhifenum AByms ceMeHHAMM GeCKOHeYHO
MaJH# sdemenT (puc. 14, 6), AedcTBie oTOPOLICHHBIX YACTeH CTEPXKHA
3aMeHUM COOTBETCTBYIOIMMH BHYTPeHHHMH YCHIHAME, HANPABJICHHA Ko-
TOPLIX BHGPAHB MOJOKUTEALHEIMHE.

Briyncass cymmy npoekumi BCeX CHI Ha OCh Y H CYMMY MOMEHTOB
CHI OTHOCHTEeNbHO ToYKHM (}, COCTABHM COOTBETCTBYIOINME yDAaBHEHHA
PABHOBECHA 31eMeHTA

gdz+Q, — (Q, +dQ,) =10,
M, + (M, +dM,)-@, dz=0.
Ha mux cresyior cooTHomenna

dQ, dM
= 2 1
ppaiak ] @y (1)

dz
1B3an Tlonauun, B. A. Tonaum u Ap.
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A W
&)
Pnc. 14.
2 I 2 -
] ) i 2 A4 T
rg F YA 3 Ty m
Q‘{ il “ u'zut Mz L
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Pnc. 15.

Ha3bIBaeMble Cuffepenyuaibubiuy YPAGHEHUAMY DAGHOBECUR CIMEPHCHA
npu u3zube. YpapreHua (1), KoTOPEIM JOAXKHEL YJOBIETBOPATE by HKINH.
Q,(z) 1 M, (2), 9aCTo HCNICJAB3YIOT NPU NOCTPOEHHM DIIOP HITMOAIOLIUX
MOMeHTOB H nonepevyEMX CHJ, 4 TAKKe HPH MpoBepKe 3TOro NOCTPOEHHA.

CrepXHn, paboTalomye NpeuMylie CTBEHHO Ha HITHG, NPUHATO Halhi-
BaTh HasKamyu.

» IIpmMepu nocrpoennn snop. PaccMoTpiM npUMephl NoCTPOSHUSA
sMop Qy(z) n M_(z) ana HekoTophlx Hakok ¢ MCIOJB30BAHNEM MeToJa
cedeHHH.

Ha puc. 15, 6 n0Ka3aHa KOHCOULHAA, T.€. C 2IEMACHHRIM KOHIIOM, SATKA, HATDY-
K EeHHAaR COCPEAOTOMEHHON CHACH. B COOTRETCTBHH € METO JOM CEHEHHI NPOBEIEM TTPO-
W3BOALHOE RoNepeuaHoe ceaenne K, 0TCTORINeE HA PACCTOANUE 2 OT CBOSOIHOCC KOHLIA

6alkn, U paccMOTPHMM paBHoBecHe cBoGojguo# oTcevennoit JacTn. Jeticteue oT6po-
HMIEHHOA YacTH IAMEHHM HEWIBECTHEHMH YCHAMAMU Qy W M, cudTas ux HanpaBAeHHA

MOAVKUTENBHEMA. BHYWCAAS cymMMy TTPOEKUHA BCEX CAA HAa OCh ¥ U CYMMY MOMEHTOB
CHA OTHOGHTENBHO TOYKH K, ¢OCTABHM COOTBETCTRYIOUIME Y paBHEHHA PABHOBECHA

Qy~F=0, -M—-F,=0,
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"Puc, 16.

OTKYga noxy4um = F, M, = - F,. Takum o6pa3som, nonepeTHad CHIA NOCTOAHHA, 3
HATHGAOINH MOMEHT HIMEHAETCR MPAMO NPONGPUHOHANBHO PACCTOAHUK 2, TPHHHMAR
snaveHua 0 n —F! coorseTcTPeHHO Ha cpobogHoMm {z = 0) u samemuentom (z = {)
koHuax Ganku. Ha pue. 15, ¢ Janu cooTeeTcTBylomue dmopnl Q, u M.

Ta xe npouedypa AnA Gatkit, HArPyYXKEHHOH PABHOMEPHO PACNPELNEHHOH HAT'DY -
kol {puc. 15, §), gaer .

~qz~Q, =0, %qzz-kMx:O,

oTkysa @, = —qz, M, = ~ %qz"" B saHHoM cayHae monepedHad CHAA eCTh IHHeHHaA
dyHKUUA 2, & NIrUBAIHI MOMEHT 22BHCUT OT Z MO 33KOHY KBaAPATHON NAPAGOMH,
YEMY COOTRETCTBYIOT »uopl Q, u M, Ha puc. 15, 6.

AHAROTMMHO J#A KOHCOJLHOM Gankm, HaCpymeHHoHW moMedToM (pue. 15, s),
NOAYHIUM Qy =0, M, =m

Hnn geyxonopuux Sanok (puc. 16), ¥ KOTOpLIX HET cBOBOAHEIX KOHUOB, Heo6xo-
AMMO OPeiBapHTEALHO HANTH ONOPHEE PEAKIMY 13 YCIoBUHI DABHOBECUA 11A BANKM B
uencM. [locae 3Toro MOXHO NPUCTYNHTE K OMpegeneHMIc BHY TPEHHIX YOI anano-
FHYHO NPl IYIIEMY.

JdnA npowasoanHore ceveHHA Ha ydacTke AB Ganku, HarpymeHHoi B LeHTpe
{AB = BC = 1/2) cocpegoTovennoit cunoit F (puc. 16, a}, nonyyum: Q, =R = Ff2,
M, = Rz = Fz/2, rge z — pacc'romme or neporo koHua A. Jna ceveHun Ha
yuactke BC naxogum: Q, = Ry - F = -F/2, M, = Rz - F(z - I/2) = F(i - 2)/2.
CoorBeTcrByBOMIItE :mropu AAHK cunay Ha pHC. 16 a.

Bas 6anin va puc. 16, 6: @, = Ry —q2 =q(I/2-2), M, = Ry 2—97%[2=qz(I-2)/2.
Ina cepegnnm Sanku umeem M, = ql?/8.

Jlna yaacrka AB Gankuwa puc. 16, 6: Q@ = Ry = m/fl, M, = Rjz = mzfl, a ana
yuacrka BC: Q, = Ry = mfl, M, = Rjz — m =m(zfl - 1).

» Oco6ennocTy sneop M, u Qy. KpaTko cdopmyampyeM -Kade-
CTBEHHBLIE 0COGEHHOCTH S0P, BHITEKAIOWNe U3 cooTHOWERMA (1).

1. Ha ywacTke 6aniu, ceo6ognom oT Harpyskn (g = 0), pemrinna @,
nocroAnHa, a M, — nuselinas GyHKuuA 2.

2. Ha yvacTke paBHOMepHO pacrpejereHHON Harpys3km (g = const),
Qy — muReitAas pynkuns, a M, — kpagpaTusHaa (cM. puc. 15, 6, 16, 6).

3. B Toukax NpRACKEHUA COCPEAOTOUEHHON CHNEI BEAHTHHA, @, npe-

TEPIEeBAET CcKadoK Ha BEAMYMHY DTOH CUABL, a dmopa M, AMeeT U3IOM
(puc. 16, a).
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a) 5) oz

Puc. 17.

4. B Toukax NpHIOKEHHA COCPeAOTOYEHHOTO MOMeHTA BeAUIUHA M,

OpeTepheBaeT CKA4OK Ha BEAMYHHY 3Torc MoMerTa (puc. 16, 8).
14

B Touxax sxcTpemymos ¢yuxkuun M, peruunna @, = 0 (puc. 16, 6).

JHaHHe KayeCTBEHHBIX 0COGEHHOCTEH JMD NO3BOAAET CTPONTE K-
PHI, He HaX0AA PYHKUROHANLHEIX 3aBUCHMOCTel @, (2) n M (2), a Bbrun-
casd 3HadeHud Q, ¥ M, TOABKO Ha I'DaHMMAX XAPAKTEPHEIX Y4acTKOB.
OKCTpeMadbHEIE 3HAYeHHA M, Onpefe/ATCA NOCAe HAXOKACHUA TOHEK
DKCTpeMyMa H3 ycaosnit Q, = 0.

5.2, Hanpaxenus u gedopmauun npn npamom
YMCcTOM uarube

p Tunoresn 4ucroro warubGa. PaccMoTpuM cTepXeHs B COCTOAHHN
qucrore warnba (puc. 17). B ero momepeyHHIX CeYeHUAX BOZHHKAET
eNUHCTBEHHBEI, OTAMVHBIN OT HYJAA CHAOBOH (akTOp — NOCTOAHHBIH
HarnGalomuil MoMedT M_ = m.

ByaeMm HcIONB3OBaTE 2unomedy™ naockuz ceuenuti: TIOCKME JO de-
thopMainny nonepedHble CEMEHNA CTEPAHA OCTATCA nocie AedopMalHn
IMIOCKUMH M MEpNeHANKY IAPHBIMH JedOpMUPOBAHHON NPOAOJBHOH OCH.

B cooTeeTcTERM ¢ 3TOH rHOOTEION JBa GAM3KHX CEYEHMA MOBODAYH-
BalOTCA OTHOCHTENRHO APYT Apyra Ha yroa dy (puc. 17, 6). B peayasTa-
Te Takol fedropManny BOHHKAET Hedmpaavubiti caoti, NpoJoILHBIE BO-
AOKHA koTOpOoro (O — (0 He HAMEHAIT CBoed AAMHH. B Hmxued 4acTi
ceueHHd MpojoibHble BOIOKHA YAAMHAIOTCA (2 B BEepXHel — yKOpadMBa-
10TCA) Ha BeanyuHy A = —y di. [Ipogonsnan AedopMalisa BoIOKHA paBHA

*  AMAJOTMYHAR PUIOTEIA HCNOABIOBANACK B pasg. 3.2.
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R

e = Afdz = ~yde/{pdp) = —y/p, rae p— paguyc KPUBH3HE HEHTPAIL-
HOTO CI0A.

JTONOAHUTENLHO K TMIOTede MAOCKUX CEUeHHH MPEANONOKHM, TO
npoAOIbHELE BOIOKHA CTEPKHEA He JABAT APYT Ha Apyra. OTcloAa CiesyeT,
TO OHN HBXOAATCA B COCTOAHMM OAHOOCKOTO PACTAKCHNS MIM CKATHA
(cm. puc. 5).

p Kpreusua ocn. Dopmyaa 314 HOp-
MaTLHEIX HAIDAXEeEHuH., B cooTBeT-
CTBHH C 3aKOHOM I‘yKa HMeeM

c=FEe= —-@. (2)
P Puc. 18.
OTco g3 ClegyeT, ITC HOPMAIbHEE HANPAKEHAS 0 B NONEPEYHOM cede-
HHU CTEPHHA HIMEHSIOTCHA NMPAMO NPONOPUUOHAIBEHO PACCTOAHMIO ¥ OT
relfTpanarHoro ciod (puc. 18).
" Mcnoasays gopmyas (1) i, 1 u paBeHcTBG HYMO MPOJOTLHOM CHIEL

NOAYIHM
N:fam=~£/5m=m
A d A

M,:-—faydA:-g/ysz.
A pA

W3 nepBoro pageHCTBa BHITEKAET, YTO REMPUILHER OCb & MONleped-
HOT'O CeYeHHA MPOXOANT 4eped LEHTP THXECTH, CIeXOBATENLHO, BETHYH-
HA p ecTh pPajHyc KPHBHIHBl M3OTHYTOW ocH crepxHs. Wa sroporo pa-
BEHCTBA BHIBOAUM OpMYNy, ONPeAeNAIoIYIo KPHBHIHY OCH,

1 M, 9
== I = dA.
k p E[x b FAE T /y (3)

I

A

Besnunna [, HasHBAETCA MOMEHMOM UHEPYUY CEHEHUR OMHOCUMN EAb-
®o ocy x {cM. wacTh «TeopeTudeckasn MexaHHKas, pasd. 5.1), a mpounase-
Zeume ET_ — mecmxocmoio cevenua npu ussube.

s (2), (3) nonyunm ocHoBHYIO dop-

MyAy ARA HOPMANbLHBIX HANDAXKEHWH Ma>0
CTepXHA BpH NpAMOM Marube
. ——
M
o= -2t (4)
Ia: Puc. 18,

B KOTODOI 3HaK ¢MHHYCY HEOGXOANM [AA COTJACOBAHMA NMPABMIA 3HAKOB
Bemnuun ¢ u M_. Ilpn M, > 0 (puc. 19) BepxuMe BONOKHA CHHMAIOTCA
(y > 0,¢ < 0), anxaue pacrarmsawrea (y < 0,0 > 0); npu M, < 0
JHAKK HANpAXEHAN B BepXHeldl M HMKHEH YacTAX ceveHHs MEHAKTCA Ha
IPOTUBOMOMOKHbIE.
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5.3. HanpsaxeHus v gedpopmauny Npu Nnpamom
nonepe4Hom marube

p Kacarenrusle manpaxenun, dopmyna 2Kypaeckoro. [Ipu npsa-
MOM NOnepedHoM uarube B cedeHNIX CTePXHA BOIHHUKAET HE TOJBKO H3-
rafatowMil MOMeHT M, HO U NONepedYHaA CHIA Qy, CBA3aHHAaA C Kaca-
TeJbHEIMH HAIpPAXKEHUAMU B cevenn GopMyJaoi

Qy:/rydA.
A

HecmoTpa Ha nanusne KacaTeAbHHX HaNpAXeHuid, dopmyas (3), (4),
NMONYYeHHEE A YHCTOrO H3rnGa, MPUMEHAMEI H B 3TOM cAy4ae.

Jlaa onpeneneHMA KacaTeABHHX HANPAXKEHMN paccMOTpuM Gajky Ha
puc. 20, a. BupexeM n3 Hee gByM#a GIHIKHMH MONepedHLIMH CeMeHMA-
MH ¥ OJHUM NMPOJOILHBIM Mansii ssemedT (puc. 20, §). Ilo ero 60koBEIM
TpaHAM AefiCTBYIOT HOPMAaJbHEIE HANPAKEHNA, BITHCIAEMELe IO GOpPMY-
se (4). Tak kak M3THGAIOIIMNI MOMEHT cIpaba GOAbllle, eM CleBa, Ha Be-
AUy dM,, TO M HOPMabHOE HAMPAXKeHUe CIPaBa 60MbIIe HA BEIHIHHY
do =dM_y/1,.

Y
%A r Agrg
. T %
a) % -
g T
s
A Z &
F
2
Prc. 20

Jdan Toro wroGel dieMeHT OCTABAJICH B PABHOBECHH, K €0 HMX-
Hell TpaHu AOMXKHE OHITh NPUIOKEHBl KACATEIhHEIE HANPAXKEHMA T
(pme. 20, §).

[pumeM gonylienne o6 UX PABHOMEPHOM DACIpEAEIeHHH MO IIMpHHE
nonepevHoro cedenud. Torja na ycioBHA PaBHOBECHA SJeMeHTa B (popMme
PaBEHCTBA HYJIO CYMMEI IPOEKUHH BCEX CHA HA OCh Z:

rhdz — / dedA =10,
AU‘I’C -
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PR

rfe HHTErpan pacnpoOCTPaHeH Ha OTCeYeHHYIO Y4aCTh NONepedHoro cede-
HyA CTEPXKHA, chesyeT

dadA dA
Anfu i _ dM, Aoj;cy

bdz T d: bI,

T =

YuuTEIBaR BTOpoe ypasHeHue (1), A4 KacaTelbHBIX HANPSXEHHH
noaydum gopuyay Xypascxozo:

Q SOTC :
r= —9'#, rage S°™¢ = /ydA. (8)
*
AUTG

Beaudnna SS7¢ Ha3BIBAETCA CMAMUNECKUM MOMEHTMOM OMCENEHHOT
4ACTY NONEPEUNDZO CENEHUR OMHOCUMEABRO OCY .

Ha ocsoBasum 3akoHa NAPHOCTH KacaTeJbHBIX HANDAXeHWH (cM.
pasg. 2.1) dopmyaa (5) onpeaenseT TakkKe KacaTelbible HANPAXKEHHA B
momepevHoM cevenny crTepXHa (puc. 20, 8).

» Cedenne npamoyroasHoin dopmu. B wacraom clyvae ceveHun
NpAMOYTOAbHOM (opMHl (puc. 21) nmeeM

I, = bR, 857 =yo A = 10 (382 - 4P).
TloAcTaBaAA 5TH BEIpaXeHHA B hopMyay (5), HaxoauM

_as 89 (1)

T = =
b bh3 \ 4 9t fore q
U2
B 2T 11m
UJHO, 4YTC BEAMYMHA T MEHAETCA 7 51‘-"2(?5’) e

O BEICOTE CeYeHHsA IO 3aKoHY Kpagpat- #1| ¢ -
HOW MapaboAEl, JOCTHrad MaKCHMAJbHO-
ro adayenus npu y = 0 (T.e. Ha ocn z):

3 .
Tmax = ..2.%}1& (6] Puc. 21.

Ha puC. 2] nmokazaHa MI0pa KacaTedbHRX Hanpﬁ}xennﬁ <G BEICOTE
NPpAMOYCONBHOI'G CeYeHHA.

5.4. PacueT na npoyHocTe Npu npsmom uarube

> MakcuMansune Hanpaxenns s dopmyan (4) cieayeT, 9To Han-
Gonblpe no MOAYMC HOPMadbHblE HANpAXKEHHA JOCTHLAOTCH B TOYKAX
CeYeHHA, HalboMee YAANEHHBIX OT HENTPAAbHON OCH &, TPH (Y] = Ymay:

M M 1
max — I le'ymax = | z| rae Wz: . (7)

24
z Wx , yma.x
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Beanynua W, HASRIBAETCA HOMEHMOM CONPOMUSAEHUA CENEHUR ApYU
uszube (0ceBHIM MOMEHTOM COMPOTHBACHHA).
Ana cedenna npaMoyroabxon dpopmsl (puc, 21)

R A
WI_T H Umax_-b—h_fi' (8)

ConocTaBuM BeSUUUHBL &, ,, M Tyay A4 G8JKH OPAMOYTONBHOTO Ce-
senud. [lo nopagky seanuune: Q, ~ F n M, ~ Fl, rpe F'— pevcTymollias
Ha BaJKy XapakTepHas cuaa, a | — aanHa Sanku. Torga uz (6), (8) mory-
YUM

T, h
nax —~— T << 1.
max

Takum o6pa3omM, KacaTeabHble HANPAXKEHHA MAJALL I0 CPABHEHUIO C HOD-
MRJBHEIMHE. JTOT BEIBOJ CNPaBeIuB M 1A CTepXKEeH APYrux ¢opM Io-
nepedHOro cedeHUA (MCKIIOYeHNe COCTABIAIT TOHKOCTEHHEIE CTEPXKHH,
KOT'la BO3MOXHO TOABAeHUE GOJBMUX KACATEILHBIX HATPKEHAH ).

» Ycaoerma npouHocTH Gamok. Kak nmpasmio, pacieT Ha NpPOYHOCTD
AnA GanoK MPOBOAAT MO HOPMANRHBIM HAMpPAXKEHHAM C MCIOIL3OBAHHEM
YCNOBHA MPOYHOCTH B dropMe

|M

z

< el

Ecln %e MaTepral cTepXHA (HanpuMep, gepeso) IIOXO CONPOTHBIA-
eTCA CABHIOBEIM Jedopmaunam (cpeay), To HeoOX0 UM pacHeT H MO Ka-
caTeAbHEIM HAMPAXEHUAM:

o= 2 (E) <

T

Umax

B caydasx, xorja MaTepHal, U3 KOTOPOr0 MBFOTOBJEH CTEPXEHb,
HMeeT pa3jiH4Hble JOMycKaeMble HANPAXKEHNA NPH pacTAxennn [oF] m
CXKATHH [7%], pacteT Ha MPOYHOCTH NPOBOAAT OTACABLHO O PACTATHBAI-
MM K CKHMAIOIIMM HATPAKEHHAM:

M. [yP
B = LR ¢ [p7],
r
c | M, |ys
Trmax = I max o [‘fc],
r

TAe Yhax ¥ Yrsx —— PACCTOAHMA OT ocH 2 fJ0 Hawmbolee yAaleHHBIX OT
STOH OCH TOYeK DPACTAHYTOHR M CXATOH YacTell NOMNEPevHOro cedeHuA
COOTBETCTBEHHO.

Kak u npu pacraxenn# — CXaTHH WIH KPyYeHHM, DM pacdeTe Ha
IpPOYHOCTE CTepikHei, paboTalommx Ha Harub, pemaerca xaxad-inéo H3
Tpex daja4:
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1} npoBepoYHBIA pacHer,

2} moxbop ceveHud,

3) ompefencHne AOMyCKAeMOW HATpPY3KH.

Bce HeoOxoAuMBle A pacyeTa Ha MPOMHOCTDH MeoMETpUYeCKHe Xa-
PaKTEPHCTHKH NMPOKATHHIX cedeHHH (4BYTaBp, WBeMIep M T.I.) NPHBO-
JATCA B CIIELMANBHEX TabInlaX, Ha3BIBAEMBIX COPTAaMEHTOM IPOKaTHOM

CTaJaH.

TipaMep. Jaa crassHoll gByTaBpomol Saiku (N 55) gaumoil | = 3,2 m {cm.
pHc. 16, §)} M3 ycloBHE NPOYHOCTH onpefeluTe XoNyckaeMmylo Harpysky [g] npn
{o] = 160 MIla.

Pemwenne. OnacHuM gaa paccmaTpuBaemon 6aiku SyfeT CeueHHe B CepejHHE
OposeTa, '€ BOIHHKHET MAKCHMANBHE warubaowui MoMenT M, = ¢i%/8,

B copTamenTe NpokaTHON cTANM HaXOAUM A JBYTABPA MOMEHT CONPOTHBACHHA
W, = 2000 em?,

N3 yenosua npoynocTy

M, ql?
max=#= AW & [e]
z

&

o

cneayeT ¢ § 8W,[¢]/1? = 250 H/m. Taxum obpasom, [g] = 250 xH/m.

6. CnoxHoe conpoTusneHue

CaoxcHbla CORPOMUBACHUEN HAIBIBAIOTCA BHASI AehOPMALME CTEPXK-
Hfl, IPM KOTOPBIX B €ro MONEPEYHEIN CeYeHUAX oAHOBpeMeno ndanmka-
€T He MeHee IBYX OTJAHYELIX OT HYIA BHYTPEHHHX CHAOBEIX (PAKTOPOB.
HMcknovennem Apiderca npaMol momepedusll Harab, KOTOPEIA paccMa-
TPHBaeTCH KAaK NPOCTON BHA JedroPMAIliN, HECMOTPA HA BOZHHKAIOUIUE
TPH 3TOM fABA CUIOBHIX (PAKTOPA — HITUSACIIUH MOMEHT H MONePeIHyIo
CHAY, TAK KaK B NOAaBASIOMeM 60JbIIMHCTBE CIYYAeB pacieTHl Ha IpoY-
HOCTE M XKECTKOCTb BeJyTCH §ea yueTa BIMAHNA OONEPEUHBIX CUA, T.¢. MO
OAHOMY cHIoBOMY daKTopy — uarubawollleMy MOMEHTY.

6.1. Kocou uarub

» Onpegeaenne. [Ipy paccMOTpeHHY NPAMOTC MONEPETHOTC Harnba
Npefnoaaraiccsk, 4T0 NONEpeqYHOE CeHEHHE CHMMETPUYHO OTHOCHTEALHO
ocH y. Oka3niBaeTcs, BCE PeayALTATH IJaBEl 5 CIIpaBeIAMBE M AXA Ce-
"eHUA NIPOHIBOILHON ¢$OpPMEL, €CI OCH & 'M } ABJAAIOTCH 2A4G6HNIHY HEH-
MPAALHBIMY OCAMYU UNHEDYUY, T.€. BIAHMHO MepHeH JUKYIADHBIMU OCAMH,
OpOXOHINMMY Yeped HEHTP THXECTH CeYEHHA, AJIA KOTOPEIX OCEBEIE MO-
MEHTEl HHepUWN NPUHHUMAIOT 3KCTPeMadbHble 3HaveHMA. B JaibHeidniem
B KavecTBe oceil # # y 6yAyT BuIGMpATHCA MIaBHEIE LeHTpalbHEle OCH.
Kocviu uszu6om nasmiBaeTca ofmmil cryvait uaruba crepxus (cM.
Pa3A. 5.1), npu koTopoM B NnonepeyHoOM cedeHHY BOIHHKAIOT ABa Marmba-
HIGHX MOMerTa M, u M, u, 6bITH MOXET, NONEpeYHble CHIbL (), , (.
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~ >
¥

Pac. 22.

IMoab3yack MpUHIMNOM HeIaBHCUMOCTH JeHCTBHA CHJ, MOXHO ONMpe-
ACTHTH HOPMalbHble HAPAXEHHA B TI050H TOUKe MOMEPeYHOTO CEYEHHs
C KOODAHHATAMH T, ¥ N0 POpPMYTIe

M
Uz_@__ﬁ, 1)
1, "I,

KOTOpad ABJIAETCA chefcTBHEM Gopmyas! (4) ra. 5.

» HeitrpansHaa oce mpm Kocom marmbe, Kak n nmpum npaMom
marube, B cedeHAM CYIUECTBYET HEHTpPalbHa{ OChb, B TOYKaX KOTOPOH
HanpsXeHuA pasabl Hydo., Ee ypasunenue

M,
My MyT (2)
I, "I,

epeyucnuM HEKOTOpBIE CBONCTBA HEHTPATHHOH OCH NPH KOCOM
narube. _

1. HeirrpaabHad ochb IPOXOAUT 4eped LUEHTP THKECTH CeucHHA.

2. Hei'TpansHas ock AeIHT cedeHHe Ha JBe YacTH: B ofHol ¢ > 0, B
Apyroii & < (.

3. HopmanbHble HanpAXeHHA B Ce4eHHH HIMEHAIOTCA NPAMO NPONOp-
LIHOHANBHO PACCTOAHMIO OT HEHTPAJABHON OCH, JOCTHrad MaKCHMAMbHEIX
aHaveHUH (Mo MoAyJio) B HanboXee yLaleHHEIX OT HEATPANBHOK OCH TOY-
KAaX CeueHMA.

KacaTeabnrle manpsaxesua s fonepevnoM cevdenun (puc. 22) moryr
6LITH oNpefeneHsl 0o gopmyae (5) ra. 5

S‘OTC SOTC
z v
Kak u npu npaMoM nonepedsoM Marube, KacaTeldbHble HaNpPaXeHAA,
KaK NMpPaBHio, HIPAIOT BTOPOCTENEHAYIO POAb, MOTOMY YCJIOBUA OPOHMHO-
CTH HAKA4 ZEIBAT or‘paHﬂqefma Hia MaKCHMAMBHEC HOPMAJIBHEC HATIPH-
JKEeHHA.
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8 | M, K e

Puc, 23. Pwue. 24.

I paMep. BayHcinTh MAKCHMAABHEIE HOPMANBHEE HANPAKEHHA B OMACHOM cetde-
Hun Sanku {puc. 23), ncukTHBaoWed kocoit uarnb. <PopMa cedeHHR — NPAMOYroMb-
mag, b=6cm, h =12 cm.

Pemenne, Ha puc. 23, §, 2 moxaIaHH CXeMEL HACPY XKeHUA GaJKH B Bep THKaJbHOM
H TODH3OHTANBHOMU MICCKOCTAX, 3 HA pHc. 23, 8, ¢ — cooTReTCTBYIOWKE 3MIOPH
waruGaomux MomenTos M., M,. Oyin no amiopam, onacHEIM cedenneM RBAAeTCA
safenka, rge M, = -20 Q(HM. J\{ =5 xkHm.

JAns npamoyroankoro cevenns [, =bh3/12, I,= hb%/12, u ypanrente nefiTpaisHolt
ocK (2) AR ONACHOTO CedMeHUA MPHHHMaeT BUE —y + = = 0.

H3 pacnonoskenua neliTpansaoi Aunuu {puc. 24) BUAHG, 4T0 CAMLIMH ONACHLIMIE
TOYKAMU Cedenud ABAAIOTCR Touku B n €|, xak nauGonee yjanennkle oT HEHTDATLHON
ocu. Mogcrarnan ux XoopIMHATH B {1}, BHMUCAHM HANDAXKEHNA B ITHX TOYKAX

Myn EFB-E- = 208 MITa,

g = — Iz ;
M
oc = --‘EIEEG'- - --:Lc = —208 MITa.
= v

Ha puc. 24 usoSpaxena 3n0pa ¢, X3paKTEpUIYIOUIAR HIMEHEHHE HOPMAJDHKEIX
HANPAMKEHHI B HANPABASHHH, TTEPNEH JHKYARPHOM HelTPaALHON OCH.

6.2. BHeueHTPeHHOE PaCTSKEHNE WK CKaTHe

> BHemeHTpeHHHM pacTaXKeHNeM MIH CXKATHEM HAJHBAETCA Ta-
Kol BUJ JehOpPMALMM CTEPKHA, IPH KOTOPOM B €r0 MOIEPEdHOM Ceve-
HUY BO3HHKAIOT NpofocAbHaA cHia N m mardbaloiue MoMeHTH M, M!‘r
(n, 6rs MoxeT, nonepeunsie cuan Q,, Q )

Mpoaospaan cura 1 marubaiompe MOMEHTEL MOLYT pPACCMATPRBATHCA
KaK De3yNbTAT BO3/CHCTBHA HA CTEPXEHb BHEUEHTDEHHO MPRICKEHHOH
cuan F = N (puc. 25). Mmeruo nosToMy Takoil BHA CIOKHOT'O CONPOTH-
BJIEHAA HA3LIBAIOT BHELEHTP EHHBIM PACTAKEHAEM RUIH CHRATHEM.
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Harnbawie MOMEHTR CBA3aHHI € KOOPAMHATAMU TOYKHA MPHIOKE-

Ny #ua canl F' coorromenuamu M, = - Fygp,
i P M, = —~Fzp. llosTomy a (1), hopmyasi (1}
—% ra. 3 ¥ NpRHLENA HE3aBUCHMOCTH AelicTBHA

CHI ANA HOPMAJBHEIX HAMpAKeHNHA B NPONa-
BOABHOH TO4Ke AKGOr0 MONEPEdHOI'O cede-
HHA ¢ KOOPARHATAMA T, Y MONYHHM

TTATTL T
1 yry J’F‘“)
= — 4 ==+~ (3
Puc. 25, (A+ I:c Iy ()

» HeiliTpasenas 0ch NpH BHEUEHTPEHHOM PAaCTAXKEHMM WIN
CXCATHM, YpaBHeHHEe HeHTPaAIbHOR OCH MONEPeYHOro CeYeHHA, B TOYKaX
KOTOPCH HANPAXEHKA PABHBI HYJII0, AMEET B JaHHCM CIy4ae BHA

1 YrY Tpx
U7 R ety | 4
A Py @

Herpya#o BUAETH, 9TO HEATpaJEHaA OCh He HPOXCAMT 4Yepes LEHTP
TAXKeCTH cedeHMA, OcralbHule CBOMCTBA TAKHE e, KAK M IIpH KOcoM
uwarute. JONoAHHTEIRHO YKAXEM eHle OJHO CBOHCTBO HeHTpadbHOR oCh
Opy BHEHEHTPEHHOM pAaCTAXEHHM MAM CXKATHA: HEHTpalnHag oCk He
nepecekaeT ToH YETBEPTH CEYEHAA, B KOTOPOH NpUickeHa cHia F.

» Hapo ceuwenna. [losoxenne HedTpaabHOMR OCH, KaK BHAHO U3 yPaBHe-
una (4), 3aBHCAT OT KOOPAUHAT TOYKH NpHAOKeHHs cHibl F. Econ Touxa
OPUIOXKEHHS CHAHL ' pacmofaraeTca JOCTaTOUMHO BAHIKO K LUEHTDPY TIXe-
CTH Ce4enMs, B o6AACTH, KOTOpad HAJEIBAETCA A0POM CEuEHUR, TO Hel-
TpajJbHad Och MPOXOAMUT 3a MpejefaMM MOMEpevHOr'o CeeHHA, T.e, BCE
TOYKH CEYeHHA MCNBITHBAT HOPMANBHEE HANpPAXKEHAA OZHOI'O IHAKA,
Ha puc. 26 nokasaHbl Afpa AN OPAMOYTOABHONC H KPYTOBOTO CedeHRH.
YcnopRA OpOYHOCTH NPH BHELNEHTPEHHOM DACTAXEHAM WAM CXATHH
HMEIOT BHJ OTPaHNYeHHN Ha MaKCHMAJALHEIE HOPMAJILHEIE HANPAXKEHAA.

Mpumep. BRuucINTE MAKCHMATEHEE HOPMANLHEE HATIPAKEHHA B NIOTIEPEMHOM
CeMeHNH BHEUESHTDEHHD CIKATOTO CTEPKHA NPAMOYIONRHOrO cedenna npu b = 6 oM,
A = 12 cm {puc, 27). Touxa K npunomenna cnaa F' = 144 xH umeer xoopauHaTe
zp = —1cM, yp =6 cm (puc. 27, 6).

Pemenne, Buuntciim reoMeTpHYecKie XAPAKTEPHCTHKH CeeHNURA

A=bh=T2cM,
I, = th%/12 = 864om’,
I, = hb*/12 = 216 em’.

YpaBuenue HeWTpaasHoR ocn (4) npunumaer Brx 1 + /2 — z/3 = 0. > ee
pacnoncxkenun (puc. 27, 6) Bugno, ¥To B n £ — nauboliee HANPAMEHHKE TOYKH
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g £ 5 700
v y 7) ¥ ) 0
wF Rdpo =% s
'.'é‘:] L cabanug p 6 Mo
) .
‘E‘ -_-:’3" _"’L“ b A T ota ]
- &0
=, ¢
a2 7 S
Puc. 26. Prc. 27.

cevends, [logcrapann B (3} Ux KOODAHHATH, HAXOZHM HANDHXKEHUA 3THX TOMKAX
{cuny F caegyeT BIATE CO IHAKOM tMHHYCH, TAK KAK €€ HalPapIeHHe TIPOTHEONIOACKHO
MOKA3aHHOMY HA pHC. 25):

1 ¥r¥p TpTpg
==-F| — 4 =282 4 =2 | = =100 MII
og ( 2 + I,: + Iy a,

__pf{ 1, ¥r¥c | FrTc ) _
go = F(A+ 7 + I = 60 MIla,

x ¥

Ha puc. 27, § nocrpoena diopa ¢, IOKA3HBAKONIAA 3aKOH PACTIpefeleHHA HOD-
MBABHLIN HANPAKEHUH B HAMPABACHHUH, IepNeH JUKYIAPHOM HeHTPAaNbHON OCH.

6.3. Waru6 c kpyueHuem

» HoruGom c xpyueHmeM HasbIBaeTcA Takol BHA AedopManui cTep-
WHA, [IpH KOTOPOM B €r'0 IOTIEPEYHBIX CEYCHMAX BOIHMKAST KpYTALIMN
MomeHT M, , narubawmue MoMenTh M, , M, u, 6bITL MOXeT, noneped-
HHe CHAH @, Q.

Bylem paccmaTpuBaTh CTEpXKHH Kpyroeoro cevenud. Beugy ero
CHMMETDHH, MoSble JBe BIAUMHO NEpNeHJHKYAApHEE IEeHTpalbHEIE OCH
CeYIeHHA ABAAIOTCA DaaBHbiMi. [lodToMy uX Bcerjaz MoXuo BHGPATH
Tak, YTO6H B pacCMATPUBAEMOM CEYeHWH CYMMAapHBIA H3rubGaroumimia
MOMEHT MMeJI TOJBKC OJHY COCTARIADILYIO,
Halpumep M, .

Hau6oapmme no Mofymio HOpMadbHbie
HANDAKEHMA B CEYEHHH ONPeJeldiOTeA IO
dbopuyse (7) ra. 5 ana npaMoro marnba

P (5)
W,
" AocruraloTcs B Toukax B m O, mau-
boree yranewnmx o HEHTPaALHOH OCH &
(puc. 28), Puc. 28.

Mo dhopmyne (5) ra. 4 HaxoguM HauGoOABINNE KacaTeNbHLIE HAPAMKE-

HA4 Npu kpyyenun

_ il

T
max
W,

(6)
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OuH BO3HMKAIOT B TOYKAX MPAaHHIb] CEMeHNA, B TOM MHCIE U B TOYKAX
BuC.

Takum o6pasoM, Touku B n (' HauGonee onacHu. B ux okpecTHOCTH
peau3yeTCH MIOCKOE HANPAXKEHHOE COCTOAHNE, ABIAOIEECA KOMONHAIIM-
il OJJHOOCHOT'O PACTANKEHNA (UNK CKATHUA) H YUCTOTO CABHTA.

» Ycaonus npodsocTH Cen-Bemana m Museca. B oranyme ot
BCEX BHJOB ZeOpMailyil, pacCMOTPEHHLIX paHee, B AaHHOM CIy4ae Mo-
YT GLITH CYNMIGCTBEHHLl KaK ¢, TAK H T, NOYTOMY BOIHHKAaeT Bonpec 06
YCJAOBUM MPOYHOCTH AAA TAKOTO BHAA HAOPAKEHHOrO cocTosHuA. Cyme-
CTBYIOT PaljHvHEIE TEOPHH NPOYHOCTH, OTBEYAlOLIMe HA ITOT BOIpPOC,
Yaie Bcero npuMeRAT yoaoBrdA npoyHocTu Cen-Benana

Vo2 4472 £ o]
wim Museca

Vol 4 312 £ [o].
Henoapaya cooTHomene Mex Ay MOMeRTaMu conpoTuerenna W, = 2W,,
a TaKke YYMTHhIBad, ¥TO NPH NPOM3BOJLHON OPHEHRTAIHMH OCeH T M Y B
dopmye (5) Beamduuy M_ cregyeT 3aMeHHThL Ha CYMMAapHhIH H3rubaio-

mmit MomentT M, = /M2 + M, ycioBus NpOYHOCTH MPHBOJATCA K Cle-
AYIOUIEMY OKOHYATENLHOMY BHAY:

M2+ MZ+ M?
£ [o] (Cen-Benan),

W,

\/ME + M2+ 0,75M2
W,

T

£ [o] (Mmaec),

roe W, = 1rD3/32 — 0ceBOfl MOMEHT COUPOTHBACHMA JIA Kpyra jHua- -
MeTpa D

F=713xH MpuMmep. Ua ycropua npounoctu Museca no-
o mubxHM AolGpaTh GHAMETD CTANBHOI'O BaJXa, HCMKTHEBAK-
wero Harub ¢ Kpydennem (puc. 29). Jonyckaemoe
U= nanpaxenue [o] = 150 MITa.

Pemienmwe, Cxema HArpykeHus Bana B Bep.
THKAJIBHO [IOCKOCTH H COOTREe TCTRYIOIUAA INIOPa
F J HaruGakmero MoMenTa M, ; AAHHL Ha pHC. 29, 6, a.

- CxeMa HATPYMeHYA BAna BHEIIHHM MOMeHTOM
Z ¥ 3M0pa BOIHHKAIIMMX KPYTALMX MoMenTOR M,

NOKA3aHW HA puc. 29, 2, 4.

&
N
|

8) 73 1 Mgatn Hanubonee omacHo cedcHue B 3ajedxe, rfe
¥ | BOIHHKAIT MaKCHMaAbHWH HaruSaomuit M, =
7 mi = 13 xHm u kpyrmupit M, = 6 xHm momenTh.
3) f Ua yeaorun npounocTit
\.‘ F-4
{

32/M2 +0,75M2 <]
6 a
8 ° (T Mg HHM D3 =

HaxogumM: [ > 0,098 M. TakHm oGpasom, Maxem
Puc. 29. npusaTs ) = 10 cm.
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7. YCTOMHMMBOCTbL CXaThiX CTEPXHEN

7.1. Kpuruueckas cuna

B paag. 1.1 yxe oTMe4Yaloch, YTO HEKOTOPhIE COCTOAHHA PABHOBE-
cUA Tel HMIH CHCTEM OKAJBIBAIOTCA HEYCTOMYMBLIMH, T.e. TAKUMH, IIPH
KOTOPHX HEIHAYWTENbHEE MeXaHUTECKHe BO3AeHCTBUA MOTYT NPHBECTR
K CYUIECTBEHHHIM OTKAOHEHUAM OT 3THUX cocToAnmil. Kaxgoe us aTux co-
CTOAHAN PABHOBECHA XapaKTepHIYeTcHd OHpe-

lFﬁFﬂp lF:vFKp
JIEJICHHEIM 3HAYeHHEM Harpy3KH, OTAeIAOIHM
OBXACTH YCTOMYMBOrO U HEYCTOHYIHMBOTO paB-
HOBECHA.

IIpUMEHUTENEHO K CXATOMY CTEPXKHIO
(puc. 30} oxaseiBaeTcA, 4TO NpH BeIHIHHE
cixuMatomedl cuanl F, He npeBnmaoLedl HeKo-
TOpPOro 3HAYEHHA, HA3EIBAEMOT 0 Kpumuye croti
cuaotl Fxp, NpAMOINHENHAA ¢OpMa paBHOBe-
cuA cTepknud ycrouuusa. Ecam xe F > F,
TO NPAMOAHHENHaA GOpPMa paBHOBECHA HEYCTOMYHEA, M CTEPXKEHL CTpe-
MHUTCA TIPHHATE UHYRO, YCTONYHBY IO GOPMY PRBHOBECHA ¢ KPUBOAMHENHOMN
OCBIO.

Cxumatomme Hampaxenud o, = F, /A, cooTBeTCTBYIOIME KPUTH-
4eCKOH CHIEe, HAZBIBAIOTCH KPUIMUNECKUMY HANPRANCCHURMY.

s J
Puc. 30.

7.2. ®opmyna diinepa

Taxum obpaszom, npu F > FKP pellenHe 32 a0 O PABHOBECHH CTEPX-
HA HECJUHCTBEHHO, AHAIHI YCAOBHH HTOH HEGIMHCTBEHHOCTH NO3BOJAET

NOJAYHHTE GOPMYIY AJIH BeIEYHHE] Fxp. ”
PaccMOTPHM IIaDHUPHO OHEPTHIA NEH- I/,_r\ F
v o

TPadbHO CXATHI CTEPXKeHL B CJerkKa H3o- >
ruyToM cocrosuun (puc. 31}. Msrubatommi :!i‘!!. ¢ ik
MOMEHT B MNONEPEYHOM CEYeHHH CTepXHA Puc. 31

paser M = —Fv, rae nporu6 v(z} sajaer
KPHBOIMHEAHYIO OCh cTepXHA. Kpupuana k M30rHyTOll OCH NpPH Majkix
Iporubax crepxud (v/l « 1,v €« 1) pabua

13 v’ _ 4%

T o (1+v2)p2 ~dsz

IIpn anaame gedopManum narnba Guna MoAyyYeHa GopMyra (3) rn. 5,
CRAILBRIOIIAA KPUBH3IHY M MarMOGA0IINA MOMEHT,
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B KOTOpPOH COTNacoBaHhl NPaBHIZ 3HAKOB [ANA KPHBM3HH k = 1/p m
MoMeHTa M.

Orcioga npuxoauM kK AudupepeHIMaNlbHOMY YPaBHEHUIO W3CTHYTOHR
OCH CTEPXKHA

v = —a?y, Y

rae o6osHaveno a’ = F/(E[).
TpannKble YCAOBHA YIUTHBAIOT 3aKPEILICHIA KOHIOB CTEPKHA:

v(0) = v(l) = 0. : (2)

YpaBuerne (1) npM rpaHM4HHX YCIOBHAX (2) HMeeT OUEBUHOE TPH-
BHARLHOE Pelerue v = (I, COOTRETCTRYIOMIEE TPAMORMHENHOH dopMe pap-
HoBecusa. Hac HETepecyoT HeHyleBsle pelIeHUA.

Obumi naTerpad ypasuenud (1} umeer BUj

v = (| sin(az) + Cycos{az).

H3 nepsoro rparuynoro yeaosnd ciegyerT, ro C, =0, a #3 BTOpOro —
C, sin{al) = 0. Cokpamas Ha C; # 0, IpUXOJUM K PaBEHCTBY

sin(al) = 0,
KoTopoe 6yJeT BBIIOJNHEHO, eClH al = Tn nau

mn?EJ
F=I—2 (ﬂ.:l,?,...). (3)

Takum 06pasoM, YCTAHOBIEHO, 9TC eCH BeIMYUHA CXHMAIOMER cu-
aH F mpuHEMaeT AMCKpeTHhIe 3HadeHud, AaBaeMmble (opmyJodt (3), To
HApAY ¢ TPAMOJHHEHHEIM BO3MOKHEI HCKPHBICHHEIE COCTOAHHA PaBHO-
BECHA CTEPXKHA, HMEWImue QOPMY CHHYCOH AR

ﬂ:Clsin(n?-z).

M3 (3) npu n = 1 noay4aem dopuyay Itsepa ANA KPHTHIECKON CHILI

m2E]
Fo,= 7 (4)

Bonee TovHast Teopma NoOKa3elBaeT, YTO HeGJHOIHAYHOCTH (OPM
PABHOBECHA MMeeT MECTO TIpH BCeX CHIaxX F, NP eBRIIAIIIX 3ﬁnep03y
cuny (4).
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7.3. Bnusnue cnocofoB 3akpenneHus KOHLOB
CTEPXHS HA BENNYMHY KPUTUHECKOHU CUALI

MoOXHO PactMOTDPETH AHANOTHYHEIE 320347 JIA APYI'RX CAYHaeB 3a-
KpeTl/ieHHA KOHIIOB cTePxHA (puc. 32). Hx pewenne nokaswipaeT, 40 KpH-
THYECKYIO CUIY MOXHO OUPEAEIATE Nno dhopMyle, nojobHoil (4):

_ wiET
= (T ®)

pBeAA NOHATHe npusedennott daunvl ul U xosdfuyuenma npusedennod
Jaunnt .

Beanquny il MOXHO HCTOJKOBATEL KaK YACTh AJHHH CTEPXHA, Ha
KoTOpOoH YKIAABIBAETCA NOJYBONHA CHHYCOMAH, COOTBETCTBYIOMUIEH €ro
HCKPHUBICHHOR ocH. JHadeHnd koaGdbuuueHTa i A4 HEKOTODHIX CIY4aeR
3aKpellieHHA CTepXHA AaHH Ha pHc. 32.

I lé" A

e T p—

Ae=2 pm=0,7 B=0,5 M=T
ez 7 7 7
Puc. 32.
Mpamep. HaliTH XpUTHYLCKYI0 CHAY AR CTANLHOMG CTEPXHA AIAHON | = 4 M

(prc. 32), mecTKo 3 e 1ARHOrC OAHHM KORLOM, Cevenie CTepXKHA — gBYTABp N 22,
Peweupe. [lo copTaMeNTy HaXOfAM XA JAHHOTO GBYTABPA MOMEHTH HHEPIIHH
I, = 2550 cm?, i, = 157 cm?, EcTecTpeHHO, YTO CTepXeHL TepAET YCTONYUBOCTE B
MIOCKOCTH HAHMEHBEH XKECTKOCTH, NOFTOMY CAEAYET BROPATh HAKMEHBIIHE MOMEHT
UHepumn [, = Iy = 157 emt,
fna sagaunoro 2akpenneHus koddpduumerT i = 2, 2M0,qy.nb ¥UPYCOCTH CTaAH
T Elwin _ 50,8 4H.

E = 210 I'MTa. [To ¢opmyae Sitaepa (3) noayTum Fep = )2
“

7.4. Mpepenut npumesnmocTn opmynbi
Sunepa

Kpnrudeckue HanmpakeHMs, COOTBETCTRYIOIUNE KPHTHYECKOH CH-
1 (5), pambt
F o E
Cwp = g = T
A (ulfy)

rae i = /I/A - paguyc HHepUMH CeveHHA.
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Beegem obosuatenne A = pl/fi. Torga npeamaywan GopMyna NIpaHAa-

MaeT BHA -
T
Tnp = 3z (6)

BenuynHa A Ha3kIBaeTCA 2USKOCMbIO CMEPHCHA.

Ha (6) caegyeT, 4TO ¢ yMeRLeRHeM THOKOCTH 3HaMEHHe Oyp HEOTPA-
HUYEHHO BoapacTaeT. fAcHo, ¥To GopMyaoH (f) Helb3d NOALIOBATLCH TIPH
CAMIIEOM GONBIIAX HANPAXEHUAX, Tak KaK MaTepHal) CTEPXHA B DTHX
YCHOBMAX He MOA4HHAeTCA 3aKkoHY I'yka.

Beauuura HauGoABIIErO HANPAXEHNA, IDY KOTOPOM CIIPaBeIIME 3a-
koH ['yka, Ha3LIBaeTCA npedesos NPOROPHUONGABHOCTIU Oy .

' TakuM o6pazoM, Tpejedsl HPHMEHHMO-
Ve, = mE ‘eTn $opmyan Jilrepa yc"ral-;aannznalo"rca
AN rPT T g2 HEPABEHCTBOM O [, < 0, WIH 7 E/N < oy

A%wp

B pesyanTaTe monyuum A> A =n,/Efeo,,.

JaBuCUMOCTB 0, OT A WpH A < Ag

. HaxoJAT JKCIepMMEHTaIbHEIM myTeM. Ha

Ag A puc. 33 cxeMaTHYeCKH CIMIOLIHON JMHH-

Puc. 33. el TOKa3aH MONHEIA I'paMK IABHCHMOCTH

0yp(A). TIpn oeHs MaaBIX TUOKOCTAX CTep-

KeHbL TPH CKATHH TepAET NPOYHOCTL, MOITOMY KPHTHHYECKHe HANpA-

XKeHHA TPaKTH4YeCKH DAaBHH COOTBETCTBYIOINM HANDAXKEHHAM NOTepH
IPOYHOCTH.

7.5. PacueTil cXaTbix CTepxHen
Ha YCTOMUYMBOCTD

Ha npaxTike Heobx0AMMO 06eCIEUnTE YCTOHYHBYIO paboTy CXKATHIX
CTePXKHeH, NOYTOMY HAalpAXEHHA B CTepXHe He JOMXKHHI NPEeBOCXOAHTD
KPHTHYECKNX C HeKOTOPHIM 3aMlacoM:

F o,
g i g =R 7
e (7}
rae n — ko PUINEHT 3anaca.
Jdxa yaobersa BBOguTcA  Kosdduyuewm npodoabnozo  uzeuba

¢ = 0,,/(n[e]). Torga ycnorne (7) npunnmaeT Bua

2 <lole. ®)

3aBHCHMOCTH (A} AMf pasHHX MaTePHANOB NPHBOLATCA: B CHPABOY-
HHKaX B BUje Tabamiy.

Moaeaysacy ycaosuem (8), MOXHO pemaTh Te Xe 3aja4H, YTO M UPH
pacdeTe Ha NPOYHOCTE (cM. pa3g. 3.3). '
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INPUJIO2KEHU A1

1. dnemeHTapHblie DYHKLMM U UX
cBOMCTBa

B npuaoscenun { 06biNNO CHURAETICA, YN0 L — YEAOE NOAONCUTEAL-
noe wucao (Opyaue Cayual CREYUAAbHO 0Z08APUBBIOMCR).

1.1. TpuronomeTpuueckue dyHKUuM

» IlpocTeiliane COOTHOIIEHNA,

2

gsinfr4cosf =1, tgrcigz =1,
sin{—z) = - sinz, cos(=z) = coax,
sinz COS T
tgx = . ctgr = — ,
cosT nnx
tg{-z) = —tgz, ctg(~z) = —ctga,
’ 1
2y = l+ctg'z = .
1+tg"z cog? z ¢ sin? z

» CooTHOIDEHMA MeXTY TPUNOHOMeTPHYeCKHMMMN (PYHKINAMHI
OAHOIO apryMeHTA.

tgr _ 1

sint =34/l —cos?z =4 = .
V9i+tgds Vi+etg?s
ctgz

cosz=+/1—sinfz=2 ! =+ ,
J1ttglz V1tctgs
sinT _iv1—coai:|:_ 1

i - L}
\/1 - gin? T cosT ctgz

tgx =

1 —sin?z -+ cosT _ 1

ctgr = & = = —
8 sin V1 coslz  tgz
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p PopMYAH NPHUBEJCHHA,

sin(r £ nr) = (—1)"sinr,

sin(z:l: 2“: 1 ﬂ) = £{-1)"cosz,
tg{z £ nw) = tgz,
tg(a::l.- ant) ﬂ) = —cigz,

/

sin (.7::!: —:—) = -vg-(sinx:kcosz).

cos(z x nr) = (=1)" cosx,

cos(z:k 2“%#) = F(-1)"sinz,
ctg(z £ nr) = ctgz, )

ctg(z:k 2“: 1 ﬂ) = —-tgzx,

cos(z:l: ‘n‘) = %(casz-:psin:c),

¢
t
ﬂg(zi %) - SETFL

t 1
tg(,_i 1) _tgrEl ,
l1tctgx

4 1F tgs '
p DPopMyibl CIOHEHHA,

sin{r & y) = sinrcosy  coszsiny, cos{z+y)=coszcosy Fsinzsiny,

tgrttgy 1Ftgztgy
tg(r  y) = —————, tg(z £ y) m; ————.
gzt v) 1Ftgrtgy ctele £ ) tgx+tgy

» CyMME B PajHOCTH TPHUrOHOMETPHYECKHX dyEKIHI.
sinz +siny = 2sin( Tty ) cos(r-y),
2 2

sinr-siny=2sin(x )cos(z:y).

)=(=3%)

COB )

2

t)un(=5*)

sin '
2

sin’ z = sin®'y = cos? y — cos’ z = sin(z + y) sin{z - ),
z

— ¥
2

COBT 4+ cosy = 24:{:;8(:'“-:;&'I
x

COST —Ccosy = -2sin(

sin? z = cos? y = ~ cos(z + y) cos(z — ¢),

i + i +
tgztgy = _____sln(:c v) , ctgrtcetgy= ——-———m_n(x - v) .
CORT COSY sinzsiny

ecosz + bsinx = rain{z + ¥) = rcos(z - y),
rae r=+/a?+b% sinp=afr, cosp=b/r, siny =b/r, cosy =a/r.
» IlpouaregeHus TPHrOHOMETPHIECKHX PyHKIMM,
sinzsiny = +[cos(z — ) — cos(z + ¥)},
coszcony = +[cos(s - y) + cos(z + ¥)],

sinTcosy = %[sin{z —y) +sin(z + ).
> Crenenu TpUroHoMeTpHYIecKHX (PYHKIIMIL,

2 N
cos z=-§-cos?x+—;-, smzz:—lz-cos23:+-1-,
cos’ ¢ = -4-1—cos3z-ll- %cosx, sin3z=—%sin3..~:+%sinz,
4 .
tos" ¢ = %cos4x+'—%cos2z+ %, sintzx = %costla:— -%-cos2:|:+ %.
s

5 oo L
coB” x = -l - 5 i = L. g - g 5
16 Cosbz + Sy cos3x+ fcosx, sin’r = jsinbx - jpsin3zr+ Fainz,
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n—1
2n

cosr = 22n_1 E C§, cos[2(n — k].?:]+ Cz,‘.

2n+41

M:

cos Chns1 co8[(2n — 2k + 1)z],

-1
T2

k=0

2
|
-

sind" g = 22:_1 Z( 1)"*C}, cosl2(n — k)z] + - —=Cs

sin3nH g = 2—1;'- $ (=1)"*Chn .y sinl(2n — 2% + 1)),
L300

rae C* = -];—;Tmi‘-‘:-k—)r — SunomuaxsHHe Kopdduuwente (¢ = 1),

p TpurosoMeTrpudeckne hyHKIIN Kpa'rnux ApPryMeHTOB.
cosl2z = 2cof z— 1=1-— 2sin®z, sm2z—2sma:cos..~:,
cosdx = —3cosx + 4cos® x, sin3z = 3sinz - 4sin® =,
cosdz = 1 — Bcos? r + 8cos’ z, sin4r = 4cosz(sinz — 2sin® ),

cos5z = Scosz = 20cos® o+ 16cos® z, sin5x = Ssing — 20sin® 2 + 16sin’ =,

= = nd(n? —1)...[n? — (k—-1)]
cos(2nz) = 1+ E{ =1)* k)7

cos[2{n+ 1)z] = cosz {1 +

4* sin? ..-':

i 2n+1)2 - 1)[(2n+1)2 - 32 4132 —(2k-1)?
_l_kgl(_l)k [(2n+1)2-1][(2n+1) (2k)]! J{2n 1) —( 1)]3m x}

= k(P2 =)n?-2%) . (n® - K) . gl
sin(2nz) = 2ncosz[smz+k§l( 4} k1) sin? 1_.,_-]'

sin[2(n + 1)z] = (2n + 1){sinz +

f B [0+ 1) = 1[4 1% = 3] [(3n+ )2 = 2k = 1] k1),

(2k+1)! )
— g -
tg2r = —28% g, dEEotefc L dlgrodgiz
1-tglz 1=-3tg2x 1-6tg?r+ tgtax

» TparoHoMmeTpmieckHe PopMYJIE ¢ NOJOBNHHEIMHE YTIaMH.

.2 T 1—cosz 2 F 1+ coax
sinf — = ———— COB° e = |
2 - 2 2 2
tgi— sing., ‘_ 1—cosz wZ = gint  14cosr
2 Ttcose . sinz | 22 l-cosz  sinz
N - E- N N
sinz = ﬂz——, cosz = ﬂ—z—, tgz = —-2—11-3-2-—
1+tg% & 1+t £ 1-tg? &

b Popmyam IJitazepa 1 Myanpa, cBask ¢ rumep6oJIHYecKEMA
bysxnuaMm.
e¥+i® = o¥(coax +Msinz), (cosx + isinz)” = cos(nx) + isin(nz), +° = -1,
sin(iz) = ishx, cos{iz) = chz, tg(iz) =ithx, ctgliz) = —icthz.
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1.2. Funepbonuueckue dyHxumn
p Onpegencuna.

aF — =7 P Pl d aF — =T ] -z
shz= St chz=2T%" thz=S—¢" . £t
2 e+ e”F e? —e”F

2

p IIpocreiinme cOOTHOLIEHNA.

ch®z -sh?z =1, thr-cthz=1,
sh{—z) = -shz, ch{—z) = chz,
shx chz
= — thz = —,
thz chz L cthe shz
th{(=z) = - thz, cth(=z) = —cthz,

—th?z = 1 th®z—1= 1 .
1—-th*z E!_.' [ - *;5—'

T 3

» CooTHOmEHMA MeXJy runepSoandeckuMu GYHKOUMAMHE Of-
HOT'C 8pryMeHTa.,

sho £ 44/chiz — 1 = kil &

S S

V1-thz Veth? 2 — 1
1 _ cthz

\/l—thzxq \/cthz:r:—l‘

v/ehez =
the = shz -4 chéz=1 1

che=+/sh?z+1 =+

\/ah2:+l chz cthe '
vz
cthe = sh x+1=i Ich:: _ 1 .
shz \/chz:r:- 1 thz

b DOpMYIRI CAOKECHNA.

sh{z+ y) =shzchy tshychz, ch(zty) =chzchytshzshy,
thx+thy cth{z + 3) = cthzcthy 41

thiz + y) = ——————— —
e£y) l1tthzthy cthy + cthz

» CyMMH B pasHOCTEH ramepbommrieckmx yHKIAA.

shz+shy= 2sh(z::y ) ch(m),

2
T4y T—y
chz +chy=2ch| =L )ch| —2 ],
2 2
chs:--chy:i!sh(::y)sh(f_g.i),

sh? v —sh® y = ch? z — ch? y =sh{z + y)sh{z — ¥},
: sh? & + ch® ¥ = ch{z + y) chiz — ¥),
sh(z + ¥) sh{z + y)

th thy = . .
zEthy chzchy shrshy

cthztcthy =+
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» IIpomspeaenns runepGoan=ieCKuX by,

shzshy = L[ch{z + v} - ch{z — ¥)],
chzchy = 4[ch(z + y) + chiz - ¥)],
shzchy = 3 [sh(z + ¥) + shiz - ¥)].

» Crenend runep6oamaecKnX hyHKIAMR,

chiz= %ch2z+%, shz:.-:-%ch?z-%,
ch®z = +shdz+ 2 sha, sh®z = $sh3z—- 2shz,
chiz= %ch4z+%ch2z+%—, sh‘z:%ch4x—-;-ch2z+§-,

]

ch®z = -shsz + -1—5‘;-sh3:r:+ £she, sh'z le-sth:- & sh3z + 4 shz,
ch®"z = ——— 22n N E C‘,“ chf2(n - k):r:]+ Cz,,,
1 n
Ch2n+l = -22— 2 CQ“+1 Ch (2n — 2k + l)z],
h*"z = 55 {(-1)*CE, ch[2(n — k)z] + ~mtmm L0 on
8 z= 22n -1 Z 2n z 920 n

sh?™¥lz = 2? E(—1)*0§n+1 sh[{2n - 2k + 1)x].

» TunepbSoaudeckBe GYHKINN KPATHRIX ApTYMEHTORB.

ch2z=2¢ch®z -1, sh2z = 2shzchz,
ch3z = =3chz + 4ch?z, sh3z = 3shex + 4sh® z,
chdr =1—8ch® ¢+ 8ch' x, shdz = dcha(shz + 2sh® ),

chSz = 5chz — 20ch®z + 16ch®z, sh5z=8shz+20sh®z + 16sh® =

(/2] /_ qyk+t
ch{nz) = 2" "'ch" z + A U
2 kw0
[(n=1)/3)
sh(nz) =shz E 2"_"_1C§_k_1 (chx)"_%_l,
k=0

e C:—k— 2n-—2k-—2(chz)n—2k—2,

rage Cf:l — GUHOMMBIBHEE KOMDDULIHEHTH, [A] 6603HANAET UeAy0 JACTD HCTA A.

» CaaA3p ¢ TPATrOHOMETPHYECKHMMHE (DYHKIIMAMA.

sh(iz) = isinz, ch(iz) =cosz, th{iz) =itgz, cth{iz)= —ictgz, 2= -1

1.3. O6paTHbte TpuroHoMmeTpuyeckue HyHKUUM

» I'Ipoc'reiimne COOTHOINEHNSA, [nanuue 3HaYeHUa 0GPATHLIX TPHIOHOME-
TpuueckHX HYHKUUNI ONpe eANIOTCA HEPABEHCTBAMH

-+ Sarcsing € §, Ogarccosz 7, rge -1z,

_T < arctgr < &, O<arcctgzr <7, rge —oo < © < +oo.
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arcsin(—2z) = — arcsinz, arccos(~z) = ¥ — arccosz,

arctg(—z) = = arctgz, arcctg(-z) = 7 — arcctgz,
sin(arcsinx) = =, cos(arccosz) =,
tg{arctgr) = =z, ctg(arcetgr) = =,

r — 2nw npu 2mr—-§-(x.,<\2mr+%,

arcsinsin r) = {—:r:+ 2nt1)r npu (nt+lr— F L€ 2qnt )+ T,

_Jz=2nr nprn 2nw g o £ (In+ 1)m,
arccos(cosz) = { —z4+2(n+1)r npu (2n+ Bm g 2 < An + 1),

arctg{tgz) =z —nm npu nT = -;; <z € nr+ %,

arcctg{ctgz) =x—nn npn ar <z < (n4 1)m.

» CoOTHOIDEHHUR MeXK Iy oﬁparnumn TPHArNrOHOMET PHYEe CKUMH
byEKIMAMHA.

. w T
ALCBINT + 8rccosr = rR arctgz + arcctgr = ?;
[ arccos V1 — z npu 0gzg1,

= arccosy/1l — o npm -1 z£0,

arcsinz = 4 arctg\/l—z_f— npu -1<c <1,
-

V1= 2
arcctg——z—ar npy =1gzx<0;
. z
( arcsiny/1l — npu 0z g1,

m — arcainy/1 — z2 npy =lgzg0,

arccosr = 4 vi-=x

arctg ——— npu 0 < g1,
4
xz
arcctg ——————r npu =l<z <l
Y P '
arcsin Z z 20OGO
3 — moboe,
V14 z2
1
ArCeos —==—= npu =20,
arctga = 4 ! +1z
- APCCOS ~———e npu £ 0
m P &Y
1
arcctg — npn z > Q0.
. x
[ arcsin ! npu >0
- T \
Vit a2
. 1
T — ArCEiN —pmee—r— npu z < 0,
arcctgz = { . V1422
arctg — npy x> 90,
2

1
w4 arctg — nphn <0,
. T
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p CyMMBE M PA3HOCTH OGDATHHX Tpnronome'rpmiecxnx
dbyaxnmi.

arcsinx + arcsiny = arcsin(s:\/l - 4 y\/l - x"‘) npn 2f 4+ € 1,

BATCCOBT ++ arccosy = arccos[zy —+/(1-29)(1 - yz)] npu z4+y20,
arccosr — arccosy = —arccos[xy +4/(1=-2?)(1- y2)] npu -y 20,
x
arctg T + arctgy = arctg N npu xy <1,
z‘ —
arctgx — arctgy = arctg npu Ty > —1.

142y

1.4. O6paTHeuie runepbonuyeckue hyHKUUM

» Cpaasp ¢ sorapudpMuueckon GpyHKune, NpocTeNImHe
COOTHOIIEHN,

Arshz::ln(z+\/:r:§+l), Ar’chz=:|:ln(z+\/z5 - 1),

1 1
+..~:, Arcthz = -—ln L
l=1x -1

Arsh(—z) = =Arshz, Arch(- ::) Archz,
Arth(-z) = —=Arthz, Arcth{-z) = ~Arcthz.

1
Arthr = —1
ren xr 2n

» CooTHouIeHHA MeX Y O0OpaATHRIMHE runep GH0IHYeCKEMU
GYHKIRAMY,

T
Atshz = Archv/Z2 + 1 = Arth —pspemc |
* Vzt +1
Archz = Arsh+/T? = 1 = Arth _x__—_l’
T
Arthz = Arsh —aer = Arch —-—-}——-:r = Arcth 1
v1-2z2 V1—z¢ - T’

» CyMMH H pasHOCTH OGpATHRIX runepSoauYecKuX
byukumn,

Arshz £ Arshy = Arsh (:c\/l +4? :I:y\/l +z? ).
Archz + Archy = Arch [a:y + /(2% - 1){? - 1)].
Arshz £ Archy = Arsh {zy & /(22 +1)(#? - 1)],

z':l:y

1+«

z‘y:l:l
ytz

Arthz £ Arthy = Arth

Arthz 4+ Arcthy = Arth ———
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2. Tabnuua HeonpepeneHHbIX
MHTerpanos

2.1. WuTerpane), cogepxalyne
anreBpanvueckne pyHKUNUU

» HHTerpaan, cogepxxanmme neaste cremneHs a + bx.*

f dz =-i—ln|a+b:|.

a+ bz
ng._ {a + bz)™+! _
2. f{a+bz) dx___—b{n+1} . n 1.
rdr 1
& /a+bx = 47 (a+be - alnfatbal).
2
f:::z = -:5-[:i,-(ﬂbz)z—2a(a+bx)+a2|n|a+bx|].
s [ oS =T
' :r:(a+b:c)— a z |
da _ 1 b e+ bz
6. f.?:"‘(a+bz) - oz + 22 In .
zdg 1 a
—_— = —11 b .
(a + bx)? 52(n|a+ r|+a+b..~:)
z? dn 1 a2
= —(atbr-2 - ‘
(o + b2)2 x! (a+ z = 2aln|a + bz| a+b:)
9 dz 1 1, iatbs
' z(a + bz)? - ala 4 bz) a2 .
10 _£i=_..__1_[_ 1o ]
{a+bz)d ~ B2 a + bz 2(a+bz)2 |’

» HuaTerpanmu, cogepxamme o+ = 1 b+ 2.

11. :I: =z+(a-b)lnlb+ 2.
dz 1 b+
12. = b. =bchr. 2,n= =2,
/(a+..~:)(b+z) a-bln|a+..~: , a# b Jan a =5 cit. uuTerpar 2, n
- % dx 1
13. = - .
Gt 0617 a_b(aln|a+x| bln|b+x|)
14. f dr = 1 4 1 n a4z .
{a+z)(b+2)? (b—a)b+z) (a-5)? btz
15. zdz _ [’ _ a n a+z
a+z)b+2)2  (a-b)b+zx) (a=0)2 |b+zl|
2 3 2 2
16. T dx - ok @ ) b —Zabl b
EFae+aE ~ G-t T aope mete gy et
da 1 1 1 2 a4z
= - l "
(e +2)2(b 4 2)2 (a—1)2 (a-l-:: + b+z)+ (e — b)® " bz

*
3aech u gasee mocTOAHMAR unTerpuponaduA O InA KPATKOCTHM OMYCKAETCA.
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18 o dr _ 1 ( a + b )+ a+b a4+
' (a+z)2(btx)2  (a—b)2 \a+x  b+cz (a—18)3 btz |
19 22 dr _ 1 ( a? + b2 )+ 2ab n 2+ %
' {a+z)2(6+2)2 = (a-82 \atax b4r {a — b)? by |
» Hurerpann, cogepxamue a® + z2.
dx 1 E
20, /52_4.'52_ = :arctg :.
T l F
21. = t
[ (a2 + 22)2 _ 2a%(a? + ,:2} g3 2TCET
dz z 3z 3 z
22. (a2 +22)3 ~ 402{a? 4+ z2)? + 8at(a? + £2) + an:tg?
dx x ‘2n-— 1
23, = - P R 1 2! 3v
(a2 4 z2)n+! 2na2(a2+::2]“ 2na? ./ (a2+x2]“
.'[-'dr 1 2 2
24, /m: -2-lr|.(a. 4 z ).
24 zdr - 1
' (e 4222~ 2a2 422}’
25 ] zdzr . 1
: (a2 +22P ~  4{a? + z2)? :
zdz 1
26. = n =
5] (a2 +$2)“+1 21’1(0,2 +:|'.‘2}“ R 1, 2; 31
%2 dr z
27, /az_{_—xz=r-aarct5:.
28 j =? dz = z 1 ct, i
’ (a2 +22)2 ~  2(a2 +:|:2} 20 TS
29 / z2 dz _ T + z 1 : z
' (a4 228~ 4{a2 4+ 222 ' Ba2(a®+ ::'2) Bat OB
22 de r 1
30. - —_— --—-——--——- =
/ (a2 4 x2)n+1 2n{a2 + z2)n + n (a? 4 z2)n ' n=123,
I ¥ dr z? a?
7 —_ xS 2 2
. /a2+r2 2 2 In(a” + %),
=% dr a? 1
az. = — 2 2y,
f {a? + z2)2 2(a? + 2) + 2 Infa” +27)
= dr 1 a?
a3. [ (ag +z2]“+1 - 2(?1.— 1](52+x2]ﬂ—1 + 2n(a2+z2)"‘ = 2, 3, 4, ...
1 z?
3. —_—_— I —.
f :c[a2+x2) 2a2 " a? 4 g2
dx 1 1 z2
38 /z{az-l-rz}? T 242(a? + 2?) + 2a1 In a2 4z2
dx 1 1 1 22
36, = A
f 2(n2 + £2)3 4a2(a? + x2)2 * 2a4(a? + £2) t 2 In a2 + 12
» Hurerpanu, cogepxaingue a? — g2,
3r. /d—"'mlln etz |
a? - g2 2a a—z




ag.

40.

41.

42,

43.

4.

45.
46.
47.

48.

49,

50.

51.

5

53.

54.

>

55.

56,

57,

58.

a9,
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N

/ dr z + 1 a+r
= = In|——|.
(22 - zz)z 22%(a? — 12} = 4ad a—-zx
/ _ T + 3z + 3 at+zx
(a2 — xz)a T 4a2(a? = 72)2 ' Bat(a? — £2) 150_5 a—z|
2n —
= = nol [ in=1,2,8, ...
(a2 - le"‘“ 2na?(a® - ..":2}"‘ 2na? {02 — ::2)“
zdz 2
[E;—_—x,;——;ln(a -z}
f rdx i 1
(a2 —22)2 ~ 2(a? — 27}’
f zdr _ 1
(a2 — £2)2 T 4fa? - z2)2°
zdx 1
f {a? — g2)n+1 = 2n(a? — 22) im=1 23
zldr a4z
[F =i
/ wide z 1 a2 +z
(a2 —22)2 ~ 2(e2-22) da |e-cx|
/ 2% dx _ z x 1 a4z
(a2 —£2)® ~ 4(e? - 22)2  8a2(a? - 22) 16a? a-x|
22
/ dz = id -—— ) —_——tn=1, 23, ...
(r..'.2 - xz)““ 2n{a2 — z2)*  2n J (o -2
£z a? s 2
—— = ~— - —Inla® - 2*|.
f a? - z"’ 2 2 la l
3 4 2
z° de a 2
= + —In|a? - .
(a2 —22)2  2(a® - 22} @ 2 % = 2
=3 2
dx —_ 1 a =2, 3,4,
(a2 - xQ]"“ 2(n — 1){a2 — z2)n—1 * 2n(a? — z2)"
/ ol |
—_—— m —— In| 5|
:r:(a."’ - z2) 2a2 a? — z?
dr 1 z?
| - RERNEEN
z{a? —x2)2  2a?(a? — 22) = 2ai al -z
/ dz _ 1 + 1 + 1 z?
z(a? — £2)3 ~ 402(a? - 22)2 ' 2at(a? —z2) = 2a8 a? — 22
Hurerpann, cogepxanme a® + x3.
/ dx 1 \ {a +x)? 1 arct 2r—a
——=—In .
ad 4 r? a2 a? — ax + 22 a2/3 £ a3
j dx _ x 2 / dz
{ad+23)2  3a3(a®+2%)  36? S B4z3
/ rdr 1 I az—az+..~:2+ 1 arct 2x—-a
——— = —In c .
ad + 3 6e {2 +z)? a3 £ av'3
rdr z? + 1 / rdzr
(a3 +28)2 7 2a¥aP+423)  Ba? [ @242
z¥dx

/

a3+:r:3

1
~In{e® + z°|.
Sinfa 45



398 TABAHLUA HEONPEAEAEHHBIX HHTEIPAJOB

3

dx 1 T
60, —_— = e In | —— [,
[ z(a? 4 23) 363 " a? 4 z?
61 / dx 1 + L z?
+ - -_n| —
z(e® + z3)2 3a¥(a?+ z%) = 3ab ad + 3
82 / dz _ 1 1 / zdz
) z2{a? + %) = iz ad ad + 2’
63 / dx _ 1 z2 4 / zdx
) z2{a® 4 x3)? T abr 3a8(a? + 2?) 3ab ad 4237
» Hnurerpanu, cogepxamme a® — z°.
64 f dr _ 1 " a? 4 ez + z2 1 arct 2r4a
' ad —z2 ~ 6al (e —x)2 a?/3 & a3
dr z 2 dz
65. = 2 [_%=
j (a® — 2%)2 3ad(a? - 2) + 363 ,[ a% — 3
66 / rdz _ 1 In a® + az + £2 1 arct x4+
) a5 — 23 ~ 6a {a—=x)2 a3 & a3

&7 ] rdr _ x? " 1 j z dr
' {a® —23)2 ~ 3a¥(ad - %) . 3% J ad—p3

22 dx 1 3 3
68, ]m:—?lnh —.-".'l.

dx 1 3
B89, —_— = e In|————
[ z(a® —23)™  3ad ad — 23
"dr 1 1 2
70. = —1
,/ z(a¥ — r¥)2 3a?(a? — 23) + 305 | od — o3

- / dr _ 1 " 1 j zdx
' z2(ad —z3) T alz o J ad3 -8’
dr 1 z? 1 z dx
T (L S SR ORI T (. ...
z?(a? — £3)2 abz  3a%(a® — ) ' 3a® J o -1

» Hurerpanm, cogepxampe a? + 2%,

dr 1 a? 4 ax/2 + x2 1 a2
73. 3 T = In + arctg
al+z 4232 a2 — azn/Z 4 a2 2a?/2 a? - g2
zdz 1 z?
74. —_— tg —.
,/ at 4 x4 20z OBz
z2 dr 1 a? + ez 4 22 1 az 2
75. = - In arctg .
at + ot 4av/2  a? —az 2 4 2? 2a+/2 a? —z?
dx 1 a<dz 1 x
76. —_—= —n — arctg —.
/a‘-—:c‘ 4q3 -z +2a,3 ga
2, .2
77, [_EdE _ 1 |af+e |
ad -zt 4a? a? — g2
2 .
at — x4 4 |a-=z 20 a
™
9. f_dx_ - —l-ln —x-—~«—|
z{e + bx™) am a + bx™
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2.2. UnTerpans, cogepxawme
WppaunoHanbHbie hyHKLUUK

>

80.

81,

82.

83.

84.

85,

86,

87,

=3

28,

89.

90,

91.

92.

93.

>

94,

95.

96,

HuTerpans, cogepxamue ='/2,

] s _ 2 23 arct brlf2
a? +b2zx B2 b3 8T
23 2dyp 2c%/2 Za2gp!/? 2a3 brl/2
f P P T A © e orete '
2124y oif2 . b1 f2
= —— arc
f (=2 + B2z)2 bz(az + bz:r:) €
ISIde _ 25312 3‘12;.1/2 3_aarct bplf2
f (a2 + b2z)2  B2(a? 4 b2z) « bA(aZ 4 b2z) b5 g
dx .2 brll?
@ionez ot e
dr ___ 2 _ 2 " brlf?
(a? + b22)2?/2 ~  a2xlf7 o3 arcte
dr . gl/? 1 ; br1/2
(a? + 82 )23112 - a"‘(a3+b"‘x) 3y BrClE
324z _ ll2+.?i] a+!3..":14Ir2 ‘
a? — b2z b2 b2 a - br!l?
o2z _ 22312 202112 a? o + brlf?
[az—bz DT bt 6_5" a—bplf2 |
/ z'/2dy rf? 1 a + brlf?
= e n .
(a? — b21)2 b2(a? — b21r)  2abd a - brlf?
32de _ 225172 _ pp2,3/2 3a a+ brl/?
] (a2 —B25)2 ~  bt{a? - B2x) B a—brl/2 [
f £ . L n a.-l-bruz
(a2 = 82x)2? ~ ab | a-bz¥2|
f z _ 2 + —b—l a+ bgll?
(a? —825)53/2 ~  a2212 T g3 MaTherE |
dx _ 2142 + 1 ct,+b:u:l‘*"‘2
(a2 — B2x)2z1/2 T a2(a? —b2z) = 2a3b a— bxl/2Z [

Murerpanm, cogepxamme (a + bz)/2,

f(a + b..'-:)”zd:z; =

/x{a + br)p’(zd:r: = b_z[
]xz(a + bx)*""'zdr

——{a + br)(p+2)l2

b(p + 2)
(a4 bz)iptd) /2 ala + bz){rt2)/2
P+4 - P42 ]
(a+ba:)(7’+e”2 2a(a 4+ l:h:r:)“‘"""')_*(2
[ r+6 - p+4

a2 +2) /2
+ Platbo)ler?) ]
p+2
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» MHurerparm, cogepxamue (22 + a?)V/2,

2
97. /(32 + 62)112 dr = -;—;r:(a"’ +£2)1;2 + 32__ ln[:|:+ (2 + 62)1!2].
98. ]r(rz +a?) 24z = %(az + 2P,
99, f(x2+62)3;‘2 dr= -i—x(a,z.hcz)3!2+%a2x(a2+z2)1;’2+§_a4 |n|::+(x2+q,2}”2|_

2 4 .2v1/2
100. ['1‘(1'2 + 42)”2 dr = (32 + xi’)l,“z —aln M )
z

T
de - 2, . 21/2
101, f‘ﬁmln[z+(r +a?2)1/7].
zdz . 3. 2ap
100 | Ty et
103. /(;-2 +a2)¥2 g = g~ 2g(g? 4 a?)112,
» Hurerpams, cogepxkammue (z? — a?)1/2,

2
104. /(3;2 - a2}1f2 dr = %3(1.2 _ a2}1f2 _ G'T ln|3+ (r2 _ az)”2|.
105. f:c(;pz - a?)lf‘z dr = %(32 — 52)3;’2’
106. f(xz_g2)af2dr= :11-::(32 _az)afz_%azr(xz _ a"‘)”%%;ﬁ In|z+ (% - a?)}/2).

107. f—l*(:r:z - )2 dr = (2 — ®)? — g arccos —a-l.
T T

dz — 2 24172
8. | g = lale ')
zdz 2 _ 2y1/2
109. LA _
gy (z* — a%)

110. /l[..'-:2 —a?) My = —a2p(x? - o3)"12,
» Hurerpann, cogepxamme {(a? — g2)1/2,
2
M. [(@ -5 2 ds = So(e? ~22)2 4 - arcsin £
P4 2 @
112. /x(az - 2) 2 dr = _%(az — P02,

1 3
113 f(a2 - ..'-:2)3"’2 dr = —4—::(&2 -z2)32 4 Eazz(az -2y -z-aq arcsin —.
a

:I2+(t12 _3.2)1,32

114. ]l(ai’ - 32)1!2 dr = (32 - ..'-:2)14’2 —aln
z z

115 j de resin z
- ~mm—— = alrcsin —,
\.’!15—3,'! @
zdx -
116. —_ = (a2 — )12,
vaZ = z2 ( )

117. /(!12 - ;r;z)_a:f‘2 dzr = ~a"2x(a2 - _.cz)—uz_
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p POpPMYAR NpHBEJEHMUA. Huxe napamerpu a, §, p, m, n MoryT
6pTE NIOOBIMH, JHWE 681 He ofpallanMck B HYJXb 3HAMEHATEIH IPH
oCIeAOBATENLHOM IpHMereHnn popmyast. Oboznadenne: w = ax™ + b,

118. /rm(ar“+b)"da: = [ m“w-"—{»npb/ £ wP ld:l:]

+np+l

119. /:c"'-{a:cn+b)p dr= —::'"“w"“+{m+n+np+l)j::"‘w”+1dr].

b (P+ 1) [
120. /xm(ax"+b)”dr_ Wt 1) [ mil, P+l —a(m+n+np+l)[ ’"*“w”d.r]

1

m P _ e
121. /J’: (az™ +b)F dx Yo

J:m_“"'l wrt!l —b(m—ﬂ+l)fz"‘_”w"dx] .

2.3. UnTerpansl, cogepxawme
TPUFrOHOMETpHUeCcKHe (PYHKLNN

‘» HMuTerpain, cojepxamme sin . 0_603Ha¢!emm: n=1, 2, 3,
122, jsin(a +bz)dz = — % cos(a + bz}

123. jrsinxda::sin:c—zcosr.

124. ]x2 sinrdz=2rsina:—(x2—2)cosr.

125. /x"‘ singde = —x™ cosz + me™ Lsinr — m(m — 1) /::'“'2 sin z dz.
126, fsinz rdr= %x - '»li' sin 2zx.

127. fsina rdr=—cosr + Lcosa T.

. 1 (-1 =l sin[{2n — 2k)z]
2n — ok
128 /sm v = Uoam + i Z( W=
t
rie G‘:‘n = m: — GMHOMPANLHEE KoxpsurerTss (0! = 1).

kL (m — k}'

12 Zn41 (-5 ke
9. sin rdr = E %—HC,, cos x

130. [ fi.‘l’: = ]n|tg —|_
sing 2

dx

131. —_— = _
sin? z ctgx.
dx
132 cosT 1 z
: i =+ — In|tg —|-
sin® ¢ 23in2..~:+2 P g‘ZI
133. .,_df_ cosT n-2 f dr
Y = - - y > 1.
st (n—sin" 'z  n-1J sin" 2z
134, jsinax sinbz dp — sin[(b—a):r:] N sm[(b+a}r] ag b

2(b—a) . 20 +a)

14 A A Uonsuue, B, A, Tlonsuuu u ap.
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2 b+ atgx/2 2 12
: ot npu a* > b*,
135 dr _ vnZ — b2 arctg Va2 —
) ./¢+bsin:: B 1 b= VB -t atgz/2 nph 52 > a2
Vb2 — a? b4+ 02 —aZ +atgzf2

136 _ beosz + a ] dx
’ f(a+bsin::)2 T (a2 —82)(a + bsinz) 42— 2 a4+ bsinz

dz 1 Va2 £ 82 tgx
137. / g = arctg .
a? + b2sinz avaZ § b2 13
il — b
arctg of b7 tgT npu a2 > b2,
138 / dz _ ) ava? =42 a
) 2 _p2aintr JBZ — g2
a b2 gin” x 1 b el tgrz+a npu b2 > a’.

1
2a/52 — a2 " Vi —altgr—a

» Harerpama, cogepxamme cos z. Oboznavenma: n =1, 2, 3, ...

139. jcos(a + bx)dz = %sin(a + bx).

140. jzcos::dz:cosz-{-zsinz.

141. f:c2cos::d:z:=2xcm::+(::2— 2)sinz.

142, /::mcoss:d:z: =™ sinz + mz™ ! cosx — m{m — 1) j ™2 cosr dr.
143. !coszxd:c= -;—::+ %sinh:.

144. ./cossxd:r: = —sinz — %zsin3 x.

in R P 1 =, sin[(2n — 2k)2]
145- ]COS ::d:c = —2"5“—02“£ -l- 22“_1 ’g an W.

146. ]cos2“+lzd.1: z -y* C*81n2k+1

2k +1
e +5))
cosz 4
dr
148. =tgx.
]cos2.1: B<
sinxr 1 r T
49- T — —
1 _/cns-’:: 2 cos® x+2ltg(2+ )
sinx n-—2
150. =
]cos"-:r (n —1)cosn—1z 'r;—l_/l::o.'s“—2 >l

s'm[(b - a)::] sin [(b + a):r:]

147.

=

151. brdr =
/msmm 2(5—3) 2(5"’-‘1} 1 a#ib
{a —b)tg=/2
1, 2 2
152 /_i.___ \/ﬂz—bz_ams Va2 — 52 npu a< > b4,
N a4+ boosz - 1 "’52‘“2+(5—a)tng2
tn npu b2 > a2,
VE = |-~ (b a) a2
153 dz _ bsinx N a / dr
" J (atbcosz)P (82— a?)atbeosz) b2—-a? | atbeoss
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154 f dr _ 1 arck etgr
T a2 4 b2cos?x  a/al F b2 l-cs\/a'.2+t‘.i2'

1 atgr 2 32
) dx a/e? - B2 arcts vaZ = b2 mpu a® > b%,
15% /a2—bzcoszr - 1 Vb2 —a? —atgx 2 2
In wpn b° > a*.
2a+/b2 — a2 V2 —a? fatgs
p HHTErpanH, cogepxantue tgz m ctgxr.
156. ftg:r:d:r:: —Injcosz|.
157. ftgzxdz=tgr—:c.
157. /tgardz= %t52.~:+ln|cosrl.
n _l)k{tgx)2n—2k+l
158. [ tg®"zde =(-1)"x - {
e
n _l)k(tgz)ﬂn—ﬂlﬂ-z
159. | tg?" ! rdr = (—1)"*+ ] _y 4
/g rdz = (-1} 1| cosz| kgl In— 2512
dzx 1 .
160. ja+btg:c = Py (ar+b|n|acasz+bsunz!).
161. jctgxdz=|n|sinx|.
162. fcl.gz:cd:r= —ctgr — .
1
163, ]ctg3rdx = —Ectgz:r:—ln|sinr|.
n _l)k(ctgz)zn—2k+l
164./t2“d=_1“ {
ctgmdr = }“E 2n— 2k + 1

n o op_ vk 2n—2k42
165. fclgzn-H'IdI:(—l)n In|sinz|+ Z { 1)2(Ct5:k}+2 .
k=1 =

dr 1
166, = _ -
66 /a+bctga’: iy (a:: bln|asunx+b@z|)_

2.4. WUurerpansl, cogepxaume obpaTsuie
TpuronomeTpuieckne pyHKUMM

167, farcsin-x—d = in 2 a2 — g2

p T = T arcsin a + 1) e,

2 2
.oz

168. f(arcsm—) d:c:::(arcsin f—) — 2z 4 24/a? — 22 arcsin x|

o a «
1 X 1
69. fzarcsm: dr = :(2..'-:2 - 112):aurcsin-—"wi + %\/02 — 2,

13
3

170, 2, . = x . S |
[.‘.I: arcsin = dr = 5 (arcsm i) + ;(3:2 + 2a%}/a? — 22,
a
171. jarcc Z o — z
08 - dx—xarccos:— Ve? - 22,
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2 2 T

172. j(arccosi) dx:x(arccosi) — 22 — 2v/a? — 22 arccos —.

a a a
173. j::arccosidz:= ;—(2:::2 - nz)arccosi - -E\/:ﬂ——r—?.

a a

2 x 173 - 2 1 2 2
174, ]x arccos — dr = — |arccos— ) — ;(:c + 2a“)y/a? — x2.
o

a
175. -/arctgid:: =::a.r-'.:l:gi - %In(a’2 + z%).
a a

1 z z
176, fxarctgid:c = —{z* + a®)arctg — — =,
a 2 a 2
ar? o«

3
s + ? ln(a2 + 1‘2}.

2 E 23 x 2
177. z°arctg —dr = — arctg— } —
a 3 @
z a
178. farcctg Z dr = varcetg — + — In{a?® + z%).
a a 2
1 T
179. j:r:arcctg z dr = —(:2 + az}arcctg— + _‘.I_i_
a 2 a 2

0-$2

G

3 2 3
180, /z2 arcctg Lar=2_ (arcctg i) + - In(a® + 7).
a 3 a 6

2.5. UnTerpansi, cogepxalime nokaszarenbHbie
dyuxunn

I 181. ]e“’d::: -l—-e".

14

182. f:r:e“’ dr = ¢** (3’_ - L)
a a?

2
183. /zze“dm:eu(”___zf_.l_ 2 )

a a? s

1 ' - t
184, /.‘L‘“c“’ dr = % [—z" — lzr“—l + R(Laﬂrﬂ—z —_F (_l}ﬂ—l _E._z_l_

a a a an

ey =]

dx z 1
185. —_— = — = —1 PE|,
./a+be_P‘ a ap nla+ be™|
" AT
a. M — — ¥ —
136. je sing dz = a2+l(asmx cos ).

ax
187. je" sin? zdr = —e——-(asinzx — 2sinzcosr + E)

a? 44 a
N e Fgin™ "1y . naln -1
188. /e“ sin" odz = e (351nx—ncos:t:)+a(2—+n—2)— e™® 5in™"2 ¢ dz.
ax — -
189, ]e cosg dr = 21 {acosz + sinx).
190 ar 2 —_ " 2 : 2
" e cos*zdr = 714 acos“ T+ 2sinrcosr+ — |.
a @
0¥ n—1
ar __ n _ e cos" 1z . nin — 1) a _2
151. fe cos" rdr= e (acosx+nsmr)+m 2% cos™ 2 p do.
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2.6. WuTerpanbl, copgepxawue
norapudmuieckue pyHKUUU

192. fln{a:r:) dr = zln(ex} — x.

193. f::lnrdr = -7;4:2 Inzx— %re‘

1 1 1 41
194. /J‘.‘P ln{a:c) dzr = T ot ll'l(a..“:) - mx" , P AL
195. /:r:(ln ) de = %..'-:2(11) )% - %xz Inx + %xz.
+1 2pP+1 ogP¥]
» 2 = zP | 2 _ 1 —1.
1o /x (Inz) de = 23y (o) GriE e PE

197. /(ln r)?dz = z(lnz)? — ¢ /(ln )i~ ldr, ¢# -1,

198. f:r:"(lnz}2 dz = pj- 7 PH{lng)d - Pi 1 [:cp(ln.r)q‘l de, p, g # —1.
199. fln(a + br)dr = %{a:c + b) In{ax 4 b) — x.

200, fln(:rz +a?)dr = rln{2? + a%) - 22 4 2a arctgi.
a

2.7. nTterpansl, cogepxawue
runep6onnieckue pyHkuynu

» Murerpanm, cogepxampe sh x.

201. / ah(a + be) dz = —:-'-ch(a +bz).

202. f::shxdr:rchr—shr.

203. j:rzsh:t:dx=(x2+2)chx—2rshr.

204. /x‘“ shodr =2z chz — ma™ shr + m(m - 1) f z™ ?shzdz.
205. /shzzdr= —';—'J',"{' -;—-sh2..~:.

206, fsh:"zd:c: —ch::+-é—ch3:r:.

207. fsh”xdx,:Lsh"'lxchr— p_1 [sh”_z:rd:r. .
P r

» Hurterpanm, cogepxainue ch x.

208. jch(a + bx)dr = %sh(a + bz}.

209. f:cch:t:dr:zsh:c—chr.

210. ]:czch:r:dx = (2 + 2)shz — 2z chz.
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211. fr"‘ chrdr =z™shz - me™ lchz +m(m - 1) f.r""_2 chzdz.
212. fchz:cd:r= %:r:+ %shZ:c‘

213. .[l:h3 dr =shx + %sh3 I.

-1
214, /chp.rd:c = lshzn’:h”_l:u:+ Ld ]chp_zxdx‘
P P

» MHuterpanm, cogepxamme thx m cthz.
215. /l.h:l:d:::ln|ch:r:]‘
" 218. fthzrdr:x*thx.

1
217, fth“xdx =-3 th? z 4 In|chz]|.
1
p—

218. /th”rdx = — th?~ 'z 4 /thp_zxdx.
219. fcth dz = In|shz|.
220. /cl;h2 rxdr =z —cthz.

1
221. fcthszda: iy cth?z 4 In|shz|.

222, /cthpxd:c =- 1 n cth?~! r+fcthp_2rdr‘

3. Pewwenus 0BLIKHOBEHHBIX
anddepeHManbHbIX YpaBHEHMM

3.1. Ypaexenus nepsoro nopsgka*

1.y, = f(=)
Pewenne: y = ff(x}d:c+C.

2. v, = f(u).
dy

Pemenne: = | —— + C.

f(y)

YacTHue peilenna: ¥ = Ay, TA¢ Ay — KOPHH anrelpanieckoro (MAH TPaHCUeH--
AentTHoro) ypasuenusa f(A4,) = 0.

* B »ToM NpHAGKEHHH NMPpHBEJEHH PElIeHHA O ORKHOBEHHKX AudvbepeHUHAILHBX
YpaBHEHHH, KO3 DHIHEHTH KOTOPLIK 3JABUCAT 0T NpOHIBoALHKY dyHkuui. Kaa kpaT-
KOCTU BMECTO CAOB +06inee penteHMer MM «0 BN MHTerpats SyAeM NMUCATh «pele-
HHes,
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v = f(=)g(y).

YpaBHeHHE C pasAeNAKRIHMHECA TeDeMeHHbIMHE, PewteHue:

f% = ]f{:r:)dz-i-C.

YacTiue pemenus: y = A,, rge A, — KODHH anrefpandeckoro (MAH TpaHCLeH-
AeHTHOro) ypastenna g{A.) = 0.

gl=)yl = filz)y + fo(z).

Jinneinoe ypasnenue. Pewetne:

y:CeP+eFfe'FMdz, rae F{z):/!l(—x)dz.

9(x) 9(x)
g(z)y, = fi(x)y + fo(z)y™.
Ypasuenne Bepnynmm. 3geck a — awdoe (npua = 0 0 a = 1 cM. AMHeRHOe
ypanrenne 4). [Ipu a # | samena w{z) = y' ~® NpUBCANT K AHHERHOMY ¥ pPABHEHHIO:
wy = {1~ a}fi(z)w + (1 ~ e} fo(z).
Pewenne:

% = Ce + (1~ a)e” /E_F—-—-—fn(x) dz, rae Fizr)=(1-a) f —'g((:;) dz.

glz)
v, = Fly/=).

Opmopoanoce ypaBHeHHe. 3aMeHa u(f) = y/r NpUBOAMT K YPaBHEHHMIO <
PAIENAGILAMHCH TepeMenHEMI: Tu), = f{u)} — w.

Pemenne: f% =Infz] +C.
) —u

YacTHue petteHna: ¥ = Apx, rge A, — KODHM alre6paHieckoro (MM TpanCeH-
AenTHoro) ypasuewna A, — f(Ad.) =0.

g(z)y, = f2(2)y® + f1(=)y + fo(=).
YparHenue Puxxarn.

1. Ecam uspecTHO “HacTHOE peiwlenne ypapHenua Pukxatu y, = y(z), To
obiuee peinenue HaxoAMTCa no popmyne

-1
Y= (..":) + d>(:r:) [C - f‘b(z‘] % d:l'.] y

rie

d>(..~:}=exp{ / [2:()v(2) + £ (2)] do }

g(x)
HacTHomy pemenmo yp{z) cooTReTCTRYET 3HAMEHNE C = 0o,

2. Mpeo6pazosanne
u(x) = exp| - f—zydz
g
MPHBOANT o Biee ypapHeHite PHKKATY K IMHeiiHOMY YPABHEHHIO BTOPOrG [OPAIKS
2
I hufy + 9l bt - 9(f)e — hik)ue + foflu=0,
KOTOPoe JacTo peaeTen Mpolle, YeM UcXognoe ypabrenne PHKKaTH.
B ypasnenuar g — 17 npuramp ofoanauenue: f = f(z).
= 1,2
Y=¥4"+ fy~a?—af.

Yacr
i Hoe PeleHKe: y, = a. Obmee pewenne NoaAYHaeTCHd ¢ MOMOIILIO ¢hOPMYIH,
PABLAEHHOMN ocae YPABHEHHA 7.
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9. y= fy*+ ay—ab - b2 f.

YacrHoe pemenne: y, = b Obwee peineHme MoAYHAETCA € NOMOIMLIO GopMyaH,

NpHBEAeHHON NOCNe YpaRHEH A 7.

.y, =y* +afy+ f.

YacTuoe pewenue: ¥y = —1/z. OGee pentenne nonydaeTea ¢ nomoubo opMy-

JIH, IPHBEAEHHOM NoCAe YpABHEHHA T,

n. y, = fy? — az*fy + aka*1.

YacTHoe pettenne: yy = ax*. OBiee peineHnte NOAYHAETCA C NOMOLIBIO dopMyaH,

HpUBEJeHHON Mocae ypaBHeHHs 7.

12. ., = fy® + ako*~! — a2z2kf,

YacTHoe peinenste: y, = az®. O6inee pellenue noly4aeTch ¢ NOMOMWBI HopMyaL
MPHBEZEHHON NOCAE YPABHEHHA 7.

1.y, = —(k + Vz*y? + o+ fy — 1.

YHacTHoe pewnenne: Yp = z—k-1, O6umee pemterne MOAY48ETCA € NOMMHULK dopMy-

AHl, IPHBESEHHOMN NOCAE YPABHEHUA 7.

14. zy! = fy? + ky + az3*§.
Pemennenpua > 0: y = +Jaz* tg(\/c_;]:r:"—l_fdz+ C').

Pemenue nput a < 0:  y = +/|a|z* th(—\/lalfx"_l_fdr+6‘).

15. 2yl = a?* fy? + (ax*f ~ k)y + bf.

3aMeHa z = £y NPUBOANT K YpaBHERHMIO C PA3EENALIIMHCA NepeMeHHEMI:
2y =8 f(z)(2? 4 ez + b).

16. y; = fyz + gy — azf ~ ag.

HacTHoe pemenne: y, = 4. Ofuee pelleHHe MOMYHaeTCA ¢ TOMOMIBIO dopMyan,

TIpUBEAEHHOMN fucne ypaBHeHns 7.

17. yL = fy? + gy + aka®*"1 — azkg — a2 fz2k,

HacTHoe petnenne: y, = ar®. Obuee PpeilleHHe NOAY a2 TCA € MOMOIIEIO hOPMYAH,

NpHBegeHHON MOCNE ypaBHenns 7.

» B ypasuenuar 18 — 38 npunamui o Goonanenus: f, g, h — npousssashsie dynx-
YU CAOHCHOZO GpRYMENmMA, KOMmOopbhil yXA3aR 6 Xpyeadit cxobXar nocae anaxg

dynxyun u moocem sasucemb om oeus nepeMenMnIT T U Y.

18. y. = faz + by + ¢).

Ylpu b = 0 370 ypanuenne puga 1. Ypu b # 0 aamena u(z) = ar + by + ¢ npupoanT

K ypaBHeHHIo BHAa 2t v = bf(u).

19. ¥, = f(y+ ax* + b) — akz—1,

Bamena u = y + az® + b npusoanT YPaBHeHHIO BMjia 2: ul = flu).
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20.

21.

22.

23.

24,

25,

26.

27,

28,

Y
Yy, = -;f(xkym)-

O606IEHAO-0JHOPOAHOE YPABHEHHE. Samena 2 = zFy™ NpHBOANT K ypas-
HEHHIO ¢ Pa3JelAIUHMAICA IEpEMeHHRIMM: 22, = kz + mzf(z).

v, = f(z)y**t* + g(z)y + h(z)y'~*.

Bamena w=y* npueogut K ypabrenmo PukkaTn: w) = kf(z)w? +ky(z)w+kh(z).

b
y. = ——2L 4 f(@)g(z"y™).
m x

Ba.MeHa. z = :r:“y"‘ NpHBCOAHT K ¥PabHCHUID € PA’sIcHAIUAMHACA NEPpEMEHHEMNL
n—nk k4 m—1

t=mx m  flz)z. m g(z).

T

. (aa:+by+c)
V=" I\ az+py+~/

Ilpw A = af — b # 0 npeobpasopanue z = =+

MNpHEOANT K YpaBHEHHIO
o =f( az 4+ bu )
= az+ Bu

Jenn HHCANTEIL M 3HAMEHATEAL AP0 6K B IIPaBOoH 4acTH H3 2, IOAYHHM 0 JHOPOAHOE
ypaBHeHHe BHIA 6.
Ilpu A =0, b 3£ 0 3aMena w(z) = az + by + ¢ NIPHBOAUT Kk YpaBHEHHIO BHAA 2:

z

broeB o 2

A A

TIpu A =0, 8 # 0 samena v(r) = oz + Syt NPUBCANT K ypaBHeHnIO BUga 2:

vy, =a+ﬁf(-§u+acﬁ—-—%:—tv-).

v, = g*" 1y "™ faz® + by™).
3amena w= ex® 4 by™ NPUBOANUT K YPaBHEHHIO ¢ pa3JEATIOIMMHECA [€PEMEHHEIMH:
wh = 25" ak + bm f{w)).

vy, + az® +g(2)f(y*H + az*t) = 0.
Bamena w = y* ! 4 axkt! npumogur k ypaenenmo ¢ pasgeasoumuca nepemen-
uamu: wh + (k + Dg(z) f{w) = 0.

[2* £ () + zg(¥)]v, = h(y).

3Te — ypasHenne Bephynan oTocuTensto r = z(y) (cm. ypanuenne 5).
vl = emd= (M),
3amena y = e“‘y NpHBOAMT K YPABHEHHIO BUAA 2: u; = f(u) + dhu.

Yy = e*V f(edvg).

3aMena u = o*¥g NPUBOJUT K YPABHEHHIO ¢ PAIJENAIGLIHMHCA NMEPEMEHHEMM:

Tuy = ‘\1"2}(1&} + u.
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. o

29. y, = yf(e™*y™).
IDKCONOHEHUMARLHO-0OQHOPOgHOE YPaBAeHHE, JaMeHa z — e y™ npusogur
K YPaBHEHMIO Bitaa 2:  z. = az + mzf{z).

1
0.y, = -x—f(a:"e“”).

DKCHOHEHOHANLHO-0JHOPOAHOE yYpaBRHeHHe, 3amena z = ¢¥ %Y npupoauT K

YPaBHEHHIO € pa3feNAIOlMMHCA NnepeMenHEMl  ©zh = kz + oz f{z).

3.yl = f(z)e*¥ + g(z).

3amera u = e~ Y NPHBOANT K AMHERHOMY YPaBHEHMUIO: uh, = —Ag(z)e — Af(z).

k
2.9, = —— + f(z)glakey).
'Sameua z = ::"ey OpHBOAHUT K YPaBHEeHHID C padielaninMMHCT HepeMeHHbl'MH:
z; = f(w)zg(z).
A o k ax, m
8.y, = ——y+y F(z)g(e* y™).

Samena z = ¢ y™ NpUBROAUT K YPABHEHHIO ¢ PadJENAIIUMMHCA [T€DEMEHHEIMM:

Z=m exp[%(l - k}x] Heye = ).

3.2. fluvelnbie ypasHeHUA BTOPOro nopsgKa

» IIpegpapHTENBHBIE 3aMeTAHHA.
Jluneiinoe ofHOpoAHOE YpaBEHeHHe BTOPOro MOpAJKA HMEET BHJ

R, + L= + folz)y = 0. (1)

Nyets yg = yy{z) — mwboe meTpwBnanbhoe (y, 2 0) wacTHoe pelltenne >Toro
ypaprerua, Tor ga o6mee pemenne ypabnenns (1) MOXHO TPEACTABHTE B CAEAYIONEM
BHAE;

y:yo(Cl+C2] 8;; d::), rae F:/;—;dx‘ (2)

Jna KoHKpeTHHX YpaBHEHMH, paccMOTPEHHHX Janee, 4acTo SygyT YKA3aHW
TOABKO YACTHHe pemenHd. O6HiHe DEWSHMA ITUX YPABHEHHH MOXHO MOAYHHTh €
noMowkio dopay s (2).

P Ofoomauerux: f= f(z) — npoussossnan gysnyus; a, b, k, o, § — npouIe oAb HbIE
napaMempsi.

1.yl tay=f

Pemenue:

C'_l cos{kx) + C, sin{kz) + 71:-/:! f(€)sinfk(z — £)]df npu a = &% > 0,

C, chikz) + C, sh{kz) + %]: J(€) shlk{z — £)] d¢ npu a = —k% <0,
zq

rae £y — mobae.
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10.

11.

12.

13,

14,

yo, +ay, +by = f

3amena y = wexp({— %-ar) NPHBOIUT k YDABHEHHIO b ga 1:

wi 4 (b +a?)w= _fexp(—;-a:c).

Yoe + fU. =g
Pemtentue: y = C, +/e“p (6'2 + /ngdr) de, rge F =[fd:.

yo. +=zfy.— fyu=0.

YacTHoe petenne: yp = .

vl + ful+ a{f —a)y = 0.

YacTHOE peweHne: ¥ = e~ *%.

y' + fyl + a(z®f — az?* + kb "N}y = 0.

'3
HacTHoe pemieHMe: y, = exp (— P} ..":k"]'l) .

Yy’ + (f + az® + Byl + [(az® + b) f + akz*~1]y = 0.
P bz) .

YacTHoe pentenme: y; = exp (— 1

2y’ +zfy. —{(az + 1)f + a(az + 2)ly = 0.

HacTHoe pemenue: y, = re®”.

zyl, + (2f +a)yl + (a - 1) fy = 0.

YacrHoe pewenue: y, = 21 7%

ey, + [(az +1)f + az — 1]y’ + a’zfy = 0.

YacTHoe pewente: yp = {az +1)e™ "2,

Y., +{(az? + bz} f + 2]y. + bfy = 0.

q b
ACTHOE pemleHMeE: Y = ¢ + —.
€

2yl. + (f + az* )y’ + az®(f + k)y = 0.

YacTHoe pemetue: ¥ = exp (_ k: - _,'_,.k+1) .

2yl + (xf + ax®)y. + [(ax® — 1)} f + akx*"1]y = 0.
Hacrhoe pewrenne: ¥y = xexp(— %xk).

4

TYpe + [(az* + 1) f + aka* +1 — 2k)y. + a?kx?*~1 fy = 0.

HacTHoe pentene: ¥g = (az® + 1) exp(—az*),
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15.

16.

17.

18.

19.

20.

21.

2yl + azyl + Py = f.
Heognopoguoe ypasuenke Ditnepa.
B3amena ¢ = e NpHBOJHT K ypaBHeHMIO BHAA 2!

viy + (o — 1)y + By = f(e').

22yl +afy.+a{f—ae—1)y=0.

YacTuoe pewenne: y, = %,

22yl + 2(f + 2e)y., + [(bx + a)f — b?2? + a(a — 1)]y = 0.

YacTHoe petitertne: gy = r— e~ 4%,

22y? +zfyl + [(ax? ! + k) f — a®xt*+3 _ k2 _kly = 0.

a
YacTHoe peinenne: =z"%ex (— :cz""'l).
pellierne: ¥o T

Yur + f sh(az)y, — afa + f ch(az)]y = 0.

YacrHoe pemenue: y, = shiaz).

Yoz ¥ f chiaz)yl — afa + fsh{az)ly = 0.

YacTroe pewenue: y, = chlaz).

Vop + f sin(ax)y, + ale — f cos{az)ly = 0.

Hacrhoe pemenue: y, = sin(az).

22. y,. + f cos{az)y. + afa + fsin(ax)]y = 0.

HacTHoe pewenne: y, = cos{ax).

3.3. Henuneknwie ypasHnenns sToporo nopsgka

»>

Oboanauenun: [, g, h — npoussoavubie Gynxyut caoxcumz apeymenmos, yxa-
JARHBIZ 6 Xpyzams cxofxes nocae anaxa Fynxyuu (apeymenm Mozcem agsucems
om x, y). )

"o
yzz - f(y)°
Sameta u(y) = y; NPUBOZHT K YPABHEHHIO NEPBOrO MOPAIKA C Pad JeARIMMMUCA
nepeMeHHEIMM:  uuy = f(y).

-1/2
Pentenne: f[C‘1 +2 j'f{y) dy] dy =Cy .

HacTHue pewenns: y = A,, rge A, — xopuu anrebpanteckoro (nan
TpaHCHenJeHTHOr o) ypaBHenua f{A4,) = 0.

"o
Yoo = flay + bz + ).
3aMena w = ay + br + ¢ npuBOANT X ypabHeHnio Buga 11w’

yr. = fly + az? + bz + ¢).

Bamenaw =y +az? + bx+ ¢ NMPpUBOAHT K YPaBHEHHIO BHaa 1: w;’z = f{w) + 2a.
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L (¥
v o= 4(3)

Mpeotpasopanne f{ =1z, w=y/r npupoaur x ypasHenwo puga 1: w& = f{w).

5.y, == f(ya—V/3).

—-1f2

Ionaras w = yx , MOAYHHM

d
-E(xw;)z = -;—ww; -|- 2f{w)w;.

Hurerpuposalne 3Toro ypapHeHNA MPMBOAUT K YPARHEHHIO NEPBOro NOPAIKA C
pa3deAAIIIHMACA TeDEMEHHEIMAN.

—1/2
Pemetue: ] [Cl + -}w? +2 /f(tu} dw] dw =C, £ 1Injz].

6. y! = f(y+ ae*®) — arZe=,

BameHa w = y + ae*® NpUBOANT K ypaBHeHuwo Buga 11wl = f(w).
7. 2yl = z?f(zke¥) + k.

BaMmeHa y = w ~ kinT OpuBoINT K ypasrenmio Biga 1: wi, = f(e¥).

8. 2%y, =2*f(y+alnz) + a.

Jamena w = y + alnz 4 b opuBoguT Kk ypasHennw Buga 11wl = f{w).

9. yo = f(y+asinz) + asinz.

3amena w = y + asinz + b npueoanT K ypasuenno Biga 11 wi, = flw).

10.y) = f(y+acosz +b)+acosz,

3amena w =y + acos T 4+ b IPHBOANT K yYpaBHeHMO BKga 1: w?, = f{w) ’

4. OpToroHanbHbie KPUBONMHENHDBIE
CMCTEMbl KOOpAMHAT

Huxe npubegent GopMyIH ANd OCHOBHHX CKANAPHHX H BEKTOPHEIX AWddepen-
HUHANLHHIX OTNEpalH B OPTOMOHANLHEX KPHBOAHHEHHHX CHCTEMAX KOODAHHAT,

4.1. Npowussonbhas opToroHansHas cUCTEMa
KOOPAWHAT

Kpunoauneiinne xoopaunater z!, 22, % aa galores kak GpyHKURA BpAMOYCORBHEX
AEXADTOBKX KOOPINHAT T, ¥, %

1 2 3

z ::cl(.r,y,z). T :rz(r,y,z), T 2:13(::,3;,2).

Henonsays zru IABHCHMOCTH, MOXHO BHPAINTE T, Y, & Yepes KPHBOJAMHERHLE KOOp-
AnnarTa !, 22, 23,

¢ =o(z', 7%, 2%), y=y(2%,2%), 2= 2,220



414 OPTOTOHAJLHLIE KPHBOMUHEAHLIE CUCTEMEI KOOPAHHAT

KoMIoHeHTsY MeTpITecKkoro TeHIOPa g;; ONPeASAAOTCA No dopuyaam

dz &z 9y & 8z 8z °
) 22 Y = “ex Y9y dy | gz o=z .
9:;(=, %2 ) (axi EFM azt Ozt t 8z’ Bz? ):1 2 23

g,—,—(xl,zz,zs} = gj.-(zl.zz,za); ,j=1,2 3
CHCTeMa KOCDAHNAT NBASETCH OPTOTOHANLHOMN, ECAH BENOIHAWTCA COOTHOUIEHHA
g.-j(zl,zz,za) =0 mpu i1¥ i
B >ToM cayuae TPETHN HHBAPHANT METPIHECKOTD TEHIOPA ONPedenderca hopMyaoH

g = 111922933

Huxce ny qEeHLL OCHC ae gUddrepenHANLHEE ONEPATOPH B OPTOCOHANLHOH

kpRBosHHenoR cucreme koopguuaT zl, 22, 2%, CooTreTcTByWOMME eAUHMYHEIE HA-

OpaBIdIoKe BEKTOPa 0603HaTaKTCR &), &, &5.
[paguenT ckanspa p:

1 ap- 1 ap4 1 3]14

Vo 0a0 Y i 80 1Y i e

- kd * -+
Aveeprennus pexropa ¥ = 1) + 1,1 + 1305

1 F:) g a g a g
Vod= ——|—— (v L } + — N LN P e |
V7 | 8zt ( 'Y s ) 9?2 (v2 922 ) dzd (3 9a3

I'paguenT ckanapa c no sexropy U:

Vp =

@ V) = Bc v, de v, dc

\/‘“‘ FrOn V22 0z + Vi 823

TI'pagwenTt pexTopa 1 no BeKkToOpy U:

(5- V)@ =1, (7- F)wy + (- V)wy + 33(F V),

PoTop BexTopa #:

= 11 a
vxam.y—}}[axe (o5 vas) - %(vg@)} +

2 LB [ ) - o (o) | +

Y02 | ) - 5 (vn/a.—)]

OuoepaTtop Jlanxaca (nanrackan) ckanapa c:

. VBN, 8 (vioe\, o (V5o
- \/_ 8:;1 gy 9zt 922 \ g,y 922 Bz3 \ gy, 923 ’

JMlanaacuan pexTopa

AT=V(V -8~V x (V x ).
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4.2. Linaunapuieckas cucTeMa KOOpPAUHAT
P> Py 2

[Ipeobpasoranud KoopauuaT (0§ ¢ € 27}

8=z 447, z = pcos,

tgo=yfx (sinp=yfp), Y=psing,

z =z, z=2z

KOM[IDHQHTH MeTpHYeCKO'o TeHdopa:
3
oo =L Gop =0 G.,=1, Ja=p

[paANeHT CKanApa p:
vp= 2y L.  Ops
p= 3p P pBp* 8z T

NlupepreHuHa BeKTOpa ¥:

G .g= lﬂf‘."ﬁl+ _l_?f_“’_.l_ifz_,
p Bp p By a8z
[pagienT ckanipa ¢ no BekTopy ¥:

8¢ v, Bc dc
3. e=v. — 4 L — —_—
(- V)e=v, dp + p Ay + Y 8z

TpaguenT pexropa W no vexTopy ¥:
(@98 = (3 VIw,i, + (7 Vw,i, + (@ Vu,i,.

PoTop pexTopa 7:

1 [dv, B8(pv,)].
Vxg= — [ Ve D)
Xy p[ 52 |p+

8¢
dv v, N » 1 | 8(pv,) Ov,_ { -
£ E |l
+(8z Bp):""liﬂ[ ap Be |
Jlannacuan ckanapa e
pem L2 (), 1 e O
T\ T @ e T a2

4.3. Chepuueckas cucrema koopguuaT r, 8, ¢
Mpeo6pasopanua koopawnar (0oL, 0 o< 2n):

r= /eyt 22, r=rsinfcosy

z
& = arccos —, y = rsindsing,
r
Y . ¥
tgo = — (smw:———————), z=rcosf.
T W2 + y2
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KosmnonenTn METPHYECKOND TEHIODA!

e =1, ggo= 2, Fop = 2 sin? 8, VI= 2 sil?ﬂ.

I'pagnenT cxangpa p:

ap » 1 3p» 1 38pa
Up= 2Ly 4 - P P
P ar et r 04 ‘e rsinfd 3y 'e
Jupeprennna sexTopa ¥
1 Sv
Vi=—— — é —£,
¥= (r ) + rsmﬂ 8 sin vs) rsing dy
IpazrenT ckangpa ¢ Do BEKTOPY ¥:
de a v a
(T-Vic=v,— Lyl Te

ar r a9 rsing 9y
I'pagienT BexTopa & Mo BEKTODPY ¥:
(5-Vyi= (@ Vhw, i, + (F- V)wgig + (T V)wyiy,.
Porop sexTopa #:

- 1 [a(sinﬂ v} By, ] -

Vxé= H
raind T

a9 Ay

1 1 8y, 8rv,) |, + 1 [a(m,,) au,] -
r | sind B¢ ar LA ar a8 '

Jlannacuan ckanapa c:

1 8 8c 1 a dc 1 ¢
ac=L 2 ,ﬂ—) ———-(' a—) —L__ %
¢ r2 9r ( ar t r2gind 88 s + r2sin?d 8¢?

5. HexoTopoie pusnyeckue nocToaHHbIE

TABJHIA 3

QOcHoBHBIE d)l'l INIECKHE NOCTOAHHLIE

Haspauue O6oaHavenne 3uavenme
INpaBMTAIMOHHAK NOCTOAHHAA ¥ 6,6720- 10~ H - m?/xr?
h
KoMnTouoBCKAK JIMHA BONMH OPOTOHA iAo p= 1,3214- 10~ ¥ m
m_e
P
. h . 12
KomnToHOBCKAA ANARA BOAHH IAEKTPOHA | Ao, = 24263 - 10 M
. m,e
Koa¢punment B 3akone Buo — Casapa :o 107 Tufm
i
1
KoadppmumenT B sakone Kynona k= y 9,00-10% m/d
TEq
1
MarsyTHas MoCTORHHAK Ho = ——3 1,2566 - 1078 [nfm
£o
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TABJIMIA 3 (npogonxenne)

Haspaune O6o3naqeHne 3naveHue
MArHUTHEI MOMENT [IDOTOHA Pup 1,4106 - 10~2€ [T/ Tn
MAarHnTHEI MOMEHT DNEKTPCHA Pme 9,2848 - 10~ Mlu/Ta
Macca HelTpoHa m, 1,6750- 10~ xr
Macca npoTona m, 1,6726-10% kr
Macca ek TpoHs m, 9,1095 - 103! xr
OTHONEHUE MACC HPOTOHA I IMEKTPOHA ::P 1836,15
e
[TocTroauHas Aporagpo Ny 6,0220 - 10%% moan—!
Hocroannas Boabumana k=R/N, 1,3807 . 10~23 [[n/K
Mocroanuan Buna b 2,8978 1073 m-Ka
MocToannaa [panka h 6,6262- 1073 Ik - ¢
Mfoctoannaa ITaanka h= Eh; 1,0546. 10—3 Ak - e
ekt

Mocroaunan Credana — Boasumana = G0 ans 567031078 Br/(m? - K*)
CropocTs cBETA B BAKYYME ¢ 2,9979. 108 m/c
¥YaeAnHLIM 3apAj 2ReK TpOHa —efm, -1,7588- 101! Kajxr
YunpepcaabHaa ra3oBan NOCTOAHHAR R 8,3144 Jn/{mons - K)
JNEKTPHYECKAA TOCTOAHHAR £o 8,8542-10712 &d/m
JneMEHTAPHEN 3apag e 1,6022 - 1019 K5
JHEPrug rokoa HelTpona m, 2 939,57 MaB

| ueprua nokoa OpOTOHA mpc2 938,28 MaB
JHeprua nokoa JAEKTPOHA m, c? 0,51100 MaB

TABJAHLIA 4
ACTDOHOMHMECKNE MOCTOAHHEE

Hazpanue OfoanaveHue 3navenne
Crangaproe yckopenne caobogroro nagemns | g = % 9,8067 mfc?
Macca 3eman M, 5,976 - 102 xr
IroTHocTs Beman {cpeassn) P 5,52+ 10° krfu®
Paguyc 3eman (cpegnmit) Ry 6378 km
Pa.cc'roama\e o1 3eman ao Jlynu (cpepnee) — 3,844 - 10% M
Paccroanue or 3emnn g0 Canrua (cpentee) - 1,496 - 104 m
Macca Coamua M, 1,99 10°° xr




MNpeameTHbIK ykasaTenb

AsconroTho TREpAOE Teao 314
— uepHoe Teno 291
AbcomoTHoe yanuHenne 365
Abcumcea 10

AKCHOMEI cTAaTHKH 318
Anrefpangeckoe goltohHeHune 29

AMIUTHTY §3 32Ty XA0MUX Koae Gatii

250
— koneSaHuH 243
AHAJTHTHYECKAR MEOMETPMA B Npo-
crpancTee 17
— reoMETPHA Ha NAOCCKOCTH 10
— MexaHuKa 344
AHMIOTPONMA MCKYCCTREHHAR 287
Apkxocunyc 42
ApkxoTaHreHc 43
Apkeunyc 42
ApKTaHreHc 43
AcHMoToTa 49
-— pepTHKalbHan 49
~— runepGonk 15
— HaKJIOHHAE 49
— rpacdHka PYHKUAA 49

Baauc cucremu pekTopor 37
Beckoneurno Goaviume ynxunn 47
— Mankle hyHKIHH 47

Bunnnaa Buite 273

Bunomuanenue koaddnunent 390
BuHopmanes 304

Bunpuima $penean 273

BexTop 18

—- n-mepHei 36

— TohnTuara 240

— Ywmosa 257

— HANpAXeHUA 358

— NAOCKOCTHM HOPMAankHEN 22
— yrpopoli ckopocTH 138
BexTopnan gHarpamma 243
BexTopuoe nponssenenne 20
BekTophl opToroHanbkHee 36
BepoaTHocTs 1256

— reomerphyeckan 125

BeposTHocTs ychonnan 126

Beunnit gpuraTens pToporo poga 176

— QBUTATEAL Mepboro poga 173

Baaumuan wugyxkoug 236

Buéparop [epua 264

BupTyaasuoe nepememenme 347

BuenenTpentoe pacTamenmue (cxaTue)
379

Brewnne cunw 356

BuyTpennne cnawr 356

Buyrpeuusa sneprua raza Ban-gep-
Baancca 178

— IHEpruA HAcANBHOro rasa 178

Boamoxnoe nepensemanme 347

Boana monoxpomaTHdeckan LhocKas
262

— naockan 254

— MOJAPH3OBAHHAR 0 KPYry 263

— nonepevHas 254, 262

— npoponsHan 254

— croadas 259

— JINNTHYECKH IOJAPH3cBAHHAR 263

Bonnopas 3ona 264

— noBepXHocTh 255

Bonnosoe conpoTnpnenne 250

— 4Heao 355

Bonuoron pekTop 255

— nakeTr 258

Bonnu 242

— pactxopaumeca chepndeckue 255

— pacxogamieca UNAHHapu4eckne 255

Bpawenne papaomepHoe 307

— paBHonepemeHHoe 307

—— TBEPACTO TeAa BOKPYT HENOABHAKHOH
acH 306

Bpemsa xorepenThocTit 244

— penaxcanum 171

— coboTeeHnoe 166

Bropan sanava gueHaMukn 330, 331

BTopoe Havano TepMoguHaMHKH 176

Bropoi 3akon HeoTona 317

Brunyxaoccers spepx 55

-—— BHH3 55

BupaxeHHe HofHHTerpatbHoe 65
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T'az paspexennuii 197

— yALTpapa3pexeHHeTi 197

TapMOHHKH 260

leoMeTPHUECCKAR ONTHKA 267

— nporpeccus 92

[eomMeTRPUHECKHIT CMBICA SBOMHOTO
wHTerpana 80

—- CMHCH HECOGCTBEHHOTO HHTENpaa
77

— ¢MLICH ONpeeieHHOro HHTerpana 73

u6kocTh cTepxna 386

TunepGona 14, 15

Tunep6onnyeckne pynkumun 391

Tunep6onuvecknit mapabonong 28

TunepGonong 28

unoTesa NNOCKHMX cedennii 364, 372

- YHCTOro HITHGa 372

IipoMmarHwTHOE OTHOmMERWE 232

Mupockon 163

— raxennit 163

Tucrepeanc 233

I'napnan HopMann 304

I'apHoe ceteHHe KpHcTanha 285

Imapnpie GHIREKTPHYECKNE [IPOHHIIAE-
MOCTH 285

— Hatpaxenuda 360

— UEMTpanLHeEe 6CH HHepunu 377

Chapumit pexTop cua MHepuun 345

— BEKTOP CHCTEMH cHn 316

— MOMEHT CHJ1 HHepLUHWH 345

— MOMEHT CHCTEME] CUI OTHOCHUTENBHO
ueHTpa 316

ronorpad:mn 276

Tpaguent 61, 149

pauuua penTresonckoro cnekTpa 298

Ipadmk byrkmuu 57

Harnenne sonn 263

— KPHTH4eckoe 188

— cBeTa 298

dsnxenne BpamaTennHoe 138
— 3aMeaneHyoe 303

T OTHOCHTenLHoe 137, 312

“— nepeHocHoe 3172

T MAGCKonapamnessHoe 308

— Mo oKpyxHacTH 137

— mocTynareasnoe 138, 306
“— PaBHOMepHoe 136, 305

— PaBHonepemexHoe 305

T PABHOYckopexuoe 136

“— PEAKTHBHOe 145

~~ € HEMOABMXHOM Toukon 162
— cAwKHOe 312

“— cocTaBqoe 312

T TBEpAoro Tema naockoe 138, 162

Jsuxenne yckopennoe 303

— HeHTPpA Macc 145

Jpoiikbie nuTerpams 79

JlekapToBa NPpAMOYTOALHAA CHCTEMA
koopauHaT 17

fexkpemenT JaTyXaHua 250

— 3aTYyXaHua aorapudMHYecKui 250

Hedropmanun mpH kpydeHnn 366

Jedopmanna 356, 358

— nuHeitgan 359

— yrnopaa 359

JuaMarHeTuxn 229, 232

MuameTp MHOXKECTBA 79

— papBuenns 73, 79, 85

Jupeprenuns 50

JAnnamnxa 140

— MaTepnaabHOl Toukn 329

— Teepaoro Tena 160

JAunonbHent MomenT 198

fupekTpuca napabonw 16

fucneprupyowman cpega 287

fncnepena 128, 130, 258, 287

— aHomaneHay 288

— HopMaanHan 288

fndpakumonnan pemerka 280, 282

fNudpakuua 277, 278, 282

— dbpayurogiepa Ha KpYTACM OTBE]R-
cTHn 279

— dpaynrodepa oT mean 278

— PEHTrEHOBCKHX AYHel Ha KPHCTanhe
282

Anddepenunan 50

— BTOpPOTO nopagka 54

— dyHKUAN 59

JIngdepenunanuioe ypaBHeHNe
HeogHopogHoe 111

— ypaBHeHHe ojHopogHoe 111

MudrbepeHuHanEHEE onTepannn 90

— oncpauny BeKTopHEE 92

— ypabHEHNA NepBOro NMopAgka 406

— YpaBHEHNA, AOTIYCKAIOIHE MOHMKe-
HHe nopAagka 110

fnpdpepenunporanne HHTErpasa mo
nepeMeHHOMY BEPXHeMy Npepeny 74

— HearHoH dyHKuHI 60

AduonexTpux 208

— mioTponuui 210

NMusnexTpryeckad npoHHuaeMocTs 210

Juanex TpHHECKHE 0cH kpHCcTawTa 285

Jauua pogHu 2556

— AYI'n kpHEOH T6

— MYTH oNTHYecKan 268

— cBoBGogHoro npobera 194

Homerta 232

HonyckaeMoe HanpaxXenne 365
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HocTaTounse yCHOBHMA CXOIMMOCTH
HecO GCTBEHHHIX HHTErPAnoB 77

lpofis HenpapunLnan 68

-— npaBHacHan 68

— palHoHanlLHan 68

EcrecTBennbie ocn koopaiuaT 304

HKecrxoors 356

— ceueHMS cTepXHA 365
KugkocTe neperpeTas, 188
opganoso npecbpasopanue 35

Bapanne GyHKUUN aHBINTHYECKOE 39

-— $¥HKUHN HeaBHoe 39

— yHEGHN napaMeTpuydeckoe 39

3apava Kommn 105, 109, 116

— CTATHYeCKH Heonpegeauman 320

— CTATHYeckH onpegennMan 320

JajauM pacuyeTa Ha Npo4HOCTE 365

— cTaTHKH 318

3akoH Ammepa 223

— Buo — Casapa — Jlannaca 224

-— GunpIHX tHcen 131

— Byrepa 290

— Bunaemana — Ppanna 222

— BpallieHHA Teepgoro Teaa 307

— BCEMHPHOMO TAroTeHus 155

— [aycca 130

— I'yxa 359

— JankTona 185

-— gBM#eHua 135

— Msoyan— Jlena 219

— Hxoyaa — Jlenua png y9acTka ueny
221 '

— MHepunld 317

— Kenaepa propoit 153, 157

— Kenaepa neppuit 157

— Kenaepa TpeTuit 157

-— Kupxroda 291

— Kynona 197, 198, 328

-— Manmioca 283

— He3aPHCHMOCTH CBETOBHX NYYKOB
267

— HrewTona stopon 141

— HeloTona neppeni 140

— HewoToHa TpeTnit 141

— oTpameHun ceeTa 267

-— Owma 219

— OMa gAA HEOZHOPOJHOTG YHACTKA
uenn 220

--— OMa ANA Hepa3BeTBACHHON Lehn 221

— NAapHOCTH KACATENBHEIX HanPAXKEHHN
360

3akoH noaworo Toka 226

— NpefoMACHHR cBeTa 267

— NPAMOJMHEHRHOTO PacnpocTpaHeHHA
cBeTa 267

— paBeHCcTBa JEHCTBMA H NPOTMBOgEH-
cTEHa 317

— pacnpefencHua cAyyaliHoil BeaHUHHE
HOPMAREHKIL 130

— PEARTHBMCTCKOH JHHAMHKH
OCHOBHO# 169

— Paaea 290

— cmemennn Buua 293

— Cheaanyca 284

— COXpaHeHHA HMNyasca 143, 145

— COXPaHEHHH KMHETHYECKOro MOMEHTA
339

— COXPAHEHHNA KONHYECTBA ABMMEHHA
337

— COXPAHEHUA MEXAHHYECKOH 3HEprUN
149

— COXpPaHEHHA MOMEHTA HMIYALCA
151, 153

— COXPAHEHHA MIEKTPHYECKOTC 3aPASa
197

— cOXpaHeHHA »HEpruy 146

— COXPaHEHHWA IHEPCUU GAA MEKTPO-
MarHHTHorG noaa 240

— Credana— Boasumana 292

— TpeHHA kaueHua 329

— TPEHHA CHOAbXEeHHA J28B

— <bapapges 234

— <buka 196

— 3NEeKTPOMArHHTHOM HHAYKIHH 234

3akonwr Nannnes— Heorona 317

— reoMeTpHHYecKod onTHkM 267

— Tpenna 328

3ameHa nepemetHoit (nogeratoska) B
onpejgefeHHOM HHTECpase 75

— HEPEMEHHLIX B ABOHHOM WHTErpase
81

-~ MEPEMEHHEX B TPOHHOM HHTErpane
B4

3apag anexTpuyeckuin 197

— anemedTapHui 197

Bapagu ceobofuue 206

Beprana Openean 273

3epkano Jlaoftga 273

SHaueHHe GYHKUHH HanBonswee 55

— ¥YHELHHN HaHMEHELee 55

3onu Dpenena 277
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H neaﬂb"lﬂﬁ raz 183

Harub 369

—- nomepedKL 369

— npsmMoii 369

— ¢ xpyucHnem 381

— yucTHH 369

HarnBaowmii MoMenT 369

HanyqaTeapHan cnocobaccTe Tena 291

Hanyuenne Barunopa— “lepenxona 276

— ROAH JBHMKYWHMWCA 3apajgaMi 264

— mrocKoro Toka 264

WaoTepMul pearsHoro rasa 188

Hmnyanc 141, 144

- peaaTuBncTCKMHi 168

— ennu 141, 336

HuayxkTuptocTs 236

Huayxkuni 31ekTpocTaThdeckaa 207

HuepunaisHEIE cHCTeMET oTcueTa 317

Hurerpan anddepeHuHatEHOTC
ypaBHeHHa 104

— HeonpeJeneHHHN 64

— HecobGeTReHuul 77, 78

— onpejesekHplin 73

— pacxogaumiica 77, 78

— dypre 102, 245

Hurerpasn oT HeorpaunyenHux
$yHkuun 78

— ¢ GECKOHEYHLIMH TIpegenamMmn 77

— | COAEpKAlMe anreSpaniecKue
dyHkunn 395

— , COAepKaIUe CHMepGoIMMecKe
dyuxuum 405

— , COJEPXKALIHE MPPALIMOHATEHEIE
hyHKuun 359

— , COAEPXalie nOrapHPMIHECKHE
hyukuun 405

— 1 COAePKalmMe ¢GPATHRIE TPUTOHO-
MeTpudeckue $pynxnnu 403

T COJCpXKalMe NOKAIATEALHEIE
by HrnM 404

T+ COMEPHKAMME TPHMOHOME TPHYIECKHE
hyuxunn 401

Hurerpanskan cymma 85, 86, BE, 89

Herrerpanpupe KpHBREe 105

Unrerpuposastue HPPauMoHAMLHLIX
dynkumi 70

~— HEpapeHeTs 80, 83

T Mo JacTAM 66, 75

T MoKa’aTefLHux T1

T~ PaunoHaneHnx ¢yHKUMI 68

T TPMTOHOMETDHYeCKUX pyHKUMHA 71

“— "I€THRIX U HeYeTHRX hyHKUNNH T4

Hrrencumsocrs ponku 258

~— Koaebaunp 271

T AYHHCTOrO noToka 269

VHTEeHCHBHOCT L, DIEKTPOMArHH THOM
BOMHH 263

Wurepnan 38 :

— 3aMiHyTHU 38

— MOAYOTKpRITHN 38

— CXOAMMOCTH DT

—= CXOQUMOCTH CTEMeHHOre paga 97

HurepdepeHuna p TOHKUX NaeHKax 275

— poJAH 259, 271

— OT ECTECTBEHHKX WCTOYHHKOB CBETA
273

— cpeTa 271

Herounuk mambBepTobckun 270

Kanonnueckoe ypaBdeHue 24

— ypapHeHNe MOBEPXHCCTEN BToporo
nopagka 26

— ¥panHeHHe dAANNca 15

Kpaut ceera 297

KpauTonaa runoresa Moanka 295

KuHemaTuka 302

— Teepgoro Teaa 138, 306

— Toukn 135, 302

Knnerndeckas Teopus WAcansHors rala
183 )

KuHeTHueckdd momenT 338

Kuneune 191

KorepeurTuocth cBeToBHx Boan 274

KorepeuTHre HCTOYHMKH 259

KoneGannn 242

— BHIHY® AeHHBEe 249, 251

— rapMonHdeckue 242, 243

— 3aTyxalomue 249

— AuHEHHO HoX4pH3oBaHHLIe 245

— MexXaHU1ecKne BHHY K AeHHue 251

— cpofoaHule MEXAaHHYECKHE 245

— cBoGogHEe HelaTyXalomue 245

— cobcTpennue 260

— MIEKTRHYECKNE BRIHY XK JeHHHe 253

-~— JMEKTPUHECKHE 3aTyxamue 250

— IAANNITHYECKW NOAAPUIOBAHMEIE 245

KonudecTso ABMKEHNA MEXaHHTeCKON
cHeTemul 336

— IBMMKEHHA To4Kn 335

Koanuseapure pekroput 18

Kombunaropuka 123

Kougeucarop 214, 286

Konyc 28

KoopaunaTa fgyrosan 304

Koopgunarit nekropa 36

— AexapTobhl 1(

— moaaphkie 10

— Touku 10

— UEHTPA TAXKECTH [AOCKOH NAACTHHE
82
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KDOpAHHaTH TEHTPRA THMECTH TENA
85, 86

— uunuEgpMiecKue 18

Kocunye 41

Kocunye-npeobpascsanie ©ypre 103

Koemuieckaa ckopocrs propan 158

— CKOpOCTE nepian 157

Kocol narné 377

Koraurenc 42

Ko dpUuHeHT B3aumMHoN MHAYKUKHK 237

— AABIEHHA TeMNepPaTYpHRH 172

-— 3aTyXaHua 249

— saTyxaMus BoaHel 255

— ¢OBeMHOM0 pacmHpedus 172

— ocnabaednn 190

— oTpaxenud 263, 284

— MOBEPXHOCTHOr G HATAKEHNHA 152

— moneamoro geicresua 176

— MPMBEIEHHOU ZNMHE 385

— npeioasHoroe naruba 386

— Ilyaccoua 361

— camMonHayxmun 236

~— COMPOTHRIEHNA TeMINepaTypHEIH 220

— TPeHHA guHAMW4YecKuH 328

~— TPEHUA KaueHua 329

— TPEHNA cTaTHYecKnh 328

KoadprunenTr paanoxenna 37

Kpaeson yroa 193

KpacHan rpannua dorospdexra 296

Kpueaa poarouxn 190

— naasnenns 190

Kpusnana 304

— ocH 373

Kpusonureituu narerpan aroporo
poga 83, 86

— UHTErpas nepporo poga 85

Kpurepnn Kowu cxogumocTn paga 93

— Panen 280

Kpuruieckan cuna 383

KpyTamui momenr 366

Kpyuenne 366

JlamBepronckum ncTotuukom 270

Jluueapwaaumna ¢yHkunu 59

Jlnneiinas anrebpa 28

— xoMOuHaUNA 37

Junennce gupdeperunarsnoe
yparuenue 107, 111

— HecJHopogHce gndibepedumnansioe
ypaBienue 113

— oAHOpoAHOE AMdIEPEHUNANLHOE
ypabHeHue 111

JAusennee auddepenunansute
YPaBHEHHA BTOPOro nopafka 410

JIHHEHHEIN rApPMOHUYMECKHHA OCLHIIATOD
2685 :

Jlunua yposHa 57, 61

JlopeHuor e THpPeXMEPHHNA BeKTOp (4-
BekTOp) 167

Jlyuncrui norok 269

MarnseTuk H3OTponHEN 231

MaruuTHas nHAYKOHA 223, 224

— MpPOHHUaeMocTs 231

MaruuTHoe none 223

MarHnTHEIA MOMeHT 224

MaxopanTa pajga 96

Makcumym 54

Macca 140, 317

— MaTepualbHOH KpuBON 86

— NAOCKO NaacTMrL 82

— npHBegeHnan 153

— cHeremu 333

— CTEp#HA NEPEMEHHOH TMOTHOCTH 76

— TeNa nepeMeHHol oTHocTH 85

MaremaTugeckoe oxnganue 128, 125

Marpuna 30, 33

— egMHUIHaR 32

— kBajgpaTHan 31

— HeBuIpoxXJeHHAR 32

— obGpaTuMan 32

-— oGpaTHan 32

— pacluMpedHan 33

MruoBeHHaa ock Bpamenna 311

MrHoBenHEIH NeHTp ckopocTei 309

— UEHTP yckopeHuit 310

MeTog papHaudi NocToAHHEX 113

— Mopaana — laycca 35

— 3aMEHK nepemennon 66, 67

— KacaTenbHux 120

— nomauux Jiaepa 122

-— HAHMEHLIOMX KBagpaTob 118

— HeonpejeleHHEX koaddHUMenTOR
il4

-— Hiorona 120

— OTPMUATENEHEIX Macc 327

— pa3Guenus 327

— Pynre — KyrTu 122

— cedeHun 357

~— YINOBRIX [MOTeHImanon 221

— xopg 120

— 3EKTPOCTATHYECKHX MW3a6pameHun
207

Mexannamul nonapuaanuu 212

Mexauuueckaa cpaas 314, 322

— cucTema 314

Mexann4eckoe gpuxenem 135

Munumyn 54

Munop 29, 32
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MHOKECTRO JAMKHYToE 57

__ amadeHuil 39

_ peorpaHHdelmoe 57

— grpaHW4enHoe 57

— OTKpHTOE 37

MuoxuTrens Jarpanxa 63

Mogyas BekTOpa 18, 36

— BCECTOPCHHEro CxaThAa 172

— canura 362

— yNpYrocTH BTOPOro poga 362

— ynpyTocTH nepeoro poga 361

MonekyadpHas onTHKa 287

— usnxa 170

MonrekyIApHC- KHHE THYECKaR TeopHA
170

MonapHas TenIoeMkocTh 175

MomeHT AMnonsHbi 198, 212

— ummyasca 152

— HMIYJbLCA CHETeME 153

— uHepuuy 160, 333

— mapH cun 316

— cuaur 151, 315

— CHJAH OTHOCHTEAbHO OcH 152

— COCPeAOTOYEHHEM 356

MomeHTH HHEpUHH ThaBHee 163

— HHeplMH NADCKON MAACTHHME 82

-— HHepUMH Teda 8BS

MowHoceTs 147

Hamaruuuensocrs pemecrsa 229

— HacumeHwsa 233

— ocTaroydas 233

Hanpasamomue kocunycm 20

Hanpaxenne 220, 358

“— KacaTensHaoe 358

— KPpUTHYeckoe JR3

— MakcMmanLHoe 375

"— HOPMAaNbHOe 358

Hanpaxenns npu Kpyueuun 366

Hanpnmenuo—,qetbopmnponannoe
cacToaune 360

Hanpaxenuocrs, maruurioro nons 230

T MOAR TATOTEeHMA 156

T MEKTPHYecKoro nona 199

Hacuimenmp nap 188

Havankuue yenomua 136

Henzsecrhoe Gasucroe 34

— Pa3peniennoe 34

T CBoGBOognH0e 59

Helillepuua.n
bHayk cuerema o
158, 317 TCHETR

Hettrpant i cnoit 372

Hea 7
HHEHHELe Auddepenimansnize
Y¥PaBHeuuna BTOPOro nopagka 412

Heofxoanmeulil npuatak cxoqumocTi
pAaga 92

Heoguopoanoe ypabHenue SHiaepa 412

HeonpeaeneHunit HHTerpan 64

HenpepupnocTs 48, 57

HepasencTeo Knayanyca 178

— Yetrnnesa 131

HecobcrBennme unTerpane 77

Heynpyruk yaap 169

Hesnuan yuxuua 60

O6depTonu 260

(6nacts onpeaenenns 39, 57

— cXOAUMOCTH pAJa 95

OBo6weHHEEe KOOPAWHATHL 346,
348, 351

— cunu 351

-— cKopocTH 351

O6paTuuie runepboanveck e hyHKUMU
394

— TpHUroHomeTpudeckite dhyHKUMY 392

Obwee pelnenne andrhepeRUMATLHOTO
¥PaBHeHHA n-ro nopagka 109

— ypaBHenHe JuRasukd 350

— ypaBHeHME KPHBO BTOpPOro HOPAAKa
17

O6muh unrerpan gudiepenyantuoro
ypasmedua 105, 105

— WneH [ocneqobaTenbHocTi 44

— 4neHd paga 92

(O6negunenne coburrui 124

O6neM KpHTHueckui 188

— o6nacTu 84

— Tena BpawleHmnd 76

QOukHOoBERHDE IHOPEDEHTHANBHOS
ypaBHeHne 104

QauoocHce pacTaxkeHne 361

— cxaTue 361

OanoocHue kpucTaie 285

OaucpogHoe ypaBHeHHe 107

OxpecTHOCTH 57

— TOYKH 38

OxpyXHocTh 14

— conpukacapmanca 304

Oneparop MamMunsrona 91

— Jlannaca 92

OnpegeneHabH UHTECpan 72

Onpepgentrens 28

— BTOpPOro Nopagka 28

— NpoMaBeZeHHA ABYX MaTpHy 32

— TpeThero nopajxa 28

OnTuka 267

OnTnyeckan ock 269

-— oCb KpwcTanta 285

— pa3sHOCThL XoAa 273
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OnTH4ecKH aHMIOTPONHHE cpefgut 285

Onurr mra 272, 273

Opaunara 10

CQpT 19

OpPTOroHansHKe KpPUBOTHHEHHKE
CHOTeME KoopaguuaT 413

OcpewennocTs 270

Ocu Kénura 333

OcumanaTop IMHEHHLIN CAPMORUMECKUH
265

Oce ppamwenna 138

— BpalleHWA MrHOBeHHan 138

Orpaxenne BoaH 283

— ceeTa noaHoe 267

Orpeaok 38

ITap nacumennmm 188

— HéHACHIEHHKIN 189

— nepecxnaxaeHHEN 188

[lapa cun 316

Ilapatona 14, 16

fMapaGonomg Bpalienua 28 -

— runepbonuyeckui 28

— anmunTHyeckuil 28

[Napagokc Sanzenos 166

— 'u66ea 181

MMapamarnernku 229, 232

MMapaMeTprl TepMoguHaMIYeckue 170

[lepran zagaya gumamuxu 330

leproe nauano repmoinHaMuen 172

[leppooGpaanan 64

MNepauan aaxon Huwrona 317

[epemewmenue 135

[lepecTancopka 123

[lnacTuynocTs 359

[Ineyo maper 316

— cunut 151, 315

[lnockoe HANpRKEHHOE COCTCARNNE 360

IaockonapaaiensHoe JBNKEHHE
TBRepACTC Tena 308

MaockocTs geicTens napsl 316

-— nolApH3alHM 282

~— NONApPH3IALKHH BOIHEL 263

— cokansHax 269

NmoTrocrs 144

— BepoATHocTH 129, 186

-— JapAga MuHeiyan 198

— 3apAfa NOBEpXHoCTHaA 198

~— JapAfa NPOCTPaHCTBenHad 198

— Toka 218

— BHeprHHd 3NeKTpUYecKoro nona 217

Mnowa e KPUBOAMKHERHOTC ceKTOpa T5

— MHOCOYTOALHHES 11

— ofAacTy Ha flocKocTi 75

— NOBEPXHOCTH BpaLleHHA 76

IMacinage NoBepXHOCTH, I3AAHHOH
REKTOPHEIM YPaBHEHHeM B2

— MOBEPXHOCTH, 33 AaHHOH YDPABHEHWEM
81

[TopepxnocTHoe HaTAXeHne 192

[MoBepXHOCTHHN HHTEMPan BTOPOro
poga 89

— MHTerpan nepeoro poga 88

[TosepxnocTs ponHoran 255

— BTOpOTo NopAgka 25

— opMeHTHpoBAHHAN 89

— ypobHa 57 '

— BKBHNOTeHUMANLHAA 204

TosTopHue HuTerpatn 80

Noracmarenswan cnocoGHeCTE Tena 291

Horowue¥ yroa Jakpyyunsanus 367

Nokazarens agnabaTal 175

-— npejomnesud 262, 267

Noae B npobognuke 206

— MarsuTHoe 199

— oAHopogHoe 142

— moTeHuuansHoe 147

-— cunosoe 142

— CHCTeMH 3apagaos 200

— ckanapHoe 61

— ¢TAIMOHAPHOE BHellHee 142

— To4eqHoro 3apaga 200

— TaroTedua 147, 155

— ueHTpalbHOe 142

-— MEKTpuYeckoe 199

— MMEKTpOMArHuTHoe 199

— anexTpocTaTH4eckoe 147, 199

Tlonuan nponasognan 59

Tonyock Gonswas 15

— BEellecTREHHAA 15

— geHCTBUTEALHAR 15

-— manan 15

— MHHMaA 15

HNonapusarop 283

MonapuaanuoHHan npuama 286

Nonapuzanua gnanekrprka 208

— cBeTa 282

HonapuaonaumocTs 209

MNonapuan ccn 10

Hoaapuutit MomedT HHepunu 367

— MOMEHT COTPOTHBAeHNA cedeHna 368

— paguyc 10

— yroa 10

Honepeyuaa cuna 364

Nopagex gndubepenumannioro
ypaeHeHwn 104

— nHTepdepeHunyn 273

MocaegoBaTeabHoCTs 44

— BeckoHedHo Gojgbwan 45

— no3pacTaomad 45
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TocAegoBATENLHOCTE MOHOTORAAR 45
— HEBO3IPACTANLWAN 45
— neyGuBapoman 45
— prpatnyeHHan 44
—— cTpeMAMAACA K OecKOHevHocTH 45
—— cxopAmasca 44
— yOmpalowan 45
MocToAunan Boasumana 184
— Bepae 287
— Keppa 287
— Mnanka 295
— Credana — Bonvumana 292
MNocToansum Tok 218
Hoctynata CTO 164
[MoTenuHan BeKTOpHOTO Hona 87
— nosa TAroTeHnn 156
— npopogHHKa 206
— MIEKTPOCTATHYECKOrO nTona 201
[loTok BEKTOPAa MArHHTHON HHAYKLHH
226
— BEKTOpPA HaNpAKeHHOCTH 203
— peKTOpHGIO nona B9
Mpasnuna guddeperumporanun 51
— Kupxroga 221
Npasunoc Kpamepa 34
— Jlenna 234
— JlonuTang 52, 53
— Makcpenna 190
- TpeyroasHuka 19
— YMMOMEHHA RepeATHOCTeH 126
Tlpeaen 57
— 1-ii sameyaTenbHEl 46
— 2-# JamMeyaTeALKHEIt 46
— nocneJoBaTenbHooTH 43, 44
— NpONOpuUMoHatsHoCcTH 386
— dyHKuuK :15, 58
— DYHKuMH crepa 46
— G¥HKuMH cnpasa 46
INpenomaenne o 283
Tlpeospazopasume koopaunar 16
— dypee 102, 103
— Pypre obGparhoe 103
Npeotpazosanun Canunes 143
— Jlopenua 165
Mpeneccus rupockona 163
~— JapMoponckan 232
Iputamnenne rupocxonmseckoe 163
— Dpaynrodepa 272
Mpu3nak HJanambepa 94
~— Kommn 94
— g/i?'KHOPEHa—- Koww nurerpanbumtii
- Pam-lomepm::ﬁ'cxogn mMocTH Betiep-
wnTpacca 96
“— CPaBHEHHA BTopol 93

[lpu3nak cpaBHEHHA nepebil 93

— cxoanmocTi Jenbuuia 94

— 3KeTpemMyma HeoOxogumenn 55

Hpuanaxn cxogumocTu pagos 93

Npununn BosMokHEX TTepeMemenni 349

— Dwirenca 268

— I'wiirenca — dPpenenn 277

— HJanamtGepa 344

— eguHCTReHHocTH 208

— 06paTHMOCTH CBETOBHIX NY4KCB 268

— OTHOCHTeNLHOCTH [aunnea 143

— OTHOCHTEIBHOCTN JUHWITEHHa 164

~— cooTBeTcTENA 164

— cyneprosiumu 156, 199, 255

~— ¢ynepnozinmum noxeit 200

— dhepma 268

Mpobrent sapag 199

[Mpoacasuan cura 363

[lpouapeaenne sekTopa Ha 4Hucac 19

— maTpuy 31

— MaTpHuH Ha YMcio 31

— cobrrrHit 124

[Ipousmrognas 50

— BTOpGTro NopAiKa 54

-— no HanpaBaeHup 61

Ipoussonbnoe ABNAKEHME TBEPIOTO
Tena 310

NpocrpaucTeo MeMeHTAPHEIX cOBRITHH
124

MMpounecc agnaGaTnueckuii 175

— HAwoyna— Tomcona 174

— HacBapuem 175

— naoTepMHUecKUi 174

— noAMTponHLt 175

TlpounoceTs 356

Ilpamoti maru6 369

TlpamMoyroasHas cMETeMa KOOPIWHAT
Jdexapropa 17

Nyrn 135

My4ox npamex 13

Patora 146

-—— BHEMHNX cHa 146

~— BHIXOga 297

~~ nepeMeHHOH CANIHL 76

PasnoaeiicTayollan cucTeMut cna 315

Paguyc kpueuaum 304

— cxogumocTh 97

Paauyc-sexTop 19

Pas6uenne oTpesxa 72

PaanoxeuHe onpegetMTena no cTpoke
{cTonbuy) 29

— N0 cHCTEMe BeKTOpoB 37

PasmeprnocTs mexTopa 36

Pasmewenne 123
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PasmocTs BexTopos 19

Paspewanmas cnocofHOCTE ONTHYE-
ckux npubopos 279

Panr marpunu 32

— CHCTeMH pexTOpon 37

Pacnpegenenne Bangermana 187

— Makesenna 185

— Makceenna — Boasumana 187

FPacnpegenenmute cune 327

FacceaHue parteencroe 290

— cpeTa 250

PaccToande oT ToukH fo npamon 14

Peakiina cenam 143

Peannuuit ras 188

Peaouanc 251

Pegpakuna 289

Pelnenne guddepenunaisioro
ypanHeHHA 194

— CHCTEeMH JAMHEWHBIX YpaBHeHWd 33

--- CHETEME MATPHYHOe 34

Potop mekTopnore nona 87

Pag Maknopena 98

— pacxopgAnmiica 92

— crenenHon 97

— cxogawMica 92

— CXOQAWIMHCA aSconTHo 94

— CXOAAIMIACA aGCONKTHO Ha
MHOKecTRe 95

— cXOgAWMAC paBHOMEpPHO 96

— cXogAmMica yerosHe 95

— Teitnopa 98

— dyMKUMOHANLHEH 95

— (bypse 100, 245

— Dypre B KOMIUEKCHON dopme 101

— Pypre no xocuHycasm 101

— Pypre mo cHHycam 101

— aMcaonoi 92

Camoun gyxuus 236
CeeT ecTecTBenHull 283
— MORAPWU3IOBAHHEI 282
Caerumacts 270
CeeToprie KBanTE 296
CroGoguar sveprus 179, 182
CroltcTBa HECKOHEYHO MaIKIX |
GeCKOHEYHD S0ALmuX byt 47

— BEKTOpHOr0 npouaBegenda 21

— ABGHHOCC UHTerpana 79

— MOAYIA BerTopa 36

— HEOTpeJENeHHOrsc HHTEerpaaa 65
— HenpephBHHEX GYHKLuA 48
— ONpeJencHHOTo MHTerpana 73

— npegeacs 46

- PABHOMEPHO CXOIALUMXCA pagos 96
- - CKANAPHOT'O TIROHAapegeHna 19, 21

CroltcTea creneHnux pagos 97

— CXOJAMIMXCA MOCNAeLORATENLHOCT N
44

— CXOJAWMXCA pajos 93

— TpOHHOro HHTerpana 83

— 3IeKTPOMArHUTHHX Boam 261

CeA3k reoMeTpHeckan 347

— roacHoMHan 347

— guipipeperunansian 347

— HIeadbHaA 349

— KuHeMmaTHuecKkan 347

-— mMexaHHueckan 346

— HeroIcHoMHaA 347

— Heocpobox Jaoman 347

— HecTaudoHapHas 347

— ocacOoxganman 347

— cTauHcHapHain 347

CerneToanekrpuku 213

Cuna 141, 314

— AMnepa 223

— pHewnAs 356

— BHHY#Jawad 251

~— HCTOYHHKA ¥HepreTueckan 270

— KBadHynpyras 213

— Kopuoauca 159

— Ko3pueccHaHan 233

~— KpUTHueCKaR 383

— Jlopeuna 223

— obobwenHan 246

-— NeBePXHOCTHODC HATAMEHHA 192

— nonepeyHad 369

— noTeHlMAaILHan 342

— npogonskas 363

— paBHofeHcTBylowan 141

-— peaKTHBHaA 146

— PelynasTHpYOmar 141

-— CBEeTa MCTOMHMKA 270

— COMPCGTHRIEHHA ABlxkennio 143

— cocpefoTodeHHaR 356

— cyxoro Tpenua 143

— Toka 218

— TAxecTn 142

— ynpyrocTu 142, 147

— neHTpoGexuan 159

Cunobue Ay 204

~— ¢akTopH 357

Cuner akTusneie 315, 329

— BHeluHHe 332

— BHYTpeHHne 332, 356

— uHepuvmn 158, 344

— KOHCepBATHPHEE 147

— HOPMANLHOIC JapfieHnd 328

— paclpegeneHHeIe 356

— peakuuit ceasedi 315, 320

-— TpeHta Hokos J28
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Cunyc 41

Cunyc-npectpazopanne Lypee 104

Cunyconga 41

CucTeMa BEKTOPOD NHHEHHO 3aBHCUMAA
37

— BEKTOPOR JMHEHHO HedanucHman 37

— PEKTOPOB OPTOHOPMUPOBaHHas 37

— gayxdasuan 190

— KOHcepBaTHBHaA 147

—— KOOPAHHAT JeKAPTOBA NPAMOYradh-
war 10

— KOOpAHHAT MoRApvan 10

— koopauHaT cgepHyeckan 18

—— AuHENHHX gHddepeHUNATLHEX
ypabHernn 116

— AMHEWHLIX YpahHenmd 33

— HeollpegenenHan 33

— HecoBMecTHad 33

— onpegeacHHaR 33

— napallelsHEX cia 321

— paspeweHHan 34

— ¢ua naockan 321

— cna cxogawagca 320

— copmecTHaR 33

— Tpexdrasnan 191

CucreMu n-mMepHux pexTopon 37

— KOOPJHMHAT OpPTOrOHATLHEE
KpPUBOTMHeHHHe 413

— OGHIKHOBEHHHX judvpepeHUNANLHEX
ypaBsenuir 115

“— ¥PABHEHWH PABHOCHABHLe 34

CkanapHoe npouspegenue 19, 36

Crarox bymxumm 49

Ckopocrs 135

— aficomoTran 312

— rpynnopas 258

- MaTepuaneuoii Touxn 135

" OTHOCMTeNbHan 312

— NMepeHockan 139, 312

— PERATHBRMCTCKAan 164

T CPEIHAR kBafpaTuunad 184

~— daaopan 258

7T MK TPOMArHUTHHX BOAH B BAKYYMe
262

Croknan dymimn 39

Croxtae gpumenue Toukn 311

~. Gonporumsenue 377

Cayaaiinan BexMYuHa 128
Cruanaanne 193

" DofHoe 194
gMecb HAEANLHLIX rasop 185
MeWalnge Iiponapesenne 20, 21

Cmaa .
5;:-“ "POM3BOAHON reoMeTPHYECKHIL

RPOM3ROAHOH PuaHeckui 51

CofcTBEHHEE BEKTOPH MaTpULkL 36, 37

— 3HAYeHMA MATpHuH 36, 37

CobrTHe gocToRepHoe 124

— HeRoamoxkHOoe 124

CobrTua HecosmecTHHe 125

— pPaBHOCHILHEE 125

CoBMelienne cobruTni 124

CompoTneienne akTubHoe 253

— eMHEOCTHoe 253

— MHAYKTWBHOe 253

— nonnoe 253

— npopogHuka 219

— peakTupHoe 253

Cocroanne papHoBecHoe 170

Coveranue 124

CnexTpancHoe pasnoxenue 269

CrenuansHaf TeOPHA OTHOCHTEALHOCTH
164

Crocobu 3agaunn hyHxkunn 38

CpaBHeHne GeckoHeno Manux 47

Cpeaneapudmernueckan ckopocTh 187

Cpeanee xBajpaTHHHOE OTKIOHEHWE
130

Cpegnas ckopocrs 187

Crarnxa 318

Crenenton pag 97

Creneus cpobogu 135

Cymma pexTopos 19

— AByx marpuu 31

— MHTerpansHas 73, 79, 83

— paga 92

— coburrun 124

Cyneprmosnuus chyuxuuit 39

Cihepnyueckas cUCTEMa KOOPAHHAT
18, 415

Cdbepureckoe gBusenue 311

Tanrenc 42

Teepgoe Teno 138

Temneparypa kumeuna 191

— KpHTu4eckas |88

— Kwopu 213, 233

Teopema AbBemna 97

— BepHyaau 131 .

-— Bapuunoua 317

— B3AMMHOCTH 237

— laycca 203

— Tlaycca ana MarHuTHoro noan 227

— T'aycea fns anekTpHueckoro
cumemenHa 210

— I'iofiretca o MomedTax WHepun 334

— Hpuiuey 205

— Kénnra 147

-~ Kapno 176

— Kowmn 53
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Teopema Kponexepa— Kanenan 33

— Jlarpanxa 53

— Hephcra 181

— 0 B3aMMHO NEepNEeHIHKYARPHHY OCAX
161

— 0 MAABHEIX OCAX HHepuHH 163

— O KHHeTHYecKOH DHepruu 147, 343

— o Mogyae uMTerpana 74, 30, 83

— 0 NapataelbHCM MepeHoce CHAMW 318

— O NIpMBEJEHUH CHCTEMEL CH K
ueHTRyY 31%

— 0 peaynsTupylolel nape cHx 313

— O CKOpPOCTRX TIPH CIOXHOM JABMKE-
HAN To4YKW 312

— O CKOpOCTAX TOYEK rnockod GHCYPH
309

— o cpeaHem 74, 80, 83

— © CYNepnoINuUMH HACTHEIX pellednit
113

— 0 MIMEHEHMM KOAWYECTBA JBHKE-
Hua 336

— ofi HHTEIrPMPOBAHHU HepaBeHCTR T4

— o6 oueHke 74, 30, 83

— 06 YCKOpPEHMAX IIPH CINOMXHOM
OBHAEHHH TOoUKH 312

— 06 YCKOPEHHAX TOYMEK NACCKON
durypu 310

— a6 >KBMBANEHTHOCTH CUCTEM CILI,
NPHIOKEHHEIX K TBepgomy Teny 319

-— Poaaa 52

— CNOMEHHA BepoATHoCTeN 126

— C¥MEeCTROBAHHA 1 € IHHCTBECHHOCTH
105, 109

— YeSmuoena 131

— Ulrennepa 161

Teopemur o guipchrepeHUNpY eMELX
@YHRUHAX 52

— c¢TaTHKn 318

Teopua sepoaTHocTen 123

— OTHOCHTEARHOCTH 00man 159

— OTHOCHMTEAERHOCTH CnelnHaacHad 164

Tennowoe uanyqenue 290

Tennoemkocts 173

-— MoaapHaA 175

— yaensnaa 175

Tenaoobmen 180

Tennora 172

Tepmoguramuka 170

— HepaBHOBecHan 171

— paamopecHad 171

Tepmo guHamMnueck i NOTEHIMAT
Mnédea 182

TepMoguuamHuecknit MoTeHMan
yaensHum 182

Tox kKoHBeKUHGHHEIN 218

Tok nporogumocTn 218

— cMemeHda 238

Topmoanoe peHTreHOBCKOE HINY EHUHe
298

Touveununte muawecrna 57

Touka rpannunan 57

— kpuTH+eckan 55, 62

— MaKcHMmyma 62

— MUHHMYMa 62

— MHOXKECTBa BHYTPEHHAA 57

— neperuba 54

— PAZpHBa BTOPOr0 poga 49

— pa3pHBa Nepporc poga 48

— pa3peiBa PYHKuHN 48

— YCAOBHODC MakKcHMyma 63

— YCAOBHOrO MHHMMYyMa 63

~— YCTPaHHMOI'o paapklpa 49

— BKCTpeMyMa 52

Touku cxopocTe 302

— ycropenue 302

TpaekTopna 302

Tperui aakonw Hewrona 317

TpeTre naqamc Tepmogunampkn 181

Tpuronomerpuieckne yHkuun 333

Tpoiinas Totka 191 R

Tpoknoi unrerpan 79, 82

¥ raopaa aucnepcua 281

¥ron Bpiocrepa 284

— 3akpyuuBaHun 367

-— MeX [y BekTopamH 20

— MEXAY BEKTOPOM H OCAMH KOOPAM-
Har 20

— MeXAY ApAmeivy 13

Yaennnan nposognmocTs 219

— TEmACEMKOCEL 173

¥aenenoe conporuptenne 219

¥YneTpaduoneToBan KaTacTpodga 294

¥npyrue poannt 254

¥npyrocrs 359

— nMHetinan 359

¥panauenne Bepuyanu 108

— B NCAHHX gHbdepennnanax 108

— Ban-gep-Baamsca 188, 189

— BonHopoe 256

— BHHY K JEHHHX KoheBauuli 251

— IapMOoHMYeckHX koneGauun 243

~— rHnepHonH KaHoHWYeckoe 15

— ABneHua 141

— 2ATYXAWMLMX Koaebauui 249

—- KACATENbHOH 51

— KacaTenbHOM mnockocTi 61

-— Knaneiipona — Krayanyca 191

~— KPWMBOH BTOPOTO mMOpAAKa 16

— KpMBOI BToporo nopagka obmee 17
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YpaBueuye JHHHA 11

— Maitepa 175

— Mentepckoro 146

— OXpYHHOCTH 14

_ nepeorc nopagka 105

— NAOCKOH MAPMOHHYECKOM BORHEL 255

. MAOCKOCTH oGmee 22

— MOREPXHOCTEH BTOPOrc NOpAZKA
KaHOMH4YecKoe 26

—- ppAMON B OTpeakax 12

— npamoll obmee 12

— PPAMON ¢ YTAOBKRM KO3qHPiuHEHTOM
13

— ﬂpﬂMOﬁ, npoXogAUleH Yepes gRe
AaHHHIE TO4KH 14

— Tlyaccoua 175, 205

— C pa3jeNeHHEIMH nepemeHHuivi 106

— € pa3genmIoiMMHCA TIepeMEHHBIMU
106

— cocToanud 171

— COCTOAHUA Kamopwtieckoe 172

— COCTOAHHA TepMHUYecKoe 172

— llnonkopckore 146

— Ditnwrrenna 298

YpanHeHHA ABUXKEHUA MAOCKON hHUryph
308

— Jlarpanxka aroporo paga 351

— Maxceenna 238

— Maxkceenna B pakyyme 239

—- Maxceenna B cpeae 240

— Makcpenna B anexTpocraTnke 205

— MakcBenna ana nocroanuoro
MATHUTHOrO rmong 228

— MOMenTOBR cha 320

— MpoexuMi cun 320

— PABHOBECHA CTepkKA 369

— PaBHOBecna Teepgoro Tena 319

— cBA3en 314

¥paBuoBenlenian cucrema cun 315

Yewopenue abconorioe 312

T KacaTefMnHoe 302

— KOpHoaHcomo 140, 313

T MaTepHanLHON Touykn 135

—- HOpMampHoe 136, 302

— OTHOCHTeNbLHOE 312

~— NepeHocHoe 312

— cBofiogHoro mageuus 156

T TaHreHuuantHoe 136, 302

T UCHTpoCcTpeMuTennHOe 137 °

Yeaoane Byanda— Bperra 282

T "8PastennuocTH {konanHeapHocTH)
ABYX BexTopon 20

T DapannenwmocTh naockocTei 23

7T DAPANIEABHOCTH NPAMOH U NAGCKO-
cTi 24

¥cnopue napananensHocEn npamex 13

— NEPNENIUKYIAPHOCTH ARYX BeKTOpOR
20

— REpREHAHKYIAPHCOCTH Naockacten 23

— NEPNEHANKYAAPHOCTH NPAMOH H
nAOCKeCcTH 25

— RepReHgUKYIAPHOCTU Npamerx 13

— npourocTtit Cen-Benana 382

Yenoeua Jnpuxae 100

— Jlayas 282

— npounoctT Muaeca 382

— npoqHoCcTH Oanok 376

— paBHoBecHn dhaa 190

— CYLECTRORAHUA IKCTPEMYMa 35

— IKCTPEMYMa ACCTATOUHREIE 55, 62

-— IKCTpEMyMa HEOGXOIHMEIE 62

¥cooenaa sepoaTHocTe 126

YeToiubocTL COKATHIX cTepXHell 383

Pazorwii nepexog 190

— nepexoq BTOporo poga 192

— nepexog nepaoro poga 191

deppomarveTurit 229, 232

Durypu Jnccaxy 245

dyaudeckan kuHeTnka 171

Puatteckni manTaur 247

drokyc mapaGonu 16

— OATHYECKOW CHCTEMEL 269

-— sannca 14

PokycHoe paccTofHne 14

PopMmyna GapomeTpHueckan 187

— Beifteca 127

— Bepuyanau 127

— Boapumana 181

— Buga 263

— I'puna 91

— Jleban — Jlanxenpena 213

— Kypabpckoro 375

— KOHEMHHIX NpUpameHdy 53

-— Mannaca 193

— JlopenTu —Jlopenua 289

— Maxknopena 54

— Myaspa 390

— Myaspa — Jlamaaca WHTerpansHan
128

— Myanpa — Jlamnaca nokannuaa 128

— Hewrona — Jlebnuua 75

— Qc¢rporpagckore — Laycca 90

— HMnanxa 294

— RCAHOH BEpOATHOCTH 127

— Ilyaccona 128

— Panea — Hmunca 293

— Cumncoua 122

-— Croxca 91

— Teitnopa 54, 60
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hapmyna Tpaneunn 121

— Dhnepa 384, 390

<DopMyNB NPAMCOYCOABHHKSE 121

— PpeHena 282

— ZHxaepa 311

doTomerpna 269

PoTon 297

PoTosddexT 296

<DPpoHT BOIHH 255

DyHKUMH 6eCKOHETHO MANHE IKBUBA-
AcuTHEE 47 :

— nuddepenunpyerize 58

— 06paTHREE TPHIOHOMETPHYECKHe 42

— ofWHAKOBOrO MOPATKa 47

— 3neMenTapHRIe 39

<hbynknuonantuui pay 95

Pynkuua Jlarpauxa 63

— BeckoHeHo Hoawwran 47

— BeckoHetH: matan 47

— BGoNies BHCOKOTO NOPAIKS MAIOCTH
48

— BOo3pacralemas 39

— ABYX NEpEMEHHRIX 57

— andvbepenuupyeman 50

— WHTerpupyeman 73

— KBaJpaTH4HaA 115

— nddeWras 119 -

— aorapMtpmHyeckKan 41

— MoOHOoTOHHaR 39

— HeBO3pAcTawlnad 39

— HenmpepwBHAA 48, 58

— HeMpepniiag Ha MHoMeCcTRe 55

— HerpepLBHaA cieBa 48

— HenpepLiBHaA cnpasa 48

— HeyOmpapoman 39

— abparTunan 39

— orpaHnieHHas 57

— MoJHHTerpankbHan 63

— noxalaTenbHad 40

— pacipegenednda 128

-— pacrpegeneHHA AUCKpeTHaa 129

— pacnpegencHia HenpepeiBHan 129

— panuoHaneHan 68

— CROXKHaAA 59

— cTenednan 39

— TpéX NepeMeHHEIx 57

— TPMrOHOMEeTpHYecKkad 41

— yhuBamman 39

XapakTepHCTHYECKCE YPABHEHWE
38, 112
Xumunueckuii norcunman 182

uenrp KPMBH3HET 304

— macc 144, 333

— napannenepHEIX cun 326

— TAXEcTH 152

— TaAXecTH TRepACro Temna 326

LlenTpantuoe pacTaxeHHe 363

— cxkaTHe 363

Huxn Kapno 175

Huaunap 28

Hunuuapu-eckan cueTeMa KOOPAWHAT
415

Huanuagpuyeckne KOOpAUHATHE 18

Hupryaauua 87

— BEKTOPA MAarHMTHOW HHAYKUMH 226

— MaruMTHOM MHAYKuuK 226

Hyr sonu 274

TacTnnan cymma paga 92

Yacrran npoussogfHan 58

— npouasogHan aTopan 6

— NpPOM3BOJHAA CMelaHHan 60

HacTHoe npupawenne 58

— pewenue 105, 109, 116

Yacrrauu nurerpan guddepeHnHaiLio-
ro ypabsHeHua 105

Yacrora 125

— koaeGauni 243

Yucae Amoragpo 170

— cTencHell cBoS0AH 184, 348

Yucnoras oce 38 ’

Yucnonoi pag 92

HucaoBre MHOKeCTBa 38

Yucruki cppur 361

HYaeu ocraTouHud 54

Ilkana TemmepaTyp TepMoaHHAMM G
ckaA 177 .
— 31eKTPOMATHHTHRIX BOJSIH 266

DAC (>nexTpogerxyman cuna) 220

— BJAMMHON WHAYKUMK 237

— CAMOHHAYKUMH 236

JKBUBANCHTHELE CHCTEME ¢ 315

DEBUNOTEHUNAILHEE MOBEpXHocTH 204

DxeTpemym 54, 55

— QYHKUNH gBYX NepeMeHHEX
YCAOBRHEH 63

— (hyYHK1LIHM MHOTHX fepeMEHHEX
yeaoBHEIN G4

— $YHKUHH TpeX TepemeHHBX 63

JKkcueHTpHCHTET rUnep&onkt 15

~— anqannca 15

3neKTpU4eCKaR NocToAHHan 198

DrexTpUYecKHA gunons 198



TIPEAMETHEIA YKASATENE 431

SneKTpuqecxnﬁ sapag 197

— rok 218

DnexTPHHECKOE HoJe 199

— cmemeHhe 209

D peK TRO JUHAMWKA 197

) feK TPOEMKOCTE KOHAEHCATOpa 214

—- ppoBOHHKA 206

ek TpOMAarBHTHAA HHAYKUNR 234

D RelcTpOMATHWTHEIE BOJHE! 261

Tnex TPOHHAA TEOPHA METANLIOB 222

TrexTpoomTHuecK Uit 2¢dexT Keppa
287

DrekTpoCTaTHYeCKoe Node 199

DaemeuTapHan pabora 340

IneMenTapHoe cobuTre 124

InemenTaphere dyuxuun 39

DaemeHThl MATPHULL 31

— onpegeawtenn 30

Fammne 14

Banuncong 26

— BRITAHYThi1 28

— cnawcHyTh 28

AnAunTiyecK Uil napaboiong 28

Oueprua BHYTpeHHaa 149, 172

— HJeAILHOTC Tala BHy TPEHHAR
174, 184

— KuHeTwyeckan 147, 342

— KoHjgeHcaTopa 216

— nokoA 168

JHeprug noTenunaicnan 148

— noTreHuansHan ek THEHAR 154

— PEeNATHBEMCTCKAR 168

~— CHCTEMEI 3aprios 215

— CHCTEMEl MeXxaHw4eckan 149

~— CoOCTBeHHAA MeXaHW4ecKad 1459

— YedUHeHHOro Mpobofhuka 216

— 3NEKTPOMACHWTHEIX BoJH 263

~— ANEKTPOETATHISCKSTD NoAa 215

JHTaNBMUA 174

Jurponua 179

— rasa Ban-gep-Baanbca 179

— HieadsHoTe rala 179

— cMmemennd 181

Dmopa 364

IdgexT Jonnepa B akycTuke 261

— MJonjepa AAR 3Aek TPOMATHUTHLEIX
BOMAH B Bakyyme 265

— Komnrona 299

— Korrona— Myrona 287

— Xoana 233

2ddrekTUBHAA NOTEeHUHANLHAR SHEPT UA
154

Heonenua KanuaaApHee 134
Hapo ceuenna 380
Hrobuan 81, 84

ApkocTe 270



CupapotiHoe H3jaHMe

HOJAHHH Awdpeti Juumpuesuy
HOJAHHH Baaduxup rumpuesuy
IIOIIOB Baadumup Asexcandposuu
IIYTATHH Bopuc Baadumuposuy
CA®PPAH Baadumup Muzativosuy
YEPHOVIHIAH Asexcetd Hzopeeun

KPATKHI CIIPABOYHKK [JA UHXEHEPOB ¥ CTYJAEHTOB

Komnuworepnan neperwa A. H. Mypoe
KoppexkTop ©O. A. Bymycosa

TTonmucado K me4YaTH ¢ OpurnHan-Makera 15.02.96.
@opuar 60x90/16. Bymara Xu.-xXypH. ¥cn. med. a, 27,
y.-n3a. A. 27. Tupax 20 000 ak3. 3akaz No 2803.

«Mexayraponnaa oporpamsa obGpasoBaHHA»

OTneyaraHo ¢ roTobux Borodopm B TYHIII «Kypeks.
335007 r. Kypck, yn. 3Hreasca, 109,



